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Preface

Qui non se canta al modo de le rane,
qui non se canta al modo del poeta
che finge imaginando cose vane;
ma qui resplende e luce onne natura,
che a chi intende fa la mente leta;
qui non se gira per la selva oscura.

Dall’”Acerba”, Cecco D’Ascoli

This book aims to introduce a systematic approach for solving mathematical
problems arising in the study of hyperbolic-parabolic systems governing the
motions of thermodynamic fluids. It appeals to a wide range of theoretical
and applied mathematicians whose research interests may include compress-
ible flows, capillarity theory, and control of motions. It aims to acquaint
mathematicians and fluid dynamics researchers with recent results achieved
in the investigation and of nonlinear asymptotic stability under no smallness
assumption on initial data, and of loss of control from initial data for some
steady flows of compressible fluids as well.

The main ideas are illustrated using three different model problems. The
following classes of motions are studied:

(i) Barotropic viscous gases in rigid domains with compact, either imper-
meable or porous boundaries, and exterior domains.

(ii) Isothermal viscous gases with free boundaries.
(iii) Heat conducting viscous polytropic gases.

Equations governing non-steady flows of the fluids described in (i), (ii),
(iii) are classified as follows:

(1) One vector parabolic equation for the velocity, and one scalar hyperbolic
equation for the density.

(2) One vector parabolic equation for the velocity, and two scalar hyperbolic
equations for the density and the free boundary.
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viii Preface

(3) Two parabolic equations with one vectorial for the velocity, one scalar
for the temperature, and one scalar hyperbolic equation for the density.

The main goal of this text is to reduce the study of stability, linear and
nonlinear of basic motion Sb, to the sign of a suitable functional E called
the modified energy functional. To this end, we employ the classical
Lyapunov direct method1 where the Lyapunov functional is identified with
the modified energy of perturbations E(t). The modified energy E(t) consists
of the difference between the total energies of unsteady E(t) and basic Eb

motions, plus an extra energy term given by the functional I(t), named free
work functional. Namely E(t) is given by

E(t) = E(t) − Eb + γI,

where γ is an arbitrary parameter.
To apply the Lyapunov method using the modified energy as functional

we are led to formulate a differential equation governing the time evolution
of the free work functional I(t), called the free work equation, which is the
key ingredient for the proof of uniqueness, asymptotic nonlinear stability, and
loss of control from initial data, cf. [104]. Specifically, in coupled conservative-
dissipative systems, the free work equation provides an artificial dissipative
term for the variables satisfying conservative equations. As such, the free
work equation, in combination with the energy equation for perturbations,
results in a differential equation for the modified energy E(t), which then
allows for a new a priori estimate that provides control of perturbations in
particular norms that we call “natural norms”; cf. [4].

The two main tools that we will introduce in this book are:

(1) A variant of Lyapunov’s second method (a generalization of Dirichlet
method) to prove nonlinear stability;

(2) The free work equation, useful in proving asymptotic nonlinear stability,
and loss of initial data control.

In our stability problems the control occurs on the employed “natural” norms
for perturbations, that reduce only in particular cases to the L2 norms of
perturbations. In most cases, for regular flows, they will be equivalent to the

1Sometime the Lyapunov method is erroneously confused with the energy method. Actually
in the energy method the Lyapunov functional is identified with the L2 norm K(t) of the
difference u = v − vb between the velocities v, vb of unsteady S(t) and basic Sb motions.
Of course K(t) =

∫
Ω u2dx doesn’t coincide with the difference between the kinetic energies

E(t) =
∫
Ω v2dx, Eb(t) =

∫
Ω v2

bdx of the two motions,

K(t) �= E(t) − Eb.
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L2 norm of perturbations. Furthermore, the basic flow Sb will represent either
an equilibrium position or a steady motion.

In this text we will confine ourselves to the listed three cases (i), (ii) and
(iii), as our aim is to explain a new algorithm, named the free work identity.
It is introduced for the study of nonlinear stability of basic flows. We deem
that our three examples of fluid motions, each containing an elastic behavior,
cover a sufficiently wide mathematical set of partial differential equations
(PDE), without being so many as to give rise to confusion.

Below is a summary of how the text will approach the subject matter.

(1) Chapter 1 is a prologue to thermo-fluid dynamics. In this chapter we
introduce the equations for compressible fluids, with related boundary
and initial-boundary value problems for the cases (i), (ii) and (iii) defined
in the preface.

(2) In Chap. 2 we recall direct methods in the study of nonlinear stability,
with the aid of three simple applications of the Dirichlet method. We end
the chapter listing the main theorems proven in the paper.

(3) In Chap. 3 we consider barotropic fluids filling domains Ω with fixed,
rigid, and compact closed boundaries ∂Ω. The fluid may fill either the
region Ω interior to ∂Ω where Ω is a bounded domain, or the region
exterior to ∂Ω, where Ω is an unbounded domain. For the exterior region
we distinguish between cases when the fluid has finite mass, and when
it has an infinite mass. We prove uniqueness theorems for several steady
flows in a given regularity class of steady motions corresponding to the
same data, thus we prove asymptotic decay of regular perturbed unsteady
motions to these steady flows.

(4) In Chap. 4 we consider the rest state of an isothermal fluid in a section
of horizontal layer with free boundaries. Periodicity in the horizontal
direction is assumed. First we prove a uniqueness theorem of the rest
state in the class of steady motions corresponding to the same data, thus
we prove asymptotic decay to the rest. We also study the instability
problem that occurs when the fluid is below the rigid plane of the layer.
We extend this study by constructing rest states which are linearly stable,
but not physically observable for large initial data. This result is achieved
by introducing the concept of loss of initial data control.

(5) In Chap. 5 we consider the rest state of a polytropic viscous gas in a rigid,
bounded domain, with perfectly heat conducting walls and periodicity in
the horizontal direction. We then prove a uniqueness theorem for the rest
state in the class of steady motions corresponding to the same data, and
asymptotic decay to the rest.

Note that in Chaps. 2, 3 and 5:

(1) The initial perturbations may be large;
(2) The class of perturbations is quite large despite the fact that we will not

be covering the problem of optimizing the regularity class of solutions.
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This book deals with a single approach, in order not to obscure the main
ideas.

To restrict the length of the book, the discussion of materials that require
more extensive coverage, such as problems relating to fluid motions in pipes
[57,77,111] and of heat conducting fluids with free boundaries [45], has been
omitted.

The results described within the book are obtained using simple form,
and the reader is required to know only the basic elements of classical and
functional analysis.

Also note that each chapter is self-contained, and can be read indepen-
dently.
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Chapter 1
Topics in Fluid Mechanics

Concreato fu ordine construtto
alle sustanzie, e quelle furon cima
nel mondo, in che puro atto fu produtto.
31, XXIX Paradiso A. Dante

Experience only decides on the truth.

1.1 Introduction

The aim of this chapter is, after some mathematical preliminaries, to
introduce the physical equations governing steady and unsteady motions of
barotropic and polytropic fluids. The field of macroscopic thermodynamics
provides us with a general framework for the description of irreversible
continuum processes. Certain areas of macroscopic physics have connections
with fluid dynamics, and the first part of the chapter is devoted to a
systematic development of this theory, referencing [143]. More specifically,
we will be treating state parameters as field variables, thus formulating the
basic equations of continuous thermodynamics in the form of local equations.
This will allow us to formulate correct well-posed problems.

In this chapter we will distinguish three model problems:

(a) Barotropic viscous fluid , fluid filling a domain Ω with rigid boundaries
(b) Isothermal viscous fluid , fluid filling a domain Ω with deformable

boundaries
(c) Polytropic viscous fluid , fluid filling a domain Ω with rigid, perfectly

heat-conducting boundaries

It is clear that in cases (a), (b) and (c), the unknown functions correspond
to different physical variables. In addition, as observed in the preface, each

M. Padula, Asymptotic Stability of Steady Compressible Fluids,
Lecture Notes in Mathematics 2024, DOI 10.1007/978-3-642-21137-9 1,
© Springer-Verlag Berlin Heidelberg 2011
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2 1 Topics in Fluid Mechanics

unknown function satisfies a different PDE. The character of these PDEs
changes by changing the physical model, thus steady or unsteady problems
are governed by different mathematical problems (see cases (i), (ii), (iii)
defined in the preface). In all cases that we are dealing with, problems
of unsteady fluid flow are all described by a coupled parabolic-hyperbolic
system.

Chapter 1 will proceed as follows:

Section 1.2 Geometric and analytical tools are introduced.
Section 1.3 Kinematical tools are introduced.
Section 1.4 Systems of equations governing motions of general continua are

written in local form.
Section 1.5 Equations of thermodynamics are introduced, and constitutive

equations for a fluid are given.
Section 1.6 General physical boundary conditions are introduced for different

domains and material boundaries.
Section 1.7 The exact mathematical position is given for three model prob-

lems.

1.2 Mathematical Notations

In this section we will introduce some notations concerning the geometry
of the region where the motion occurs, and the functional spaces, with
relative norms, where stability is studied. Finally, some elementary topics
in kinematics are covered.

1.2.1 Geometrical Notations

The domain

Let a fluid fill the region Ωt at time t, with boundary ∂Ωt.
If the domain is fixed we omit the subscript t.
In subsequent sections we will use the symbol Ω to analyze motions

occurring only in one of the following regions Ω:

1. Ω is a bounded, fixed, simply connected domain.
2. Ω is exterior to a bounded, fixed, simply connected domain.
3. Ω is a portion of fluid layer contained between a rigid flat surface Π, and

a deformable stress free surface that do not intersect each other.
4. Ω is a portion of fluid layer contained between two rigid, parallel, flat

surfaces Π, Π1.
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The reference frame

Consider rectilinear coordinates in a reference frame R =: {O, i, j,k}, with
the basis {i, j,k} ortho-normal.

The origin O is:
in Ω in the first case itemized above;
in B in the second case;
on one rigid surface Π in the latter two cases.

In the latter two cases, the x and y axes, parallel to i, j respectively, are
horizontal lines on Π, crossing orthogonally to each other at O, while the
z axis, parallel to k, is orthogonal to the rigid plane Π.

The rectangle Σ = (0, a) × (0, b) on Π denotes a periodicity cell.
We add the index ′ to denote quantities calculated on Σ, specifically to

denote vector functions which are linear combinations of i, j.
The symbol ∇′ represents derivatives along the coordinate lines x, y. Thus

given a differentiable function ψ defined on Σ, we set

∇′ψ ≡
(
∂xψ, ∂ yψ

)
, ψ,x := ∂xψ ψ,y := ∂ yψ.

The Cartesian representation of a domain and of a surface

By Ωt we denote the subset of R3 that has the Cartesian representation

Ωt =: {(x, y, z) ∈ R3 : (x, y) ∈ Σ, z ∈ (0, ζ) ζ = ζ(x, y, t)}, t ∈ (0,∞).

Ωt is partially bounded by the free surface Γt expressed by the Cartesian
representation

Γt = {(x, y, z) ∈ R3 : (x, y) ∈ Σ, z = ζ(x, y, t)}, t ∈ (0,∞),

where ζ is an unknown scalar differentiable function.
The Cartesian representation of Γt implies the absence of reversal flows.1

To have a simply connected domain we assume ζ to be strictly positive.
Precisely, given a positive constant ζb, (discussed further in upcoming
sections), we assume that the deformable surface may be represented at any
time by the equation

ζ = ζb + η(x, y, t), |η| > ζb
2
.

1In the Cartesian representation of Γt, by reversal flows we mean flows for which there exists
a x′ ∈ Σ and two points of Γt, (x′, ζ1(x′, t)), (x′, ζ2(x′, t)) having velocities V(x′, ζ1(x′, t)),
V(x′, ζ2(x′, t)) satisfying

V′(x′, ζ1(x′, t)) = −V′(x′, ζ2(x′, t)).
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Definition 1.2.1 The surface Γt has the Lipschitz (1832-1903) property
if there exist two positive numbers δ, L such that

|ζ(x′1, t) − ζ(x′2, t)| ≤ L|x′1 − x′2|, ∀|x′1 − x′2| < δ.

The domain Ω has the strong local Lipschitz property provided that there
exists a finite open cover Ui of the boundary ∂Ω such that the surface Γi =
Ui ∩ ∂Ω has the Lipschitz property.

Definition 1.2.2 The surface Γt is of class C1(Σ × (0, T )) if the function
ζ(x′, t) is of class C1. There are two unit normals that can be introduced at
each point of Γt. Each of such vectors introduces an orientation over Γt.
We orientate Γt by fixing the exterior unit normal.

The unit normal n has components (−∇′ζ, 1)/
√

1 + |∇′ζ|2, where√
1 + |∇′ζ|2 is the metric element. We recall that on Γt the two vectors

t1 :=
1

√
1 + ζ2

,x

∂x

(
x i + yj + ζk

)
≡ 1

√
1 + ζ2

,x

(
ζ,xk + i

)
, (1.2.1)

t2 :=
1

√
1 + ζ2

,y

∂y

(
xi + yj + ζk

)
≡ 1

√
1 + ζ2

,y

(
ζ,yk + j

)
,

represent two linearly independent, unitary vectors tangent to Γt, expressed
by t1 = 1√

1+ζ2
,x

(
1, 0, ζ,x

)
, t2 = 1√

1+ζ2
,y

(
0, 1, ζ,y

)
. The normal vector n

directed outward Ωt, is given by

n =
1

√
1 + |∇′ζ|2

[
− ζ,xi − ζ,y j + k

]
. (1.2.2)

The curvature

Let γ be a curve with curvilinear abscissa s ∈ (0, 1), of class C1(0, 1),

x = x(s).

Definition 1.2.3 The curvature 1/r(s) of γ at s is the inverse of the radius
of the circumference tangent to γ at s. If the curvature is considered as
positive when the curve is bending in the direction of its principal normal
N, the analytical notation requires

1
r(s)

:=
∣
∣
∣
d2x
ds2

∣
∣
∣.

Definition 1.2.4 Let the surface Γt be of class C1(Σ × (0, T )). Fixed (x′, t)
there are infinite curves γ ∈ C1(0, 1) on Γt crossing at (x′, ζ(x′, t)). Let us
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call 1/r their curvatures. We define principal curvatures the maximum 1/r1
and minimum 1/r2 of these curvatures. The doubled mean curvature H(ζ)
of Γt at (x′, ζ(x′, t)) is given by the sum of the principal curvatures

2
r

=
1
r1

+
1
r2
.

The double curvature 2/r = H(ζ) in analytical notation is expressed
through the nonlinear positive Laplace (1749-1827)-Beltrami (1836-
1900) operator requires

H(ζ) = ∇′ ·
( ∇′ζ

√
1 + |∇′ζ|2

)
. (1.2.3)

1.2.2 Analytical Notations

The mathematical notations for the norms of general functions may change
from chapter to chapter. Below are some main notations.

Notations

First, let us introduce some classical notation relating to functional spaces.
For any function defined in a domain of Rn, for given integers l, n, we let
(i1, . . . , in) be the multi-index such that i1 + . . .+ in = l. Let ∂ik

xk
denotes the

partial derivative of order ik with respect to the variable xk, k = 1, . . . , n,
and we introduce the notation

Dlf = ∂i1
x1
. . . ∂in

xn
f.

We use the Einstein convention, whereby repeated indices in one term indicate
summation, thus for the vector functions u ≡ (uj), v ≡ (vi), for i = 1, 2, 3,
it will hold that

uj∂jvi = u1∂1vi + u2∂2vi + ∂3vi = u · ∇ vi.

Lebesgue (1875-1941) spaces

We denote by Lp(Ω), 1 ≤ p ≤ ∞, the Lebesgue space of all measurable
functions f , defined on Ω, for which

∫

Ω

|f(x)|pdx <∞.

The functional ‖ · ‖Lp(Ω) defined by

‖f‖Lp(Ω) :=
(∫

Ω

|f(x)|pdx <∞
)1/p

,
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is a norm on Lp(Ω), provided 1 ≤ p < ∞.2 Finally, L∞(Ω) is the Lebesgue
space of all measurable functions f , defined on Ω, for which

sup
Ω

|f(x)| <∞.

The functional ‖ · ‖L∞(Ω) defined by

‖f‖L∞(Ω) := sup
Ω

|f(x)|,

is a norm on L∞(Ω). If the domain is bounded it holds

‖f‖L∞(Ω) := sup
Ω

|f(x)| = lim
p→∞ ‖f‖Lp(Ω).

The numbers p, p′ satisfying

1
p

+
1
p′

= 1,

are called conjugate numbers. For a pair p, p′ of conjugate numbers, and
for all functions f ∈ Lp(Ω), g ∈ Lp′

(Ω) it holds the Hölder (1859-1937)
inequality ∣

∣
∣

∫

Ω

f g dx
∣
∣
∣ ≤ ‖f‖Lp(Ω)‖g‖Lp′(Ω). (1.2.4)

For p = p′ = 2 Hölder inequality implies the Schwartz (1843-1921)
inequality ∣

∣
∣

∫

Ω

f g dx
∣
∣
∣ ≤ ‖f‖L2(Ω)‖g‖L2(Ω). (1.2.5)

For p = 2, the space L2(Ω) becomes an Hilbert (1862-1943) space
where it is defined the scalar product

(f, g) :=
∫

Ω

f g dx, ∀f, g ∈ L2(Ω). (1.2.6)

Notice that by Hölder inequality for all g ∈ Lp′
(Ω), it is meaningful the

application
(., g) : f ∈ Lp(Ω) −→ (f, g) ∈ R.

It defines a linear functional on Lp(Ω). Thus for a pair p, p′ of conjugate
numbers, Lp′

(Ω) is contained in the dual space (Lp(Ω))′ 3 of Lp(Ω).

2The functional ‖ · ‖p is not a norm if 0 < p < 1.
3The set of all continuous, linear functionals on a linear space X is called Dual Space of
X and is denoted by X′.
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As a consequence for f ∈ Lp(Ω), g ∈ Lp′
(Ω) it is meaningful the bilinear

functional (f, g) defined in (1.2.6).
Indeed for 1 ≤ p < ∞ it is possible to prove that Lp′

(Ω) is the dual
space of Lp(Ω), Lp′

(Ω) = (Lp(Ω))′.
For a pair p, p′ of conjugate numbers, and for all functions f ∈ Lp(Ω),

g ∈ Lp′
(Ω) it holds the Young (1863-1942) inequality

|(f, g)| ≤ ε

p
‖f‖p

Lp(Ω) +
1
ε p′

‖g‖p′

Lp′(Ω)
∀ε > 0. (1.2.7)

When p = p′ = 2 the inequality is known as Cauchy (1789-1857)
inequality

We recall also the Minkowski (1864-1909) inequality

‖f + g‖Lp(Ω) ≤ ‖f‖Lp(Ω) + ‖g‖Lp(Ω), ∀f, g ∈ Lp(Ω). (1.2.8)

Finally let 1 ≤ s ≤ p ≤ r <∞, f ∈ Ls(Ω) ∩ Lr(Ω), with

1
p

= θ
1
s

+ (1 − θ)
1
r
, θ ∈ [0, 1],

thus the interpolation inequality holds

‖f‖Lp(Ω) ≤ ‖f‖θ
Ls(Ω)‖f‖1−θ

Lr(Ω). (1.2.9)

Sobolev spaces

For m ≥ 0 and 1 ≤ q ≤ ∞, as usual Sobolev (1908-1989) space we set

Wm,q(Ω) = {f ∈ L1
loc(Ω) : Dlf ∈ Lq(Ω), |l| ≤ m}.

Since elements f of Wm,q(Ω) are equivalence class of functions equal up to
set of zero measure, surfaces S, it must specified sense the value of f on S
can be considered. The value of f on S in called trace of f on S. Indeed the
trace of a function f in Wm,q(Ω) on W j,p(S), for suitably indices, may be
considered as limit value of a sequence of regular functions fn converging to
f in Wm,q(Ω).

Wm,q
0 (Ω) = {f ∈ L1

loc(Ω) : Dlf ∈ Lq(Ω), 1 ≤ |l| ≤ m; Dl−1f |∂Ω = 0},

where Dl−1f |∂Ω denotes the trace of Dl−1f on the boundary. For q = 2 we
use the notation

Hm(Ω) = Wm,2(Ω) Hm
0 (Ω) = Wm,2

0 (Ω),

to note Hilbert spaces.
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We define the functionals

‖f‖W m,p(Ω) :=
( ∑

0≤ |l| ≤m

‖Dlf(x)‖p
pdx <∞

)1/p

, 1 ≤ p <∞,

‖f‖W m,∞(Ω) := max
0≤ |l| ≤ m

‖Dlf(x)‖∞,

as norms on Wm,p(Ω),Wm,∞(Ω).

Embedding inequalities

Below we recall some important inequalities, without repeating the proofs.
Let Ω ⊆ Rn, then for all f ∈ Ln(Ω) the Niremberg (1925) inequality

yields

‖f‖Ln(Ω) ≤ 1
2
√
n
‖∇ f‖L1(Ω). (1.2.10)

Let

r ∈
[
p,

np

n− p

]
, 1 ≤ p < n,

r ∈ [p,∞), n ≤ p.

Then if f ∈ W1,p(Ω) it holds the embedding inequality

‖f‖Lr(Ω) ≤
( c

2
√
n

)λ

‖f‖1−λ
Lp(Ω)‖∇ f‖λ

Lp(Ω), (1.2.11)

with

c = max
{
p,
r(n − 1)

n

}
, λ := n

(1
p
− 1
r

)
.

When 1 ≤ p < n, r = np(n − p), and f ∈ W 1,p(Ω), it holds the Sobolev
inequality

‖f‖Lr(Ω) ≤ p(n− 1)
2
√
n(n− p)

‖∇ f‖Lp(Ω). (1.2.12)

When f ∈ W 1,2(Ω), Ω ⊆ Rn, n = 2, 3, it holds the Ladyzhenskaja (1922-
2004) inequality

‖f‖L4(Ω) ≤
(2(n− 1)

n
√
n

)n/4

‖f‖(4−n)/4
L2(Ω) ‖∇ f‖n/4

L2(Ω). (1.2.13)

For Sobolev spaces Wm,p(Ω) the general embedding inequality holds

‖Djf‖Ls(Ω) ≤ c‖f‖1−λ
Lp(Ω)‖Dm f‖λ

Lp(Ω), (1.2.14)

where c = c(j, p, r, λ, n,m), j �= 0, and
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1
s

=
j

n
+ λ

(1
r
− m

n

)
+ (1 − λ)

1
p
,

with j/m ≤ λ ≤ 1.
If 1 < r <∞, m− j − n/r > 0 then it must hold j/m ≤ λ < 1.
The dual space of H1

0 (Ω) will be denoted by H−1(Ω).
Let us denote by J(Ω), J1(Ω) the subsets of vector functions defined in

L2(Ω), W 1,2(Ω) respectively, having zero divergence.

Vectorial Notations

Let u and v be two vector functions in dual Lebesgue spaces; we use the
notation (u,v) to denote the integral over Ω of the scalar product between
these two functions,

(u,v) :=
∫

Ω

u · v dx.

In Chaps. 3 and 5, the domains are fixed. Since this negates the possibility
of confusion, we use the symbols

‖ . ‖Lp, p > 1, ‖ . ‖W m,p , m ≥ 0. p > 1,

to denote the norms in the Lebesgue, and Sobolev spaces Lp(Ω), Wm,p(Ω)
respectively.

In Chap. 4, the domain is unknown, and its boundary admits Cartesian
representation in the reference frame R = {O, i, j, k}. In R the domain Ωt

and its moving boundary Γt are expressed by:

Ωt =
{
(x′, z) ∈ R2 ×R : x′ ∈ Σ, z < ζ(x′, t)

}
,

Γt =
{
(x′, z) ∈ R2 ×R : x′ ∈ Σ, z = ζ(x′, t)

}
,

where ζ(x′, t) is an unknown function. In this case, we use the symbols

‖ . ‖L2(Ωt), ‖ . ‖L2(Σ), ‖ . ‖L2(Γt),

to denote the L2 norms in Ωt, Σ, Γt respectively.
Let X be a Banach (1892-1945) space, with Lp(0, T ; X) denoting the set

of functions f defined in (0, T ) × X , with finite Bochner (1821-1894)
integrals:

‖f‖X,p : =
(∫ T

0

‖f‖p
X(t) dt

)1/p

< ∞, ‖f‖X,∞ : = sup
t∈(0,∞)

‖f‖X(t).

We may use the notation f ∈ Lp(0, T ;X).

1.3 Kinematics

In this section we introduce some kinematical notation for the study of a
continuum.
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1.3.1 Vectorial Notations

The following conventions are used

1. t ∈ (0, T ) signifies a time instant
2. x ∈ Ω signifies a position vector
3. X is a material particle, x is the position of the space occupied by the

particle X at time t
4. v(x, t) is the velocity of a particle at a specified position in the space x ∈ Ω

and time t ∈ (0, T )
5. The operator

d

dt
w = ∂tw + v · ∇w

denotes the material time derivative4 of a function w(x, t), or the rate
of change at a point (x, t), when movement occurs along the trajectory of
a particle of fluid moving with velocity v

6. The components (ai) of acceleration a of a fluid particle at position x at
time t are given by

ai =
d

dt
vi = ∂tvi + vk∂kvi

7. A macroscopic quantity Q function of the n-dimensional domain C, n =
2, 3, is called absolutely continuous function of C if

lim
C→x

|Q(C)|
|C| <∞, x ∈ C. (1.3.1)

In kinematics we work with material volumes and surfaces, thus the
macroscopic mass M is an absolutely continuous function of C, and it
is reasonable to introduce the material density function ρ as

M(C) :=
∫

C

ρ(x)dx.

For a generic quantity Q the limit is function of x and we may set

lim
C→x

Q(C)
|C| = q1(x) = ρ(x)q(x),

where q1 is the density function of Q per unit of volume, q is the specific
density of Q, namely density per unit of mass

8. A system of applied vector functions (x, f(x), x ∈ C, is characterized by
its resultant R(C), and a torque of pole xO MO(C) given by

4Material time derivative means the derivative along the motion of the fluid particle X,
such as X where fixed.
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R(C) :=
∫

C

f(x)dx, MO(C) :=
∫

C

(x − xO) × f(x)dx.

Notice that in our notation C denotes either a volume or a surface
9. The flux of q entering in C across its boundary ∂C is defined by

−
∫

∂Ω

q · ndS.

The flux of q across a oriented surface S is defined by
∫

S

q · ndS.

These conventions will be used throughout the book unless otherwise
stated.

1.3.2 Eulerian and Lagrangean Descriptions

It is customary to distinguish between Lagrangean (X, t), Lagrange (1736-
1813), and Eulerian (x, t), Euler (1707-1783), representations of flow.

Eulerian coordinates refer to (x, t) ∈ Ω × (0, T ) as a given point x in the
spatial domain Ω at a given instant t in the time interval (0, T ); (x, t) refers
to fixed points in space and not to fixed particles of fluid.

Lagrangian coordinates refer to (X, t) as a given particle X of fluid filling
Ω at a given instant t ∈ (0, T ); (X, t) refers to fixed material particle and not
to a fixed point of the domain Ω.

The mathematical model describing the physical properties of fluids is
customarily written in Eulerian form.

1.3.3 Reynolds Transport Theorem

We recall that macroscopic balance laws can be formulated in at least
three different ways since the volume C, over which density, momentum,
total energy and entropy are calculated, may be either a material region,
constituted always by the same particles, or a fixed geometrical region, or
a moving physical region. In any case, to formulate local balance laws, we
must move the time derivative of a macroscopic quantity, integrated over
the region C, inside the integral sign. This operation is known as the change
between the time derivative and spatial integration if the domain is fixed, and
as the transport theorem, or the Reynolds transport theorem if the domain is
material.
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We prove the theorem of change between time derivative and spatial
integration, over fixed and moving domains, for a regular function.
To this end we introduce the scalar function ρ, which in a moving domain
Ωt, satisfies the transport equation

∂tρ+ ∇ · (ρv) = 0, (1.3.2)

where v is a given regular vector function.
If v is the velocity vector then ρ will represent the material density, see

Sect. 1.4.2.

Where Domain C Is Fixed

The region C is a fixed, domain of Rn, and the results that follow are well
known.

Lemma 1.3.1 Given a function f defined in C, if C is sufficiently regular
C ∈ C1, and f ∈ C1(0, T ;L1(C)), then the change between the time derivative
and spatial integration holds

d

dt

∫

C

f(x, t)dx =
∫

C

∂tf(x, t)dx. (1.3.3)

Where Domain Ωt Is Moving

Lemma 1.3.2 Let Ωt be a regular domain with boundary Γt ∈ C1(Σ×(0, T ))
which moves with velocity V ∈ C0(0, T ;L1(Σ)). Given a function f defined
in Ωt and f ∈ C1(0, T ;L1(C)), Then the change between the time derivative
and spatial integration of the function f(x, t), density per unit of volume,
yields

d

dt

∫

Ωt

f(x, t)dx =
∫

Ωt

∂tf(x, t)dx +
∫

Γt

f(x, t)V · n dS, (1.3.4)

where n is normal to Γt oriented toward the exterior of Ωt.

Where Domain Ωt Is Material

The following Lemma, called the Reynolds transport theorem, elaborates
upon the possibility of carrying out the time derivative in spatial integrations
for functions that are density functions per unit of volume and unit of mass.

Lemma 1.3.3 Let v be a regular vector function defined in the regular
domain Ωt, and ρ a scalar function solution to (1.3.2). If V is the velocity
of points of the boundary, then

d

dt

∫

Ωt

ρfdx =
∫

Ωt

ρ
df

dt
dx+

∫

Γt

ρf(V − v) · ndS. (1.3.5)
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Proof. Any regular function f satisfies the following identity
∫

Ωt

ρ
df

dt
dx =

∫

Ωt

ρ(∂tf + v · ∇f)dx =
∫

Ωt

(
∂t(ρf) + ∇ · (ρfv)

)
dx

=
d

dt

∫

Ωt

ρfdx−
∫

Γt

ρfV · ndS +
∫

Γt

ρfv · ndS, (1.3.6)

where V is the velocity of points of the boundary, and where ρ is the solution
of (1.3.2). Then we find that (1.3.6) is equivalent to (1.3.5). ��
Remark 1.3.1 When Ωt is a material volume it is V ·n = v ·n. Hence from
(1.3.5) we deduce

d

dt

∫

Ωt

ρfdx =
∫

Ωt

ρ
df

dt
dx. (1.3.7)

In other words, the time derivative is taken inside the integral sign as
though the domain and ρ were constants.

1.3.4 Frames

A phenomenon is independent of its frame; as such, its description is reported
differently by different observers. Let R = {O, ei, t}, R∗ = {O∗, e∗

i , t
∗} be

two frames representing two observers and two watches. A change of frame
has the representation

x∗ = x∗
O(t) + Q(t)(x − xO), t∗ = a+ t,

where Q is the matrix of transformation of the basis {ei} into {e∗
i }.

A motion x(X, t) in R, represented by x∗(X, t) in R∗, is subject to the
transformation rule

x∗(X, t) = x∗
O(t) + Q(t)(x(X, T ) − xO), t∗ = t. (1.3.8)

A change of frame induces the following transformations in tensor spaces

α = α∗, w∗ = Q(t)w, T∗ = Q(t)TQT (t), (1.3.9)

where α is a scalar, w a vector, and T a tensor. As known, velocity and
acceleration do not follow the rule of change of frame (1.3.9). In particular,
for velocity we have

v∗(X, t) = v∗
O(t) + Q(t)v(x, t) + Q̇(t)(x(X, t) − xO), (1.3.10)

where the dot sign ˙ over the tensor Q denotes time derivative.
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A physical event must be considered independent from its observer,
though we may describe it only by introducing the frame through which it is
observed. Given the motion of a continuum in the time interval (0, T ), and
given two frames R, R∗, there are two ways to proceed:

(1) Find the motion laws for each frame, directly in R, and R∗

(2) Find the motion laws in the frame R, and translate these laws in R∗

Definition 1.3.1 A quantity is called frame indifferent if it satisfies
(1.3.9).

One important example of this is given by the scalar density function ρ.
For the transformation of tensorial functionals, please refer to Sect. 1.4.6.
The velocity is not frame indifferent, actually points moving with R have

zero velocity in R, and non zero velocity in R∗ given by (1.3.10).

1.3.5 From Macroscopic to Local Laws

Physical laws relate various macroscopic quantities that are functions of
the volume or the surface of a medium when time is varying. In classical
continuum thermodynamics, macroscopic balance laws are postulated that
describe the evolution of the global physical characteristic of a system.

Regularity Assumption I

Each macroscopic quantity can be expressed through its density function,
of either volume, mass, or surface.

A typical balance law for the macroscopic quantity Q(t, A) in the domain
A relates the evolution in time of Q(t, A) to its flux through the boundary
∂A, plus the macroscopic long and short range actions between A and its
environment Ac.

Regularity Assumption II

The basic unknowns involved in macroscopic balance laws must have smooth-
ness properties in order to ensure the passage to local form.

These regularity assumptions may lead one to consider the models
unrealistic. However, we stress the fact that regularity properties can be
proven, at least for small data; cf. bibliographical notes. Moreover, the
estimate derived using the free work method has frequently allowed for the
proofs of existence theorems; cf. [115,116].

1.3.6 Mass, Momentum, Rotational Momentum,
Kinetic Energy

To state the balance laws, we begin by introducing the definitions of mass,
momentum, and rotational momentum. Kinetic energy is also defined.
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Definition 1.3.2 The mass of a portion of continuum in the material
region C is given by ∫

C

ρ(x, t) dx,

where ρ is the material density of the particle X that occupies the position x
at time t,

x = x(X, t).

Definition 1.3.3 The momentum of a portion of continuum in the
material region C is given by

∫

C

ρv(x, t) dx,

where ρ is the density, and v the velocity of the particle. The quantity ρv(x, t)
denotes the momentum of the particle X occupying the position x at time t.

Definition 1.3.4 The rotational, or angular, momentum of a portion
of continuum in the material region C with respect to the point xO is
given by ∫

C

(x − xO) × ρv(x, t) dx.

The quantity (x−xO)×ρv(x, t) denotes the angular momentum of the particle
X in the position x at time t.

Definition 1.3.5 The kinetic energy of a portion of continuum in the
material region C is given by

1
2

∫

C

ρv2(x, t) dx.

1.4 Mechanics

A systematic macroscopic approach to non-equilibrium processes must be
built upon a certain number of phenomenological laws, true in every three-
dimensional region having a non zero Lebesgue measure. These laws are of
two kinds: (1) balance equations including the conservation of the mass, the
balance of momentum, rotational momentum, and the first and second law of
thermodynamics; (2) constitutive equations. In the next subsections global
and local formulations of these laws will be derived.

Notation

The continuum fills the domain Ω. By C we denote any regular subset of Ω,
C ⊆ C.
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In Sects. 1.4.2, 1.4.5, 1.4.6 we deduce the indefinite partial differential
equations governing the motion of a continuum. To these PDEs initial and
boundary conditions have still to be added, see Sect. 1.6.

1.4.1 Forces

External actions are basic elements of mechanics. They are mathematical
quantities introduced a priori and subject to mathematical axioms.

Traditionally, we represent the actions on a body as being distinguished
by two types of forces: body forces, also called long-range actions, and surface
forces, or tractions, called short range actions. Both categories of forces are
characterized by a resultant and a torque. By abuse of notations we continue
to call force also the resultant.

Body forces are vector fields defined in any region C ⊆ Ω, and include
long-range forces such as gravity, fictitious forces and electromagnetic forces.
Long-range forces may have density per unit mass, as gravity, fictitious forces
and per unit volume, like electromagnetic forces. The body resultant acting
on the portion of continuum in the region C is expressed by

F(C, t) =
∫

C

ρf(x, t) dx +
∫

C

f1(x, t) dx,

where f is the density of force per unit of mass , also said specific force, and
f1 is the density of force per unit of volume.

The body torques of long-range torques acting on the portion of
continuum C in the region C, with pole xO are given by

MO(C, t) =
∫

C

(x − xO) × ρf(x, t) dx +
∫

C

(x − xO) × f1(x, t) dx.

In subsequent sections we will refer only to forces and torques per unit of
mass.

The surface forces, or tractions are defined on any portion of oriented
regular surface S contained in Ω. The tractions include short-range forces ,
such as capillary forces and stress, which have direct molecular origin and
decrease rapidly with an increase in distance between interacting elements.
The surface forces acting on the portion of oriented surface S of continuum
in the region S are expressed by

F(S, t) =
∫

S

t̃(x, t) dS,

where t̃ is the density of short-range force, called traction per unit of surface.
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The surface torques acting on the portion of oriented surface S of
continuum in the region S, with pole xO are given by

MO(S, t) =
∫

S

(x − xO) × t̃(x, t) dS.

Classical mechanics assumes the following:

The Cauchy Postulate5 The tractions on all like-oriented surfaces of
contact with a common tangent plane π at x are the same at x. That is,
t̃ at x is assumed to depend upon S only through the normal n of S at x:

t̃(x, t) = t(x, t,n). (1.4.1)

S is oriented so that its normal n points out of C.
The corresponding torques with respect to a point xO are given by

MO(C, t)
∫

C

(x − xO) × ρf(x, t) dx =
∫

C

(x − xO) × b(x, t) dx,

MO(S, t) :=
∫

S

(x − xO) × t(x, t,n)dS.

1.4.2 Conservation of Mass

In this treatment, C ⊆ Ω represents any fixed three-dimensional region
contained in the domain of motion Ω.

The law of conservation of mass holds true for all continua. It states that
the increase in time of the mass of the continuum F in the volume C, for
all C,

d

dt

∫

C

ρ(x, t)dx,

equals the total mass of F entering the volume C

−
∫

∂C

ρv · n dS,

where dS is the infinitesimal element of area of ∂C, and n is the normal to
∂C directed outside C.

Thus the axiom of conservation of mass claims that for sufficiently
regular density and velocity fields it holds

d

dt

∫

C

ρ(x, t)dx +
∫

∂C

ρv · n dS = 0, ∀C ⊆ Ω. (1.4.2)

5The first statement of stress principle traces back to 1823, cf. [17].
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Using the Gauss theorem, the transport theorem, and owing the arbitrari-
ness of C, for sufficiently regular density and velocity fields, (1.4.2) at any
time t and point x yields the local form of the continuity equation

∂tρ+ ∇ · (ρv) = 0, (x, t) ∈ Ω × (0, T ). (1.4.3)

1.4.3 Balance Laws of Momentum, Rotational
Momentum

The momentum balance law states that the increase in time of the
momentum of the portion of the continuum F in the volume C, for all C,

d

dt

∫

C

ρv(x, t) dx, (1.4.4)

equals the total momentum of F flowing in the volume C

−
∫

∂C

(ρvv)(x, t) · n dS, (1.4.5)

plus the long range force due to sources acting on volume C
∫

C

ρf(x, t)dx, (1.4.6)

plus the short range force, due to internal friction, acting on the oriented
surface ∂C ∫

∂C

t(x, t,n)dS. (1.4.7)

The axiom of balance of momentum claims that for sufficiently regular
density, velocity, and stress fields it holds

d

dt

∫

C

ρv(x, t)dx +
∫

∂C

(ρv v)(x, t) dS =
∫

C

f(x, t)dx +
∫

∂C

t(x, tn)dS.
(1.4.8)

The rotational momentum balance law states that the increase in
time of the angular momentum of pole xO of the portion of the continuum
F in the volume C, for all C,

d

dt

∫

C

(x − xO) × ρv(x, t) dx, (1.4.9)

equals the angular momentum of F flowing in the volume C
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−
∫

∂C

(x − xO) × ρv v · n dS, (1.4.10)

plus the body torques of long-range forces acting on the volume C,
∫

C

(x − xO) × ρf(x, t)dx, (1.4.11)

plus the surface torques, due to internal friction, acting on the oriented surface
∂C ∫

∂C

(x − xO) × t(x, t,n)dS. (1.4.12)

The axiom of balance of rotational momentum, when xO is a fixed
point, claims that for all region C, for sufficiently regular density, velocity,
and stress fields it holds

d

dt

∫

C

(x − xO) × ρv(x, t)dx +
∫

∂C

(x − xO) × (ρvv)(x, t) · n dS

=
∫

C

(x − xO) × ρf(x, t)dx +
∫

∂C

(x − xO) × t(x, t,n)dS.
(1.4.13)

Currently, we are not yet in a position to derive local equations, because
integral terms of volume and surface appear in the same balance equation.
In order to deduce local equations we must therefore create a postulate
concerning the regularity of the surface force.

1.4.4 Stress Tensor

To deduce local equations of motion we first state the Cauchy–Noll
theorem [17, 143]. Such a theorem restricts the class of surfaces forces
t(x, t,n) to those vectors which are linear functions of n, precisely it states

Theorem 1.4.1 If t(·,n) is a continuous vectorial function satisfying (1.4.8)
for all volumes C, then there exists a second order tensor function T(·) such
that

T(x, t)n = t(x, t,n). (1.4.14)

The function T(x, t) is known as the Chauchy stress tensor.
By the Cauchy–Noll theorem it follows the action-reaction theorem

that claims
t(x, t,n) = −t(x, t,−n). (1.4.15)

A fluid is said isotropic at x if its traction in x is expressed as a pressure
independent of the orientation of the surface crossing x in the direction of
the normal n.
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Fluids at rest are normally in a state of compression, and it is therefore
convenient to write the stress tensor of a fluid at rest as i.e.,

t(x,n) = −p(x)n. (1.4.16)

In (1.4.16) the function p = p(x) may be termed static-fluid pressure,
because only normal stresses are exerted, and the intensity of normal stress
is independent of the normal to surface element across which it acts.

For fluids in motion observation shows that the result (1.4.16) ceases to
be valid. The tangential stresses are non zero in general, and the normal
component of the stress acting across a surface element depends upon the
direction of the normal to the surface element.

Sometime for fluids in slow motion, or in motions where internal friction
does not occur, the expression (1.4.16) may still be valid; such fluids are
called ideal fluids.

For general fluid motions internal friction occurs, thus it is convenient to
regard the stress tensor T as the sum of an isotropic part −pI, analogous to
that of the stress tensor in a fluid at rest, and a remaining non isotropic part
V called the deviatoric stress tensor contributing the tangential stresses,
namely we set

T(x, t)n = −p(x, t)n + V(x, t)n. (1.4.17)

1.4.5 Balance Equations in Local Form

Appealing to the balance of momentum (1.4.8), true for every volume C,
employing the Cauchy–Noll theorem (1.4.16), allows the expression of the
momentum equation in local form:

∂t(ρv) + ∇ · (ρv ⊗ v) = ∇ ·T(x, t) + ρf , x, t ∈ Ω× (0, T ), (1.4.18)

where suitable regularity on density ρ, velocity v, stress tensor T is assumed.
We compute the cross product of (1.4.18) times (x−xO), integrate over C and
add the resulting equation to (1.4.13). Owing to the variability of volume C,
we deduce the equation for the balance of angular momentum in local form,
namely the symmetry of the stress tensor

T(x, t) = TT (x, t), x, t ∈ Ω × (0, T ). (1.4.19)

If we substitute (1.4.17), (1.4.19) in (1.4.18) we obtain the following system

∂tρ+ ∇ · (ρv) = 0, (1.4.20)

∂t(ρv) + ∇ · (ρv ⊗ v) = −∇ p+ ∇ · V(x, t) + ρf ,

V(x, t) = V
T (x, t), x, t ∈ Ω × (0, T ).
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System (1.4.20) contains ten equations. Unknown of system (1.4.20) are
density ρ, velocity v, pressure p and deviatoric tensor V which are totally
eleven. Therefore, to solve the problem of motion we need one more equation.

1.4.6 Incompressible Euler Equations

The Euler equations are derived when processes of internal friction do
not occur, precisely the Euler equations suppose

V(x, t) = 0.

Hence for Euler fluids the stress acts as a pure pressure in the direction
normal to the surface:

Tn = t(x, tn) = −pn. (1.4.21)

The continuity and momentum equations (1.4.20) yield the Euler equations

∂tρ+ ∇ · (ρv) = 0, (1.4.22)

∂t(ρv) + ∇ · (ρv ⊗ v) = −∇ p+ ρf , x, t ∈ Ω × (0, T ).

The Euler equations hold when thermal conductivity and viscosity are not
relevant to motion. We can see at this point that the number of unknowns
(ρ,v, p), five, is still greater than the number of equations (1.4.22), four.

Toward a new equation

When processes of thermal conduction are not relevant to the motion of
the fluid, we can assume the kinematic constraint of isocoric motions in the
Euler equations. Since the material volume is constant the fluid cannot be
compressed, thus we call the fluid incompressible.

Incompressible Fluids

The kinematic constraint entails that the fluid is incompressible, this is
mathematically expressed by the equation

∇ · v = 0, x, t ∈ Ω × (0, T ). (1.4.23)

In this case the equations governing the motion of an ideal fluid become five
and equate the number of unknown. The mathematical model governing the
motion of a inviscid incompressible fluid is given by (1.4.22), and (1.4.23)

∂tρ+ v · ∇ρ = 0,

∂t(ρv) + ∇ · (ρv ⊗ v) = −∇ p+ ρf

∇ · v = 0, x, t ∈ Ω × (0, T ). (1.4.24)
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For incompressible fluids p = p(x, t) is a dynamical variable. The pressure
represents the reaction of liquid to compression in order to not change its
volume.

If at initial time we prescribe a uniform density ρ(x, 0) = r0, then the
density will not vary for all time. Thus homogeneous initial data furnish
homogeneous fluids. In this case we obtain the Euler equations for
incompressible fluids

Unsteady homogeneous fluids

∂tv + ∇ · (v ⊗ v) = −∇π + f , π =
p

r0
,

∇ · v = 0, x, t ∈ Ω × (0, T ). (1.4.25)

Steady homogeneous fluids

∇ · (v ⊗ v) = −∇π + f , π =
p

r0
,

∇ · v = 0, x ∈ Ω. (1.4.26)

Notice that in this model of fluid the number of unknown v, π equals the
number of equations.

1.4.7 Constitutive Equations

Let R = {O, ei, t}, R∗ = {O∗, e∗
i , t

∗} be two frames representing two
observers and two periods of observation.

Definition 1.4.1 The pair
(
x(X, t),T(x(X, t), t)

)
defines a mechanical

process if it satisfies the balance laws of momentum and rotational momen-
tum.

We have seen in Sect. 1.3.3 that the stress tensor T and the vector body force
f must satisfy equations (1.3.9). However, in the physical case the force and
the traction are functions of motion, hence we should write

f ∗(x∗, t) = Q(t)f(x, t) T∗(x∗, t) = Q(t)T(x, t)QT (t), (1.4.27)

where x∗ is determined by (1.3.8). In (1.4.27), the functions for T(x, t) defined
in R, T∗(x∗, t) defined in R∗ are different.

Consider an event occurring in the time interval (0,T). Until now, we have
presented properties common to all continua and to all motions in a given
reference frame. Constitutive equations allow for a diversity of answer
(motion) for different materials corresponding to the same external data.
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The general theory of constitutive equations restricts constitutive
equations via constitutive axioms.

In the class of constitutive equations satisfying the constitutive axioms
there are added further axioms, called phenomenological laws, used to
describe different models of continua.

We define history of a function of time Ψ(t) whose value is a scalar,
a vector, or a tensor. For convenience t is the present time, and we shall
represent the past time τ ≥ t by the positive quantity s := t− τ . The history
of Ψ up to time t is denoted by the application Ψt

Ψt : s ∈ [0,∞) −→ Ψt(s) := Ψ(t− s).

Below are listed the axioms of mechanical nature that restrict the
dependence law of Cauchy stress on motion:

The Principle of Determinism The stress at x of the particle X, at
time t, x(X, t), is determined by the history Xt of the particle X.

T(x(X, t), t) = F(Xt;X, t). (1.4.28)

By the principle of determinism, the stress at x of the particle X at time
t, x(X, t), should be determined by the motion y(Y, t) of all particles Y in
a continuum, which contradicts the short range assumption. Hence we set

The Principle of Local Action The motion of material points at a finite
distance from the particle X at any given time t is negligible in calculating
the stress at X.

The Principle of Material Indifference states that

f(x∗t;X, t) = Q(t)f(xt;X, t) T (x∗t;X, t) = Q(t)T (xt;X, t)Q(t).
(1.4.29)

Consequently, we see that the stress is invariant under superposed rigid
motions.

Note that in (1.4.29), the functionals f(xt;X, t), T (xt;X, t), f(x∗t;X, t),
T (x∗t;X, t) defined respectively in R, R∗ are the same!

1.4.8 Linearly Viscous Fluids

If internal friction is relevant to the motion, and processes of thermal
conduction and internal friction do not occur, the state of a fluid is still
described by the five variables given by the velocity (3), the pressure (1),
and the density (1), plus the six components of the symmetric deviatoric
stress V. Concerning the governing equations, the continuity equation (1.4.3)
and the balance equation (1.4.20) continue to hold. However, due to internal
friction, the stress tensor contains the deviatoric tensor V responsible for the
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irreversible transfer of momentum from points where velocity is large to those
where it is small. V is an unknown function of motion.

By the principle of material indifference, for simple materials it follows
that V(x, t) = V̂(D, t), cf. [143]. Assuming linear state equations, we obtain
Newtonian fluids, or linearly viscous fluids

T(v, p) = −pI + λ∇ · vI + 2μD(v), (1.4.30)

where D(v) is the symmetric part of the velocity gradient tensor, also called
velocity deformation tensor, and the shear μ and bulk λ coefficients are
unknown constants; cf. Batchelor [6].

When processes of thermal conduction are not relevant to the motion of
viscous fluids, we assume the kinematic constraint of isocoric motions

∇ · v = 0,

for the last equation.

Assumption

Let us now assume that at initial time the fluid is homogeneous, resulting in
a density that is uniform in space and time.

In this case, we chose the unknown coefficient μ = r0ν as a constant.6

If in (1.4.20) we take expression (1.4.30) and limit ourselves to the class
of homogeneous incompressible fluids, we obtain the complete system of
Naiver–Stokes equations

Unsteady flows

∂tv + ∇(v ⊗ v) = −∇π + νΔv + f,

∇ · v = 0, x, t ∈ Ω × (0, T ), (1.4.31)

v(x, 0) = v0(x), x ∈ Ω,

where π = p/ r0 is a dynamical unknown.

Steady flows

∇(v ⊗ v) = −∇π + νΔv + f,

∇ · v = 0, x ∈ Ω.

Notice that the number of unknown v, π equals the number of equations.

6This choice may be verified by experience as a phenomenological law.
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1.5 Thermodynamics

So far, the mathematical description of the motion of a non-heat conducting
fluid has been given by the distribution of the fluid velocity v(x, t), of the
deviatoric tensor V, and of the two scalar functions the pressure p(x, t), and
density ρ(x, t).

Thermodynamics studies the effect of heat on motions of a continuum
body. The heat may influence the motion of general fluids only indirectly
through a functional law of the pressure and the deviatoric tensor in terms
of the density.

For fluids in which processes of thermal conduction occurs, the state is
described by the previous variables, plus one variable describing the thermal
state of the fluid. In this book we use the temperature as the new independent
thermodynamical variable. As equations of mechanics we continue to use the
continuity and momentum equations. To deal with concrete models, next we
shall adopt the Newtonian stresses (1.4.30) that will bring to the Euler or
Navier–Stokes as momentum equations.

1.5.1 Thermodynamical Variables

Thermodynamics studies effects of heat on physical systems analyzing heat
transfers and joint heat-work actions on materials. Specifically, a thermal
system exchanges heat and work with the environment through mechanical
and thermal interactions. To this study it is need the introduction of a
primary independent variable to describe the thermal state of a body given by
the empirical temperature. We begin with the introduction of an empirical
scale of temperature which signs the heatness level of the body.

First request is that heatness level is one to one with numbers of an
oriented line, each number furnishes an empirical temperature, which depends
on the choice of thermometer. A justification on the possibility of construction
of a thermometer is provided by the experimental statement by Fowler,
Two systems in thermal equilibrium with a third one are also in thermal
equilibrium each other.

We now define an ideal instrument.

Definition 1.5.1 The thermostat T is a body with uniform temperature. The
body B is said thermometer if, in contact with the thermostat T , assumes the
same temperature of T , while T doesn’t change its temperature.

We postulate
Zero Principle of Temperature Do exist perfect termometers, equals

for all observers. It exists a infimum for the empirical temperature and it
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is possible to choose a scale of temperature where the infimum is zero. The
temperature measured with such scale is said absolute temperature and
it is denoted by θ.

To study thermodynamics of irreversible processes, we work in space-time
reference frame {R, t}.
Definition 1.5.2 The thermal state of a continuous body at a given time t
in the position x, is characterized by the particle X = X(x, t), the time t, and
the empirical temperature θ(x, t), and is said the thermo-kinetic process,
given by

Θ(x, t) := (x(X, t), t, θ(x(X, t), t)).

For fluids the thermo-kinetic process simplifies as

Definition 1.5.3 The motion of a fluid is given by

Θ(x, t) := (x, t, ρ(x, t),v(x, t), θ(x, t)).

Notice that the measure unities for time, space, mass and temperature are
dimensionally independent.

We are now in the position to introduce thermodynamical potentials.

Definition 1.5.4 The internal energy E(C) of the portion of continuum
filling the region C is given by

E(C) =
∫

C

ρε(x, t)dx, (1.5.1)

where ε is the density of internal energy per unit of mass, or specific
internal energy.

For all thermodynamical variables, such as density, momentum, internal
energy, etc., we have started with the balance laws of macroscopic quantities
to bring us to a consistent theory; we have been able to do this because
we have a measurement instrument for each macroscopic quantity, and as
such we may control the truth of our axioms. The only macroscopic quantity
for which there is no known instrument of measurement is the entropy,
therefore along with Callen, we postulate the existence of a functional, called
the entropy. We set

Definition 1.5.5 The entropy of a portion of continuum filling the region
C S(C) is given by

S(C) =
∫

C

ρ s(x, t) dx, (1.5.2)

where s is the density of entropy per unit of mass, or specific entropy.
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Thermodynamics is based on the balance laws of total energy and entropy,
and assumes that the increase in time of the total energy and entropy for a
continuum F contained in the region C are due to total energy and entropy
fluxes through the boundary ∂ C, plus the total energy and entropy sources
acting in C. The entropy sources are due to irreversible phenomena inside
C. The main goal here is to quantify explicitly entropy sources created by
irreversible processes [21].

1.5.2 The First Law of Thermodynamics

Concerning state equations we begin with the definition of total energy.

Definition 1.5.6 The total energy e per unit mass is the sum of kinetic
energy v2/2 plus the internal energy ε per unit mass, i.e.

e = v2/2 + ε.

The first law of thermodynamics, states that, for all fixed volume C, the
increase in time of total energy E(C)

d

dt

∫

C

(ρ e)(x, t) dx, (1.5.3)

equals the flux of the total energy of fluid flowing in the volume C

∫

∂C

ρ ev · n dS, (1.5.4)

plus the long and short range sources of total energy acting on, and through,
the volume C ∫

C

re(x, t)dx +
∫

∂C

h · n dS, (1.5.5)

where h is the surface production of total energy, and re is the total energy
source. In fact, the first law of thermodynamics postulates the equation
governing the evolution of total energy in macroscopic form

d

dt

∫

C

(ρ e)(x, t) dx+
∫

∂C

ρ ev · n dS =
∫

C

re(x, t)dx+
∫

∂C

h · n dS. (1.5.6)
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Multiplying (1.4.18) by v, integrating over C, and applying the transport
theorem, we get

1
2
d

dt

∫

C

ρv2 dx+
1
2

∫

∂C

ρv2 v·n dS =
∫

C

ρf ·v dx−
∫

C

T·∇v dx+
∫

∂C

v·Tn dS.

(1.5.7)
Subtracting (1.5.7) from (1.5.6), and recalling the definition of internal
energy, we deduce

d

dt

∫

C

(ρ ε)(x, t) dx+
∫

∂C

ρ εv·n dS =
∫

C

r(x, t)dx+
∫

C

T·∇v dx+
∫

∂C

q·n dS,
(1.5.8)

where
r =

(
re − ρf · v

)
,

is the internal energy source, or the energy source due to heat, and

−q =
(
h− v · T

)
,

is the heat flux of the internal energy, or the external surface production of
internal energy.

We can now derive the equation governing the evolution of the specific
internal energy ε.

As with previous macroscopic laws resulting from the variable nature of
C, and the continuity equation we may easily derive the local form of the
energy equation. The first law of thermodynamics introduces the following
equation for the internal energy ε

ρ
dε

dt
= ∇ · q − p∇ · v + Ξ + ρ r, p = p(ρ, θ), ε = ε(ρ, θ), (1.5.9)

where d
dt = ∂t + v · ∇ is the material derivative, r is the energy source per

unit of mass, q = q(θ) the heat flux vector, Ξ the kinematical dissipation

Ξ = 2μD(v) : D(v) + λ(∇ · v)2. (1.5.10)

Assuming linear state equations for q in terms of ∇θ, we obtain the following
constitutive equation for the heat flux, known as the Fourier law (1768-
1830),

q = −χ∇θ, (1.5.11)

where the constant χ denotes the heat diffusivity if it is positive. In the next
section we shall see that χ > 0 follows from the Clausius–Duhem inequality.
The precise dependence of χ on the motion of continuum, or its value if
constant, is given by phenomenological laws.
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Some time we use
dϕ

dt
= ∂tϕ+ v · ∇ϕ = ϕ̇.

1.5.3 The Second Law of Thermodynamics

Recalling the definition of entropy (1.5.2), following up on the work outlined
in Sect. 1.3.1, for any macroscopic portion filling a generic region C, we
introduce as a state equation the entropy S(C) of a portion of continuum
filling the region C. We experimentally observe that

The variation in time of entropy Ṡ(C) in the continuum filling C is due to
two variable influences (1) the variation of external entropy Ṡe, supplied
to C by its surroundings, and (2) the variation of internal entropy Ṡi(C),
produced inside the system

Ṡ(C) = Ṡi(C) + Ṡe(C).

The variation in time of internal entropy Ṡi must vanish at equilibrium
and along reversible transformations

Ṡi(C) = 0, ∀C,

while Ṡi(C) must be positive along irreversible processes

Ṡi(C) ≥ 0, ∀C.

The supply for the variation in time of external entropy Ṡe(C) has no
definite sign, however adiabatic processes in an isolated system must be
Ṡe(C) = 0, which yields

Ṡ(C) ≥ 0.

In the thermodynamics of irreversible processes, one objective is
to relate the entropy variations Ṡ(C) to various irreversible phenomena
occurring inside and outside the continuum body. The second law of
thermodynamics states that

dS

dt
≥

∫

∂C

J dS +
∫

C

r1 d x, (1.5.12)

J is the entropy flux per unit area and unit time, and r1 is the entropy body
source per unit volume and unit time.

Again owing to the variability of volume C, we may derive the entropy
equation in local form. Unfortunately, this equation introduces more
unknowns than equations. Here we use a simplified version of the second
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law of thermodynamics; specifically, we assume that the entropy flux and
entropy source are given by

J =
q

θ
,

r1 =
ρ r

θ
. (1.5.13)

Assuming sufficient regularity in the constitutive functionals, the variability
of C, we get the second law of thermodynamics in local form

ρ
ds

dt
≥ −∇ ·

(q

θ

)
+ ρ

r

θ
. (1.5.14)

1.5.4 Clausius–Duhem Inequality

Let us write (1.5.9) in the equivalent form

−∇ · q + ρ r = ρ
dε

dt
+ p∇ · v − Ξ, (1.5.15)

where Ξ is defined in (1.5.10). Next we rewrite (1.5.14) in the following form

ρ θ
ds

dt
≥ −∇ · q +

q · ∇θ
θ

+ ρ r. (1.5.16)

Substituting the energy equation (1.5.15) into (1.5.14) multiplied by θ, we
deduce the well known Clausius–Duhem inequality

ρ θ
ds

dt
− ρ

dε

dt
− p∇ · v + Ξ − q · ∇θ

θ
≥ 0. (1.5.17)

This equation is true for all regular motions and allows us to deduce further
constraints on the constitutive laws. Actually the Clausius–Duhem inequality,
is called dissipation principle, when it is employed the arbitrariness of
thermodynamical processes. The condition of validity of (1.5.17) for all
thermodynamical processes infers severe constraints on constitutive relations.
Below we furnish two examples.

Compressible fluids

We assume the following constitutive hypotheses

ε = ε(ρ, θ), s = s(ρ, θ), p = p(ρ, θ), (1.5.18)

T = −pI + λ∇ · v + 2μD, q = −χ∇θ.
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Substituting constitutive hypotheses (1.5.18) in (1.5.17) we obtain

ρ
(
θ
∂ s

∂ρ
− ∂ε

∂ρ
+

p

ρ2

)dρ
dt

+ ρ
(
θ
∂ s

∂θ
− ∂ε

∂θ

)dθ
dt

+ λ(∇ · v)2 + 2μD : D + χ
( (∇θ)2

θ

)
≥ 0. (1.5.19)

Notice that
dρ

dt
,

dθ

dt
, ∇θ, D,

are independent variables, moreover the coefficients of these variables are
independent of these values. Therefore by letting suitably varying the above
variables in (1.5.21) we deduce

p

ρ2
=
∂ε

∂ρ
− θ

∂ s

∂ρ
,

∂ε

∂θ
= θ

∂ s

∂θ
,

μ ≥ 0, 3λ+ 2μ ≥ 0, χ ≥ 0.

Incompressible, homogeneous fluids

For incompressible homogeneous fluids, we assume initially uniform density,
and this infers ρ(x, t) = const. = 1. Thus the following constitutive
hypotheses hold

ε = ε(θ), s = s(θ), p = p(x, t), (1.5.20)

T = −pI + 2μD, q = −χ∇θ.
Substituting constitutive hypotheses (1.5.20) in (1.5.17) we obtain

ρ
(
θ
d s

dθ
− dε

dθ

)dθ
dt

+ 2μD : D + χ
((∇θ)2

θ

)
≥ 0. (1.5.21)

Set D0 the symmetric tensor with zero trace. Notice that

dθ

dt
, ∇θ, D0,

are independent variables, moreover the coefficients of these variables are
independent of these values. Therefore by letting suitably varying the above
variables in (1.5.21) we deduce

dε

dθ
= θ

d s

dθ
, μ ≥ 0 χ ≥ 0.

In this case no informations on the pressure are available, and the pressure
becomes a dynamical unknown.
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1.5.5 Phenomenological Laws

Let us recall some basic state equations.
Important phenomenological laws include the constitutive equations for

pressure p = p(ρ, θ), internal specific energy ε(ρ, θ), internal specific entropy
s(ρ, θ) as given positive functions of ρ and θ. The thermodynamic potentials
p(ρ, θ), ε(ρ, θ), s(ρ, θ) determine the thermodynamical state of system. The
reduced dissipation principle (1.5.20) has demonstrated that for any motion,
the following local equation must be satisfied:

p(ρ, θ) = ρ2
(
ερ(ρ, θ) − θsρ(ρ, θ)

)
, (1.5.22)

where the subscript ρ denotes the partial derivative with respect to ρ.
We are using as independent variables temperature θ and density ρ. The

fluid F is said to be polytropic if along its motions its internal energy is a
linear function of temperature, i.e.

∂ε

∂θ

∣
∣
∣
ρ=const.

= cV , ε = cvθ,

where the positive constant cV denotes the specific heat at constant volume.
Along all stationary thermal processes, almost all gases experience the

Boyle–Mariot law, which states that

p(ρ, θ) = R∗ρθ, (1.5.23)

where R∗ > 0 is the universal gas constant. A gas satisfying this law is called a
perfect gas; cf. [65] Sect. 80. Equation (1.5.23) is customarily adopted for wide
classes of gas. There is a safety range for r1 < ρ < r2 and τ1 < θ < τ2 where
the gas satisfies (1.5.23). However, for each gas there is a threshold θc for
absolute temperature, below which it starts to become liquid. When a phase
change occurs, other state equations become more appropriate, e.g. the Van
der Waals law (1837-1923). More general phenomenological state equations
for the pressure may be proposed, all satisfying the natural requests; cf.
[23, 26–28,39]. The instability of phase changes will be studied in Chap. 3.

We will end this subsection by reviewing some definitions that will be used
in the next chapter.

Definition 1.5.7 The enthalpy per unit of mass and per unit of volume is
the thermodynamical potential Φ(ρ) given by

Φ(ρ) :=
∫ ρ p′(s)

s
ds; ρΦ(ρ) := ρ

∫ ρ p′(s)
s

ds. (1.5.24)
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The Helmholtz (1821-1894) free energy per unit of mass and per unit
of volume is the thermodynamical potential Ψ(ρ) by

Ψ(ρ) :=
∫ ρ p(s)

s2
ds; ρΨ(ρ) := ρ

∫ ρ p(s)
s2

ds. (1.5.25)

From these given definitions it follows that

ρ
d2

dρ2
(ρΨ(ρ)) = p′(ρ),

ρ
(
Ψ(ρ) − Φ(ρb)

)
=

1
2
p′(ρ)
ρ

σ2,

(1.5.26)

where ρ is a point between ρ, and ρb. Equation (1.5.26)2 seems to be new, it
will play a crucial role in the study of stability of barotropic fluids.

1.5.6 Compressible Euler Equations

For isotropic fluids in which processes of thermal conduction and internal
friction do not occur, stress acts as a pure pressure in the direction normal
to the surface

Tn = t(x, t,n) = −p(x, t)n. (1.5.27)

The continuity (1.4.3) and Euler (1.4.22) equations still hold, however we
now have density, velocity and pressure as unknowns, and the number of
unknowns once again exceeds the number of equations.

Towards a new equation

If thermodynamics modifies the motion of a fluid only through pressure, we
can assume either the thermodynamic constraint of isothermal motions, or
the thermodynamic constraint of adiabatic motions.

Isothermal flows

Assume the motion occurs at constant temperature Θ∗.
Let R∗ be the universal gas constant, then the Boyle–Mariot law states

that
p = R∗ρΘ∗. (1.5.28)

Fluids satisfying (1.5.28) are called isothermal. Thus, the equations govern-
ing the motion of a ideal fluid are (1.4.3), (1.4.22) and (1.5.28).
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Adiabatic flows

Take the independent thermodynamic variables ρ and s, and assume s =
s∗ = const.. Then the temperature Θ verifies Θ = Θ(ρ, s∗); with regards to
pressure for the Gibbs relations, we can deduce

p = kρm, (1.5.29)

where m is the polytropy index. Fluids satisfying (1.5.29) are called isen-
tropic.

Barotropic flows

If one of the classical thermodynamic relations isn’t used, for pressure we can
assume

p = p(ρ). (1.5.30)

Fluids satisfying (1.5.30) are called barotropic.
Thus, equations governing the motion of a ideal fluid are (1.4.3), (1.4.22)

and (1.5.30), and are called Compressible Euler equations.
Unsteady flows

∂tρ+ ∇ · (ρv) = 0,

∂t(ρv) + ∇(ρv ⊗ v) = −∇p+ ρf,

p = p(ρ), (x, t)∈ Ω × (0, T ), (1.5.31)

ρ(x, 0 = ρ0(x), v(x,0) = v0(x), x ∈ Ω.

Steady flows

∇ · (ρv) = 0,

∇(ρv ⊗ v) = −∇p+ ρf, x∈ Ω,

p = p(ρ), x ∈ Ω.

These equations must be completed with boundary conditions.

1.5.7 Linearly Viscous Fluids

If internal friction is relevant to motion and processes of thermal conduction
do not directly occur, then following the line of Sect. 4.8, we can deduce
that the state of a fluid is described by five unknown variables: velocity (3),
pressure (1), density (1) plus unknown coefficients λ and μ. In fact, again by



1.5 Thermodynamics 35

constitutive axioms, for simple materials, it follows that S(x, t) = S(D, t); cf.
[6,143]. For linear state equations we obtain the Newtonian equation (1.4.30)
for the stress tensor. In this case, the shear μ and bulk λ coefficients are still
assumed constants, however they must obey (in three-dimensional domains)
the Clausisus–Duhem inequality. Hence we deduce the conditions

μ ≥ 0, 2μ+ 3λ ≥ 0, (1.5.32)

where the number 3 refers to the dimension of space in which the motion
occurs. This result follows from thermodynamics, however in next section we
shall see that they follow more exactly from the Clausius–Duhem inequality.
Viscosity coefficients are given by phenomenological laws.

Remark 1.5.1 The most important difference between the mechanical prop-
erties of liquids and gases lies in their bulk elasticity, given by the viscosity
coefficient λ, which expresses the compressibility of the fluid.

Thus we obtain the compressible Navier–Stokes equations.
Compressible Navier–Stokes equations
Unsteady flows

∂tρ+ ∇ · (ρv) = 0,

∂t(ρv) + ∇(ρv ⊗ v) = −∇p+ (λ+ μ)∇(∇ · v) + μΔv + ρf,

p = p(ρ), (x, t)∈ Ω × (0, T ), (1.5.33)

ρ(x, 0 = ρ0(x), v(x,0) = v0(x), x ∈ Ω.

Steady flows

∇ · (ρv) = 0,

∇(ρv ⊗ v) = −∇p+ (λ+ μ)∇(∇ · v) + μΔv + ρf,

p = p(ρ), x ∈ Ω. (1.5.34)

These equations must be completed with boundary conditions.

1.5.8 Heat-Conducting Fluids

If processes of thermal conduction and internal friction do occur, then we
must consider the full set of equations governing thermodynamical flows.



36 1 Topics in Fluid Mechanics

Unsteady flows

∂ρ

∂t
+ ∇ · (ρv) = 0, x , t ∈ Ω × (0, T ),

ρ
dv
dt

= ∇ ·T + ρf , x , t ∈ Ω × (0, T ),

ρ
dε

dt
= T : D−∇ · q + ρ r, x , t ∈ Ω × (0, T ),

ρ(x, 0) = ρ0(x), v(x, 0) = v0(x), θ(x, 0) = θ0(x), x ∈ Ω.

(1.5.35)

with constitutive equations

p = R∗θρ, ε = ε(ρ, θ), (1.5.36)

T = −pI + λ∇ · v + 2μD, q = −χ∇θ,
μ ≥ 0, 3λ+ 2μ ≥ 0, χ ≥ 0, (1.5.37)

(1.5.35) represents a system of five scalar equations in the five unknown
functions ρ, v1, v2, v3, θ of (x, t).

Steady flows

∇ · (ρv) = 0,

ρv · ∇v = ρb + ∇ · T
ρv · ∇ε = T : D + r −∇ · q.

(1.5.38)

Equation (1.5.38) represents a system of five scalar equations in the five
unknown functions ρ, v1, v2, v3, θ of x.

In order to close systems (1.5.35), (1.5.38) we must control
boundary terms.

1.6 Side Conditions

In order to determine solutions to either one of the initial boundary value
problems (1.4.25), or (1.4.31), or (1.5.31) or (1.5.33), (1.5.35) or one of
the boundary value problems (1.4.26), or (1.4.8), or (1.5.6) or (1.5.34),
(1.5.38) we must prescribe the side and boundary conditions that describe
the environment where the motion occurs.

Conditions occurring at boundary between a compressible fluid and some
other medium warrant special consideration because they give rise to several
important phenomena. The boundary may separate different phases, solid,
liquid or gaseous, or it may separate two media of the same phase but different
constitution or at different flow regimes.
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Notice that the correct boundary conditions, BC, must satisfy three
criteria: (1) on one side, the BCs must be physically controllable; (2) on the
other side, the BCs must be not so many that they make existence impossible;
(3) the BC must be enough so as to ensure uniqueness. In this section we will
cover several kinds of correct boundary conditions.

In the sequel we study only viscous fluids. For solutions to PDE systems
of second order in space, it is customary to prescribe either Dirichlet or
Neumann conditions at the boundaries, as such:

(1) Steady flows, systems (1.4.8), and (1.5.34), or (1.5.38) become of elliptic
type in v, or in v, θ, respectively. It is not, however, clear which type
of condition one should prescribe on density, as the steady continuity
equation results just a first order PDE not characterized in canonical
way; cf. [57, 89, 128].

(2) Unsteady flow systems (1.4.31), and (1.5.33), or (1.5.35) become of
parabolic type in v and in v, θ respectively, and of hyperbolic type in ρ.

1.6.1 Classes of Boundary Conditions

In order to set boundary conditions on v, distinctions are made between:
(A) the type of boundary, and (B) the type of domain.

(A) Depending on the type of boundary, ∂Ω can be union of surfaces that
are either:

(A-i) Rigid moving7: boundary is rigid, impermeable, moving
(A-ii) Rigid moving : boundary is rigid, porous, moving
(A-iii) Stress free boundary: known deformable boundary boundary is in

contact with a known external medium
(A-iv) Free boundary with, or without, capillary effect: an unknown

deformable boundary in contact with an external medium

B) Depending on the type of domain, Ω may have one of the following
characteristics:

(B-i) Bounded
(B-ii) Exterior to a compact region
(B-iii) With a non-compact boundary

Remark 1.6.1 Motion in a layer with a free boundary may occur when the
fluid moves over an inclined plane (see Couette, Poisuelle flows). Stability

7If ∂Ω is a rigid, impermeable moving domain in the reference R, by suitably changing the
external forces, it may be transformed to a rigid fixed domain in another reference R′.
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properties of these flows depend on the thickness of the layer, and on the
inclination of the plane; cf. [75,76,103].

1.6.2 Boundary Conditions on Velocity

Concerning the value of the velocity of fluid particles at a boundary, we
can apply either the Dirichlet or Neumann conditions depending upon the
type of walls in question, either perfect heat conductors or totally adiabatic,
respectively.

(A) Type of boundary

(A-i) S ⊆ ∂Ω: rigid and impermeable.
We assume the adherence condition of the viscous fluid to S, that is

v(x, t) = w(x, t), (x, t) ∈ S × (0,∞),

where w is a given vector function representing the velocity of the points of
S, and v is the velocity of fluid particles at boundary ∂Ω. In particular, in
the reference R′ where S is fixed we assume v to vanish.

(A-ii) S ′ ⊆ ∂Ω: rigid and porous.
We continue to apply

v(x, t) = w′(x, t), (x, t) ∈ S ′ × (0,∞),

where w′ is still a given vector function, however w′ is no longer the velocity
of the points of S′, while v is the velocity of fluid particles at boundary ∂Ω.
In order to adhere to the law of conservation of mass, the following condition
must be satisfied8 ∫

∂Ω

ρw′ · n dx = 0. (1.6.1)

Note that, despite incompressible fluids, where density is known, (1.6.1)
doesn’t represent a compatibility condition for compressible fluids, because
ρ is unknown.

(A-iii) ∂Ωt: deformable, outside Ωt there is a known body C(t).
On the geometric surface S(t) = ∂Ωt ∩ ∂C(t) we assume impermeability

v(x, t) · n(x, t) = w(x, t) · n(x, t), (x, t) ∈ S(t) × (0,∞), (1.6.2)

where n is the exterior normal to S(t), w is the velocity of the material
points at ∂C(t), and v is the velocity of fluid particles at boundary ∂Ωt. We
remark that in this case, S(t) is a known material surface.

8The total mass may vary in a porous region, where (1.6.1) doesn’t hold.
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(A-iv) ∂Ωt: deformable, outside Ωt there is a unknown body C(t).
On the geometric surface Γt = ∂Ωt ∩ ∂C(t) we assume impermeability

v(x, t) · n(x, t) = w(x, t) · n(x, t), (x, t) ∈ Γt × (0,∞), (1.6.3)

wC(x, t) · n(x, t) = w(x, t) · n(x, t), (x, t) ∈ Γt × (0,∞),

where n is the exterior normal to Γt, w is the velocity of the points of Γt,
v(x, t) is the velocity of fluid particles at boundary ∂Ωt, and wC is the velocity
of material points at ∂C(t). However now Γt is no longer a known material
surface, but rather itself an unknown.
(A-iv)-(I) When only the surface Γt is unknown, and the exterior is

a vacuum, we use only the kinematical condition (1.6.3)1, considering the
motion of Γt described by the particle x, ( i.e. dx

dt
= w)

d x

dt
· n(x, t) = v(x, t) · n(x, t), (x, t) ∈ Γt × (0,∞).

This condition allows for the sleeping of the fluid on the surface, and
constitutes a more difficult problem.
(A-iv)-(II)On the part Γ′

t of the boundary of Ωt where there is an unknown
body C(t), we prescribe continuity on the tangential component of the velocity
fields on Γ′

t; cf. [19]. That is:

dx

dt
= v(x, t) = w(x, t), (x, t) ∈ Γ′

t × (0,∞).

In general, the boundary may be the union of the parts referred to above, say
∂Ωt = Σ∪Σ′∪ S(t)∪Γt∪Γ′

t, the interior of each part has an empty intersection
with the other parts, and for each part the corresponding condition is
assumed.

To the kinetic condition (1.6.2) we must add a dynamical condition which
prescribes a condition on the jump of stresses Tn on both sides of Γt, see
(1.6.5).

(B) Type of domain The following distinctions apply to domains:

(B-i) Ω interior to a bounded container C
(B-ii) Ω is exterior to a bounded region C
(B-iii) Ω with a non compact boundary

(B-i) Let C(t) be a rigid container (a shell), in motion in reference frame
R = {O, i, j,k}. As known, if vG is the velocity of the center of mass of C(t),
and ω(t) denotes its angular velocity at time t, then the velocity w of its
generic particle x ∈ C(t) is given by

w(x, t) = vG(t) + ω(t) × x, (x, t) ∈ C(t) × (0,∞).
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On ∂C(t) = ∂Ωt we prescribe the adherence condition

v(x, t) = w(x, t) = vG(t) + ω(t) × x, (x, t) ∈ ∂Ωt × (0,∞).

In (B-ii) we apply in the reference frame R the conditions at infinity

lim
|x|→∞

v(x, t) = 0.

Notice that in the frame R′ moving together with C with angular speed
ω(t) �= 0, the velocities of fluid particles grow to infinity at a linear rate!

Note also that if ω(t) = 0 and vG �= 0 in the frame with origin attached
to G ∈ C, we find that

v̂(x, t) = 0, (x, t) ∈ ∂Ω× (0,∞) , lim
|x|→∞

v̂(x, t) = −vG(t), t ∈ (0,∞),

(1.6.4)
where v̂(x, t) is the velocity of the fluid particles in the new frame. In this
frame, the momentum equation will differ from equations (1.4.3), (1.4.20) and
(1.5.9) since it presents new linear terms. The resulting linearized equations
for incompressible fluids have been proposed by Oseen (1879-1944); cf. [88],
and are known as Oseen equations.

Analogous equations can be introduced for compressible fluids and will be
called compressible Oseen equations.

The compressible Oseen equations have been studied for compressible
fluids, in the steady state we direct the reader to the results of Novotny
and the author; cf. [85, 86].

(B-iii) In this text we will consider only thin horizontal layers of fluid motion
with capillary effects. Note that we will take into account the surface tension,
as it has a dissipative effect. Moreover, assuming periodicity on the flat
variable, the problem will be reduced to a bounded domain.

1.6.3 Boundary Conditions on Stress

To (1.6.2) we must add a dynamic condition, whereby we assume a jump
condition on the stress Tn on both sides of Γt, as follows

Tn = TCn + c, (y, t) ∈ Γt × (0,∞), (1.6.5)

where TC is the known stress tensor of C, and c is the vectorial operator
responsible for capillary effects, relevant only within the microscopic scale.

The effect of an ‘elastic’ structure could be taken into account in order to
introduce a discontinuity in normal stress proportional to the operator K1

describing the dynamic behavior of the structure. In the linear case one may
assume that any deformation creates stresses only in the normal direction,
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Te =
(
K1(y) − pe

)
n,

where pe is the constant external pressure. On microscopic scale the stress
due to capillary effects depends on the curvature of the surface through a
factor κ called surface tension. The surface tension may depend on density,
temperature, and has no fixed sign. For volatile gases κ is negative. In the
sequel we take as a positive constant, and we deduce

c(y, t) = κH(y)n(y, t), y ∈ Γt, t ∈ (0, T ).

The jump condition between the stress tensors of fluid Tf (u, p) and of
elastic walls Te is expressed by

(Tf − Te)n = κH(y)n, (1.6.6)

where the constant positive κ denotes surface tension. Let us set

S(u) = (∇u + ∇uT ) +
λ

μ
∇ · u I,

where I is the unitary tensor; we have introduced the constants μ > 0, λ,
shear and bulk viscosities verifying 3λ + 2μ ≥ 0. To further our work, it is
useful to set

Tf (u, p) = −pI + μS(u),

where p is pressure.
Assume locally Γt has cartesian representation ζ = ζ(x′, t), x′ ∈ Σ, Σ is a

rectangle. Thus we have

y = y(x′, ζ(x′, t), x′ ∈ Σ, t ∈ (0, T ),

and we substitute y with the scalar variable ζ.
We can write the dynamic balance of stresses (1.6.6) in the form

−p+ μn · S(v) · n = K(ζ) − pe, on Γt,

t1 · S(v) · n = 0,

t2 · S(v) · n = 0, on Γt,

(1.6.7)

where tα, α = 1, 2 are the unit vectors tangent to the free surface Γζ , and pe

is a constant pressure. Moreover, we introduce the leading stress

K(ζ) = κH(ζ) + n ·Ten + pe. (1.6.8)
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Hypotheses on K(ζ)

We shall assume that K(ζ) is a linear operator as function of ζ.

For the sake of simplicity, for stability problems one may linearize the effect
of surface tension as a result of the double mean curvature H.

From the mathematical point of view, in our approach it is not difficult to
take into consideration the strong nonlinearity of H.

From the physical point of view, the effect of surface tension is important
only when capillary phenomena are present.

To describe regular free boundaries, we will use models of structure
describing linear elastic stresses, and we set

K ′(ζ) = βΔ′ζ − αΔ′2ζ + bζ, (1.6.9)

where the positive constants α, β and b denote regularity coefficients. In
subsequent chapters, for specific cases we will explain the physical meaning
of α, β and b. At the boundary, one may distinguish the cases of elastic or
viscoelastic walls and free boundaries as follows:

Viscoelastic membrane

K(ζ) := −∂2
t ζ + γ∂tΔ′ζ +K ′(ζ), on Σ, (1.6.10)

where γ denotes the visco-elasticity coefficient, and α, β and b are pure
elasticity coefficients. More specifically, α > 0, β ≥ 0, and γ ≥ 0 are the
non-dimensional rigidity, stretching, surface tension and friction coefficients.

Elastic membrane

K(ζ) := −∂2
t ζ +K ′(ζ), on Σ, (1.6.11)

the meaning is the same as that explained above.

Free, regular boundary

K(ζ) := H ′(ζ) = βΔ′ζ, on Σ, (1.6.12)

where β denotes a surface tension.
If Te = −peI we take into account the nonlinearity of the curvature which

has been defined in (1.2.3).
Here either (1.6.10), (1.6.11), or (1.6.12) completely describe the motion

of the fluid in the ‘elastic’ vessel, and a solution will be determined once the
height, density and velocity fields are fixed at an initial time.

Remark 1.6.2 The study of the elastic model can be developed by changing
kinematic and dynamic boundary conditions; cf. [19].
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1.6.4 Boundary Conditions on Temperature

Concerning the value of temperature for fluid particles at the boundary,
we can apply either the Dirichlet (1805-1859) or Neumann (1832-1925)
conditions, depending on the kind of wall, which can be either perfect heat
conductor or totally adiabatic, respectively. Furthermore, for generic walls,
we use the mixed type Dirichlet and Neumann conditions.

For perfectly conducting walls S1, we add the Dirichlet boundary condition

Θ(x, t) = Θ1(x, t), (x, t) ∈ S1 × (0,∞),

where Θ1 is a given scalar function representing the temperature of the points
of S1, and Θ is the temperature of material points of ∂Ω.

For perfectly adiabatic walls S2 we add the Neumann boundary condition

∂

∂n
Θ(x, t) = Θ2(x, t), (x, t) ∈ S2 × (0,∞),

where n is the exterior normal to S2, Θ2 is a given scalar function representing
the temperature of the points of S2, and Θ is the temperature of fluid particles
at ∂Ω.

Another boundary condition for the temperature at walls of mixed type
S3 is the Newton’s cooling law:

χn · ∇Θ(x, t) + ν(Θ − Θe)(x, t) = 0 , (x, t) ∈ S3 × (0,∞), (1.6.13)

where n is the exterior normal, Θ is the temperature of fluid particles at S3,
Θe is a given scalar function representing the temperature of the particles of
S3, and ν is the global coefficient of heat exchange between fluid particles
and particles of the ambient external to S3. Equation (1.6.13) expresses the
heat balance law at the boundary.

In subsequent chapters we consider only perfectly conducting walls, S1 =
∂Ω and we add the Dirichlet boundary condition.

For unbounded domains, we add the condition at infinity for the temper-
ature field

lim
|x|→∞

Θ(x, t) = Θ∞ > 0.

Note that for the exterior case Ω = R
3 − C regarding heat conducting

compressible fluids, in [112] there is research supporting the nonlinear
stability of the rest state when the temperature of ∂C is higher than the
temperature at infinity, provided the gravity is large enough.
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1.6.5 Side Conditions on Density

In order to have physically meaningful solutions, we add the condition

ρ(x, t) ≥ 0, (x, t) ∈ Ω × (0,∞). (1.6.14)

Therefore, in the existence theorem we must look for regular solutions with
ρ also satisfying condition (1.6.14).

(A) Type of boundary

(A-i) S ⊆ ∂Ω: rigid and impermeable.
When we cannot physically compute the density at the boundary, the type

of domain is important.

(A-ii) S ′ ⊆ ∂Ω: rigid and porous.
In this case, [128], we distinguish whether the fluid in motion is inflowing

or outflowing at the boundary S′. To elaborate, at the side of boundary where
fluid is inflowing the density is considered to be a known quantity and we
may prescribe the density at points S′

1 = {x ∈ S : v · n ≤ 0}, whereas
where fluid is incoming,

ρ = ρ(x, t), at S ′
1,

and the density is unknown.
At points of S ′

2 = S′ − S ′
1 where fluid is outcoming we know the sign of

v · n to be positive. No further conditions on the density are allowed.

(A-iii) ∂Ωt: deformable, outside Ωt there is a known body C(t).
We recall that to (1.6.2) we have added the dynamic condition (1.6.5),

which represents a condition also on density.

(A-iv) ∂Ωt: deformable, outside Ωt there is a unknown body C(t).
Please see the remarks for (A-iii).

We report a remark of the referee.

Remark 1.6.3 The weak formulation of the continuity equation yields

∫

Ω

ρ(x, t)dx =
∫

Ω

ρ(x, 0)dx +
∫ t

0

∫

∂Ω

ρv · n dS dt′. (1.6.15)

Equation (1.6.15) states that the amount of total mass is ruled out by the
momentum.

(i) If the momentum is prescribed at the whole boundary then total mass is
also known
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(ii) If the total momentum is zero, then we recover the conservation of mass
in Ω.

In conclusion, the problem is a very challenging one to pose.

It is clear that uniqueness holds only if we make some additional
assumptions regarding density, because we know that different amounts of
fluid filling the same volume will have different behaviors. We cannot expect
the same velocity field if we consider two different amounts of same fluid
filling the same vessel under the same external forces, because one will be
more dense than the other. Here we prove that, in a bounded domain, in the
set of steady solutions, uniqueness holds if the total mass is prescribed, cf.
[89]. We call such a condition a side condition.

We set here some side conditions for density. Side conditions will depend
on the domain and on the physical problem one is dealing with. Following the
work of the preceding subsection, we distinguish the cases B-(i) and B-(ii).

B-(i) Ω bounded, with rigid boundary.
We assume that the total mass is a given positive quantity M . Therefore, to
(1.6.14) we add the side condition for density

∫

Ω

ρ(x, t)dx = M.

Since ρ ≥ 0 we deduce by default that density must be at least in
L∞(0,∞;L1(Ω)).

Remark 1.6.4 It is clear that the side conditions on ρ must hold for both
viscous and inviscid fluids.

Remark 1.6.5 For permeable walls S′ = ∂Ω, there is a non-zero flux through
the walls, w ·n �= 0; applying the Gauss lemma to the continuity equation we
find that ∫

∂Ω

ρw · ndS = 0, (1.6.16)

where ρ is unknown. Hence, if the boundary ∂Ω is constituted by the union
of more connected parts Σi, i = 1, ...N , naming by φi the flux of momentum
outgoing from Σi, we ask

N∑

i=1

φi = 0 (1.6.17)

We observe that, despite the case of incompressible fluids, (1.6.17) doesn’t
represent a compatibility condition (density is not given on ∂Ω). (1.6.17)
should be naturally satisfied by the solution of the model.

B-(ii) Ω exterior to the compact region C.
In this case the fluid fills the region exterior to a compact material region
C with bounded boundary ∂Ω, or the whole space. For ∂Ω we prescribe the
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above discussed boundary conditions, while at infinity we add side conditions.
We distinguish between the following two cases:

(a) Finite mass
The fluid F moves around a rigid obstacle with fixed center of mass in C.
Imagine either F is the atmosphere of a star Ω that moves around a kernel
C that has fixed center of mass G; or F may be a self gravitating star having
fixed center of mass G.

For density we shall add one of the following side (limit) conditions.

(a) The body C may be rigidly fixed at the center of mass G, or it may
be uniformly rotating around an axis passing through G. We assume
finiteness for the total mass:

∫

Ω

ρ(x, t)dx = M, t ∈ (0,∞).

(b) For density we assume

lim
|x|→∞

ρ(x, t) = 0, t ∈ (0,∞).

For isothermal fluids, it has been proven that the rest state doesn’t exist
under small potential forces, as the vacuum is attractive; c.f. [99].

(b) Infinite mass
The fluid F flows around a moving rigid obstacle C.

If the motion of C is a translation, we may imagine F as almost uniform
air filling the region Ω around an airplane C that moves with velocity vG of
its center of mass G.

If C rotates uniformly around its axis passing through G, say z, we may
imagine F as almost uniform air filling the region Ω around a rotating
satellite.

For density we shall add the following side (limit) condition. The mass of
F is no longer finite, and we shall assume that the density tends towards a
uniform, in space and time, value ρ∞

lim
|x|→∞

ρ(x, t) = ρ∞.

1.7 Three Model Problems

To explain the main ideas it is suitable to begin with a comparison between
some mathematical aspects of incompressible and compressible Navier–Stokes
equations in a domain with rigid boundaries.
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Governing Equations

Steady Flows

(a) Incompressible Navier–Stokes equations are a system of elliptic type in
the sense of Agmon–Douglis–Niremberg; cf. [3].

(b) Compressible Navier–Stokes equations do not subscribe to any usual
classifications.

Unsteady Flows

(a) Incompressible Navier–Stokes equations are of parabolic type with
spatially non local character.

(b) Compressible Navier–Stokes equations are of mixed parabolic-hyperbolic
type, with nonlinearity (and degeneration) in the temporal leading term
for the velocity.

In this section we provide the exact mathematical formulation for three
models of fluids: incompressible, barotropic, polytropic.

1.7.1 Incompressible Fluids

Kinematic constraint

A fluid is said to be incompressible if along its motions it satisfies the
kinematic constraint that all material volumes remain constant. This is
represented by the condition

∇ · v(x, t) = 0. (1.7.1)

If the density at initial time t = 0 is assumed to be uniform in space, say
ρ(x, 0) = 1, ∀x ∈ Ω, then we deduce the Homogeneous Incompressible
Model

∂tv + ∇(v ⊗ v) = −∇p+ νΔv + f, (x, t)∈ Ω × (0, T ), (1.7.2)

∇ · v = 0,

with initial data

v(x, 0) = v0(x), x ∈ Ω, (1.7.3)

where p = p(x, t) is a dynamic unknown, and ν = μ/ρ > 0 is the kinematic
viscosity. System (1.7.2) is called the Navier–Stokes system. It constitutes
a system of four equations in the four scalar unknown v, p, functions of (x, t) ∈
Ω × (0, T ) and under suitable boundary conditions it is locally solvable.
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To close system (1.7.2), (1.7.3), and to make the model problem solvable,
we must control the boundary terms. The problem of fixing correct boundary
conditions has constituted the subject of Sect. 1.6. We end the subsection
recalling the energy equation.

Energy Equation. 1.7.1

Multiplying (1.7.2)2 by v and integrating over Ω we obtain

d

dt

∫

Ω

1
2
|v|2dx = −2ν

∫

Ω

D(v) : D(v)dx (1.7.4)

+
∫

∂Ω

(
− p(ρ)v · n + 2νv ·D(v)n

)
dS +

∫

Ω

ρ f · vdx.

Therefore, recalling the expression of the Cauchy stress tensor, we may claim
that for incompressible fluids the following equation of mechanical energy
holds:

d

dt

∫

Ω

1
2
|v|2dx = −2νDv +

∫

∂Ω

v · T · ndS + Pe, (1.7.5)

where the mechanical dissipation Dv, the external mechanical power Pe are
given by:

Dv =
∫

Ω

D(v) : D(v)dx, Pe =
∫

Ω

ρ f · vdx.

Equation (1.7.4) is useful to derive global a priori estimates on the solutions.

1.7.2 Barotropic Fluids

Thermodynamic constraint

The fluid F is said to be barotropic if in motion it satisfies the thermody-
namic constraint that its pressure must be a function of density, p = p(ρ).
More specifically, the thermodynamics may modify the motion of F only
modifying the pressure law p = p(ρ). The phenomenological law p = p(ρ)
is said constitutive equation for the physical model called the Barotropic
Model, governed by the system

∂tρ + ∇ · (ρv) = 0, (1.7.6)

∂t(ρv) + ∇(ρv ⊗ v) = −∇p(ρ) + (λ + μ)∇(∇ · v) + μΔv + ρf, (x, t) ∈ Ω × (0, T ),
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With initial data

ρ(x, 0) = ρ0(x), v(x, 0) = v0(x).

To close system (1.7.6) we must control the boundary terms. The problem
of prescribing correct boundary conditions has constituted the subject of
Sect. 1.6. Thus we fix one of those side conditions discussed in Sect. 1.6 of
this chapter. System (1.7.6) is called the Compressible Navier–Stokes
system or the Poisson Stokes system. It constitutes a system of four
equations in the four scalar unknowns ρ, v, and under suitable initial and
boundary conditions it is locally solvable.

Energy Equation. 1.7.2

Multiplying (1.7.6)2 by v, integrating over Ω and using (1.7.6)1 we obtain

d

dt

∫

Ω

ρ
(1

2
|v|2 +

∫ ρ p(s)
s2

ds
)
dx = −

∫

Ω

(
λ(∇ · v)2 + 2μD(v) : D(v)

)
dx

(1.7.7)

+
∫

∂Ω

[(
− p(ρ) + λ∇ · v

)
v · n + 2μv ·D(v)n

]
dS +

∫

Ω

ρf · vdx,

Given as thermodynamic potential, the Helmholtz free energy function
per unit of mass ψ(ρ) =

∫ ρ p(s)
s2 ds, with ρ a scalar quantity, and with the

symbol
∫ ρ

ψ(s) ds = Ψ(ρ), we refer to the antiderivative of ψ; for example, a
function Ψ such that dΨ

dρ = ψ. As mechanical energy, we refer to the sum of
kinetic energy and Helmholtz free energy9; cf.(1.5.25). Therefore, recalling the
expression of the Cauchy stress tensor, we may claim that for compressible
fluids the following equation of mechanical energy holds:

d

dt

∫

Ω

ρ
(1

2
|v|2 + Ψ(ρ)

)
dx = −2μDv +

∫

∂Ω

v · T · ndS + Pe, (1.7.8)

where the mechanical dissipation Dv and the external mechanical power Pe

are given by:

2μDv =
∫

Ω

(
λ(∇ · v)2 + 2μD(v) : D(v)

)
dx, Pe =

∫

Ω

ρf · vdx.

Equation (1.7.8) is useful to derive global a priori estimates on the solutions.

9In the energy equation there may appear another thermodynamical potential, called
enthalpy, cf. (1.5.24). We shall use equivalent forms of the energy equation in subsequent
chapters.
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1.7.3 Polytropic Fluids

For a general fluid F , thermodynamical processes modify the motion
of F through a new independent thermodynamical variable and a new
equation. If no chemical reactions are considered, we may choose only one
thermodynamical variable; from now on we will use temperature θ = θ(x, t) as
the independent unknown function. In Polytropic Models the fluid motions
are governed by the system

dρ

dt
+ ρ∇ · v = 0 (1.7.9)

ρ
dv
dt

= −∇p+ (λ+ μ)∇(∇ · v) + μΔv + ρf ,

cV ρ
dθ

dt
= ∇ · (χ∇θ) − p∇ · v + Ξ + ρr,

With initial data

ρ(x, 0) = ρ0(x), v(x, 0) = v0(x), θ(x, 0) = θ0(x).

Equation (1.7.9) represents a system of six scalar equations in the six
unknown functions ρ, v1, v2, v3, θ.

In order to close system (1.7.9) we must control boundary terms. The
problem of prescribing correct boundary conditions has been addressed in
Sect. 1.6.
Energy Equation. 1.7.3

For polytropic fluids the following balance of total energy holds:

d

dt

∫

Ω

ρ
(1

2
|v|2 + cV ρθ

)
dx

=
∫

Ω

ρf · vdx+
∫

Ω

ρ r dx+
∫

∂Ω

[(
− p(ρ) + λ∇ · v

)
v · n (1.7.10)

+ 2μv ·D(v)n + χ∇θ · n
]
dS,

Recalling the expression of the stress tensor T and of the out-coming heat
flux q = χ∇θ, we may simplify the balance of energy as follows

d

dt

∫

Ω

ρ
(1

2
|v|2 + cV ρθ

)
dx = Pe + Qe +

∫

∂Ω

(
v ·T + q

)
· ndS, (1.7.11)
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where the external thermal power Qe and external mechanical power Pe are
given by:

Qe =
∫

Ω

ρ r dx, Pe =
∫

Ω

ρf · vdx.

Equation (1.7.11) is useful to derive global a priori estimates of the solutions.

1.7.4 Bibliographical Notes

The problem of the existence and uniqueness of steady and non-steady
solutions to incompressible Navier–Stokes equations has been studied
extensively. Concerning existence of regular solutions and uniqueness to
steady Navier-Stokes equations there is a very large literature that we leave
out; cf. [36, 63]. The existence of regular solutions and the uniqueness to
unsteady Navier-Stokes equations have been deeply studied in the past
century, and the interest is still incredible. We give here only two references
as examples; cf. [63, 129]. It is not our present purpose, hence the absence
of references on such a wide subject; we recognize the omission. The field
has, however, recently produced new research and new answers, and where
relevant, we cite this research. For compressible fluids we are at the sunrise
of their mathematical study.

(I) Regarding the well-posedness of steady motions of barotropic fluids in a
bounded rigid domain with a given mass, several existence theorems of regular
and weak solutions have recently been proven for equations governing steady
viscous barotropic and polytropic flows. For regular small data ( non potential
force) there have been proof, uniqueness cf.[89,92,93], and existence theorems
for regular solutions since 1981 under assumptions on viscosity coefficients,
cf. [90,91,95], and without restrictions on the coefficients, cf. [13,146].10 Yet
for the existence of steady flows in domains with regular rigid boundaries,
we cite [8, 12, 25, 52, 56, 57, 77, 78, 82–86, 95, 100–102, 111, 114, 120, 121, 146].
Regarding the existence of steady flows in domains with corners, see [78]. The
existence of steady barotropic flows has been proven in both cases v∞ = 0
and v∞ �= 0; cf. [38, 85, 86]. A new scheme to treat numerical solutions is
given in [7]. Recently Frehse [206] et al. have proved an existence theorem of
steady solutions of compressible fluid in two dimensions for large data.

(II) Regarding the well-posedness of unsteady motions of barotropic and
polytropic fluids, for small initial data, there have been existence and
uniqueness theorems of regular flows close to the rest state published since
1962; we recall some [69–71, 73, 130, 141, 145, 148]. For information about
the existence of unsteady regular flows with numerical algorithms, see [42–
44,51,122,125,128,130].

10Concerning barotropic fluids, only a potential inviscid flow can be classified as an elliptic
system; cf. [40].
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Existence theorems have also been proven for weak solutions for large
data; see P.L. Lions [66], Fereisl and Novotny [26–28] in the isentropic case,
and [120–122] for the isothermal case. In these theorems there is no proof of
uniqueness.

In order to prove stability theorems, strong regularity is required on
solutions of the leading equations.11 Our method of proof assumes existence of
regular solutions, nevertheless it does not require any smallness assumptions
for initial data. Since the known existence theorems of regular unsteady
solutions assume smallness for initial data, we claim that our results remain
valid for a regularity class of solutions larger than that till now known. The
existence theorems of weak solutions do not assume smallness in their initial
data, but unfortunately this class is too weak to prove our theorems on
asymptotic stability. However, we posit that stable results can be proven for
at least two dimensions, and we leave it as a very challenging open problem.

The stability of the rest state of polytropic fluids, when v∞ = 0 and with
nonhomogeneous boundary data on temperature has been proven in [112],
see also [99].

Domains with non compact boundaries are not studied here. Examples of
such domains are given by pipes with bounded and unbounded cross sections;
cf. [57,77,111].

The one dimensional case is entirely omitted even though in this case the
existence class of solutions is known.

11Indeed for two dimensions it would be enough to assume that weak solutions have
bounded density in space and time. Such an hypothesis on the density would be sufficient
to prove the stability theorem.



Chapter 2
Topics in Stability

Pura potenza tenne la parte ima;
nel mezzo strinse potenza con atto
tal vime, che giammai non si divima.
34, XXIX, Paradiso A. Dante

The flows that occur in Nature must not only obey the equations of fluid
dynamics, but also be stable. L.D. Landau & E.M. Lifschitz (1959)

2.1 Introduction

In this chapter we introduce some definitions and qualitative methods
useful in the study of nonlinear stability with respect to the initial data
of a basic fluid motion. The aim of the chapter is to recall the energy
and Dirichlet methods used to study distinctive properties of nonlinear
stability for incompressible fluids (parabolic equations) and for elastic bodies
(hyperbolic equations), respectively, and to give an overview of the results
obtained in the book.

The central part of this chapter is a generalization of the Dirichlet
method, achieved using the free work equation, that we call the modified
energy method. Specifically, we will study the asymptotic behavior in time of
perturbations to a basic state, introducing an auxiliary equation called the
free work equation. To give a preview of the two main technical tools we will
use some simple examples.

It is worth emphasizing that our method is intended to be naive and
straightforward, and does not require complicated analysis.

We will first present a short survey of the energy and Dirichlet methods
used to study nonlinear stability of parabolic and hyperbolic systems. We

M. Padula, Asymptotic Stability of Steady Compressible Fluids,
Lecture Notes in Mathematics 2024, DOI 10.1007/978-3-642-21137-9 2,
© Springer-Verlag Berlin Heidelberg 2011
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recall that in mechanics the energy and Dirichlet methods are used for
incompressible and elastic media, using Eulerian and Lagrangian coordinate
systems, respectively.

Next we will introduce two key tools which will be used in the proofs of
nonlinear stability and the asymptotic decay to steady compressible flows,
which are central to the thesis of this book.

The first tool concerns an extension of the Dirichlet method in the wake
of the work by Arnold, cf. [4]. In order not to obscure the main idea, we
will explain the Dirichlet method by studying the stability of steady flows
particular to inviscid fluids both incompressible and compressible.

The second tool is represented by the free work equation (FWE), and
appears useful for systems of mixed parabolic-hyperbolic type. The FWE
allows the transfer of asymptotic behavior in time characteristic of the
parabolic part to the hyperbolic one.

For pedagogical reasons, in this introductive chapter we limit ourselves
to simple examples; generalizations will be considered in the remaining
chapters.

Section 2.2 Basic definitions of nonlinear stability of steady fluids motions
will be reviewed. The classical “Energy Method” will be employed
to study the nonlinear stability of a steady viscous incompressible
flow.

Section 2.3 The Lagrange–Dirichlet method is outlined, and four applications
are explained. The first two applications are known stability
theorems for the rest state of both inviscid, incompressible fluids
and elastic continua; cf. [2, 4]. The second two applications
concern the stability of a basic flow for both inviscid and viscous,
barotropic gases.

Section 2.4 Nonlinear stability and instability theorems to be proved in the
next three chapters are listed.

2.2 Nonlinear Stability

Let us begin with some abstract settings. If we set by Y a scalar Banach
space, then X = [Y ]n will denote the vector Banach space given by the
Cartesian product of Y n times. In this section we introduce some definitions
of stability.

Given a steady flow Sb, the physical concept of the stability of Sb is linked to
the concept of observability. Assume, as a qualitative definition of stability,
the following proposition:

The stability of a given motion is its capacity to ‘hold’ (to be observed) in the
presence of the small perturbations present in any physical system.

This definition allows us to introduce the correct definition of stability of a
given steady solution Sb to the equations of motion that will be referred to
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as stability of the basic motion Sb. At time t = 0 we perturb the basic motion
Sb, and call S̃0 = S̃(0) the perturbed initial data that produce the perturbed
motion S̃(t). Correspondingly, the perturbation S̃0 − Sb at initial time
produces the evolution in time of the perturbation S̃(t) − Sb. The stability
question ask:

Is it possible to control S̃(t) − Sb, in a given spatial norm ‖.‖X , for t ∈
(0,∞), provided S̃0 − Sb is sufficiently small in the same norm ‖.‖X?

Definition 2.2.1 Stability The motion Sb is said stable in the fixed
norm1 ‖.‖X, with respect to initial data if and only if for all numbers
ε > 0, there exists δ > 0 such that, for all initial perturbations S̃0 −Sb having
norm in X less than δ, i.e. ‖S̃0 − Sb‖X < δ, the corresponding perturbations
S̃(t) − Sb in the norm ‖.‖X, remain less that ε, i.e. ‖S̃(t) − Sb‖X < ε for all
time t.

Basic flows that verify Definition 2.2.5 are sometimes called stable in the
mean, but this notation is not generally accepted.

Definition 2.2.2 Asymptotic Stability If perturbations come back to zero
as time goes to infinity,

lim
t→∞ ‖S̃(t) − Sb‖X = 0,

we say that the basic motion is asymptotically stable.

Definition 2.2.3 Instability A motion Sb(t) is said to be unstable in the
X−norm if it is not stable; that is, if there exists ε > 0, a sequence of initial
data {Si(0)} approaching Sb, and a sequence of times ti, such that ‖Si(t) −
Sb‖X ≥ ε for any i ∈ IN.

Under nonlinear stability hypotheses, if we can physically control that at
initial time the norm in X of S̃0 − Sb is less than δ, then the basic flow Sb

will also be experimentally observable in the class of perturbed flows having
initial data sufficiently close to Sb.

2.2.1 Abstract Settings

We denote by f a C1 vector function defined in the vector Banach space
X , with values in X , f : V ∈ X → f(V ) ∈ X . We study the abstract
autonomous evolution problem

dV

dt
= f(V );

V (0) = V0.

(2.2.1)

1The distance between two motions may be calculated by a measure, instead that by a
norm. This will be not considered here.
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Usually, (2.2.1) represents an evolution law of a physical quantity of the
system S. In our case, V (t, V0) represents the motion of S, corresponding
to initial state V0. The notation V (t) = V (t;V0) may also be used. We
assume that system (2.2.1) has existence and uniqueness theorems of global
in time regular solutions in correspondence of large initial data. In general,
the problem of finding explicit solutions to (2.2.1) is very difficult, if not
impossible, to solve. As such, it is worth applying qualitative information,
such as the uniqueness or the asymptotic behavior of a solution in time, in
a given norm ‖.‖X . We are trying to frame the concept of time control for a
solution (stability) according to a rigorous mathematical formulation. Such
arguments were developed in the second half of the nineteenth century, mainly
by the French mathematician H. Poincare’ (1854–1912), and by the Russian
mathematician A.M. Liapunov (1857–1918). In this section we will study the
direct method developed by Lyapunov. In referring to a direct method , we
mean to describe a mechanism that would allow for the direct deduction of
certain types of qualitative data once external data are given, and without
integrating the equations.

Definition 2.2.4 A value Vb ∈ X is said to be a critical point of (2.2.1)
if f(Vb) = 0.

Note that the existence of critical points infers knowledge of steady
solutions V (t;Vb) = Vb.

If there exists a critical point for (2.2.1), then by a simple subtraction we
deduce that the function W (t,W0)) = V (t;V0)− Vb ∈ X with W0 = V0 − Vb

solves the problem
dW

dt
= g(W ) W (0) = W0, (2.2.2)

where
g(W ) = f(Vb +W ) − f(Vb).

In our case we are directly studying the difference of motions, hence Sb is the
critical point of (2.2.2), and verifies Wb(t) = W (t; 0) = 0.

Definition 2.2.5 Nonlinear Stability The zero solution Wb(t) = 0 to
(2.2.2) is said to be nonlinearly stable in the X−norm if

∀ε > 0 ∃δ(ε) > 0 : ‖W0‖X < δ ⇒ ‖W (t;W0)‖X < ε, ∀t ∈ (0,∞).
(2.2.3)

A solution Wb(t) = 0 to (2.2.2) is said to be unstable in the X−norm if it
is not stable; that is, if there exists ε > 0, a sequence of initial data {Wi}
approaching zero, and a sequence of times ti, such that ‖W (ti,Wi)‖X ≥ ε for
any i ∈ IN.

The difference between continuous dependence and stability lies within the
times intervals (0, T ) and (0,∞), where control occurs.
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Definition 2.2.6 Nonlinear Exponential Stability The solution
Wb(t, 0) = 0 to (2.2.2) is said to be nonlinearly unconditionally stable
in the X−norm if there is control of perturbations in terms of initial data in
the X−norm, however large are the perturbations at initial time in the
X−norm.

The solution Wb(t, 0) = 0 to (2.2.2) is said to be nonlinearly exponen-
tially stable in the X−norm if it is stable and, for any initial datum W0, it
holds

lim
t→∞ ‖W (t;W0)‖X = 0, ‖W (t;W0)‖X < c exp−βt, resp.,

with c, β suitable constants, β is the time decay constant.

Notice that stability Definitions 2.2.6 are not intrinsic properties of the
critical point Vb, but rather depend on the norm ‖.‖X(t) and on the radius δ
of the ball in the space X, on the difference W0 between the basic motion Vb,
and the initial data V (0); specifically, it is a local statement.

The term ‘unconditional ’ means without the condition of smallness for
initial data, however this adjective is not generally accepted.

Definition 2.2.7 The rest state is said to be unstable if it is not nonlinearly
stable.

For the linearized problem associated with (2.2.2), all definitions are
simplified.

Definition 2.2.8 The rest state Sb is said to be linearly stable in the norm
‖ · ‖X(t) if it is stable in the system obtained by linearizing around zero the
term g(W ) at right hand side of (2.2.2). Namely, setting

dW ′

dt
= f ′(Vb)W ′,

if there exists a constant β > 0 such that

‖W ′(t;W0)‖X < ‖W0‖X exp−βt, ∀t > 0.

If β = 0 then we have marginal stability.2

Definition 2.2.9 The rest state Sb is said to be unstable in the norm ‖ ·
‖X(t) if there exists a constant β > 0 such that

‖W (t;W0)‖X ≥ ‖W0‖X eβt, ∀t > 0.

2Definitions for linear stability are given in the complex plane, employing the eigenvalues
of the linearized operator. Thus the marginal stability involves only the real part of the
eigenvalues. However, boundedness can be proven.
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Notice that the Definitions 2.2.8 and 4.3.4 are independent of the size of
the initial data; namely they are global statements.

Once more we wish to outline that the difference between linear and
nonlinear stability with respect to initial data in classical fluid-dynamics
is due to the size of the distance between the initial data S(0) and Sb, and
to the decay rate of perturbations.

To questions of linear and nonlinear stability we require regularity on
steady and unsteady flows, and such regularity do depend on external forces.

Below we recall the Linearization Principle. The linearization principle
refers to a theorem proving that stability properties of the exact steady
solution Sb to the nonlinear system, are deduced from those of the system
linearized around Sb, provided that the initial data are sufficiently close to Sb.
Therefore, if a linearization principle holds for the rest state Sb, any linearly
stable or unstable Sb is also nonlinearly stable or unstable, respectively, for
a class of suitable small initial data.

If a linearization principle holds, then any linearly stable state Sb is also
nonlinearly stable. This means that solutions corresponding to initial data in
a sufficiently small neighborhood of 0 remain close to 0 for all time. In reality
we may prescribe large initial data, so let us study what will happen in this
circumstance.

2.2.2 Initial Data Control

In reality, we may prescribe initial data far from the stable state Sb, and
we may wish to study what happens under these circumstances. Previous
definitions of nonlinear stability say nothing about the control of solutions
with finite initial data. Indeed, in nonlinear phenomena with large initial
data, a solution S(t) may lose its control from initial data, even though
Sb is nonlinearly stable (for small initial perturbations). This situation
occurs frequently, and it constitutes the real discrepancy between linear
and nonlinear stability. To this day it appears that there are no rigorous
definitions for this phenomenon, thus we introduce here two new definitions:

Definition 2.2.10 A perturbation W (t;W0) to the rest state Sb is said to be
controlled by initial data in the range I2a/Ia if, and only if, for all initial
data W0 satisfying

a < ‖W0‖Y < 2a, (2.2.4)

the solution W (t;W0) is bounded for all time; that is, there exists a suitable
constant α = α(a) > 0 such that

‖W (t;W0)‖X(t) ≤ α, ∀t > 0. (2.2.5)
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Definition 2.2.11 The rest state is said to lose the control of the initial
data if there exists a positive number a and initial data W0 satisfying (2.2.4),
such that the corresponding solution W (t;W0) is not controlled by the initial
data; that is, whenever given α > 0, there exists T > 0 such that the solution
W (t;W0) to problem (2.2.2) with initial data satisfying (2.2.4) satisfies the
inequality

‖W (t;W0)‖X(T ) ≥ α. (2.2.6)

Definitions 2.2.10, 2.2.11 are meaningful only for nonlinear systems,
because the definition of linear stability is valid for all initial data.

2.2.3 Lyapunov Method

We begin with the abstract settings (2.2.1). Let Vb denote a critical point of
(2.2.1), namely

f(Vb) = 0. (2.2.7)

Stability studies the evolution in time of the disturbance

W (t;V0 − Vb) = V (t;V0) − Vb, W (0;V0 − Vb) = V0 − Vb,

in some prescribed norm |.|X .

Definition 2.2.12 Let W ∈ X be a solution to (2.2.2). A smooth function

F : W ∈ X −→ F(W ) ∈ R,

is said to be a Lyapunov functional for the null solution Wb = 0 in the
abstract space X if:

(1) It is positive definite in the neighborhood of the origin I, i.e.

F(0) = 0, F(W ) > 0, W �= 0, ∀W ∈ I;

(2) It is continuous in the neighborhood of 0 of radius R, i.e.

∀R > ε > 0, ∃δ > 0 : ‖W‖X < δ −→ F(W ) < ε;

(3) It is decreasing along the solution to (2.2.2), i.e.

dF(W (t))
dt

≤ 0, ∀t > 0. (2.2.8)

Theorem 2.2.1 Lyapunov Theorem If there exists a Lyapunov functional
for system (2.2.2), then the zero solution Wb(t; 0) = 0 to (2.2.2) is stable in
the X norm.
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Theorem 2.2.2 If there exists a Lyapunov functional for system (2.2.1),
then the stationary solution V (t;Vb) = Vb to (2.2.1) is stable.

Remark 2.2.1 For stable motions of fixed space X, there exist infinite
Lyapunov functionals. One problem lies in the construction of the most
appropriate Lyapunov functional F .

As such, we will now limit ourselves to describing the energy method which
proposes one choice of a Lyapunov functional. Note that other generalized
energy methods have been proposed to construct more refined Lyapunov
functionals; cf. [37, 53].

The stability result given below provides nonlinear stability results in the
class of regular motions.

2.2.4 Energy Method

The energy method takes as a starting point the initial value problem
described in (2.2.2), the “perturbations system.” It deduces Lyapunov
functions by operating on system (2.2.2). A typical operation of this method
is the multiplication of (2.2.2)1 by a function of W in X , the latter of which
is usually a Hilbert space X = H where (2.2.2) is defined.3

The energy method is customarily used to study the nonlinear stability of
incompressible viscous flows, governed by “generalized” parabolic systems,
see Orr (1842–1912) [87], Reynolds (1842–1912) [124], etc. Notice that the
‘energy method’ generally doesn’t use physical energy.

Let v, p be a solution to the Navier–Stokes unsteady equations in a
fixed domain Ω that satisfies

∂tv + v · ∇v − νΔv = −∇p+ f

∇ · v = 0, (x, t) ∈ Ω × (0,∞),

v(x, 0) = v0(x), x ∈ Ω,

v|∂Ω = vΣ,

(2.2.9)

with f being external force, vΣ being boundary velocity, and v0 the initial
data.

3If W ∈ Lp, we could multiply (2.2.2) by |W |p−2W and integrate over Ω to get

d

dt

∫

Ω

W p

p
dx =

∫

Ω
W p−2W g(W )dx.

In the energy method one usually takes p = 2.
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In this case, a critical point of (2.2.9) represents a solution to the Navier–
Stokes steady equations given by

vb · ∇vb − νΔvb = −∇pb + f

∇ · vb = 0, x ∈ Ω,

vb|∂Ω = vΣ,

(2.2.10)

with the same external force and the same boundary velocity.
Here we wish to study the stability with respect initial data v0 =

vb + u0. Then, the perturbation u = v − vb satisfies the equation

∂tu + v · ∇u − νΔu = −∇(p− pb) − u · ∇vb

∇ · u = 0, (x, t) ∈ Ω × (0,∞),

u(x, 0) = u0(x), x ∈ Ω,

u|∂Ω = 0.

(2.2.11)

Multiplying (2.2.11)1 by u and integrating over Ω, we deduce the following
energy equation

d

dt

∫

Ω

|u|2
2
dx = −ν

∫

Ω

|∇u|2dx−
∫

Ω

u·∇vbu dx, t ∈ (0,∞). (2.2.12)

From (2.2.12) one can easily prove a continuous dependence theorem for
suitable regularity classes of solutions. In general nothing can be said about
the stability of the stationary solution vb of (2.2.11), except that unsteady
perturbations u(x, t) do depend on the size of vb. Furthermore, it is clear that
a candidate Lyapunov functional F(u) coincides with the spatial L2−norm
of u. ‖u‖L2 will become a Lyapunov functional for system (2.2.11) if

− ν

∫

Ω

|∇u|2dx −
∫

Ω

u · ∇vbu dx ≤ 0. (2.2.13)

Drawback ν �= 0 To prove stability one must prove that the right hand
side of (2.2.12) is less than zero. To this end, we notice that the second
integral at l.h.s. of (2.2.13) A := − ∫

Ω
u · ∇vb · u dx, has no definite sign.

Hence one requires the dissipative termD := −ν ∫
Ω
|∇u|2dx be larger than A.

This in turn requires that ν �= 0, thus the fluid must be viscous. Under this
assumption, in order to control the term A, we require that the basic motion
vb and the domain be such that there exists a constant c = c(Ω,vb) such
that

∣
∣
∣

∫

Ω

u · ∇vb · u dx
∣
∣
∣ ≤ c

∫

Ω

|∇u|2dx, ∀u ∈ J1(Ω).

Finally, to prove stability it is enough to assume that c ≤ ν.
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2.3 Lagrange–Dirichlet Method

The Lagrange–Dirichlet method considers the abstract initial value problem
(2.2.1), and constructs Lyapunov functionals by using direct physical balance
laws (in particular conservation laws).

The Lagrange–Dirichlet method is customarily used to study nonlinear
stability of the rest state of elastic and thermodynamic systems; cf. [24]. For
the stability study one computes the first and second variation of the total
energy. More generally, the Lagrange–Dirichlet Method states that those Vb

which are the minima of total energy are stable steady states.
Nonlinear stability has been investigated by Dirichlet using general

conservation laws.

2.3.1 Hyperbolic First Order Systems

Arnold [4] has extended the Dirichlet method to study the nonlinear
stability of potentially non-smooth steady solutions of two-dimensional Euler
equations; for incompressible fluids in symmetric bounded domains, see also
[127]. He used as a Lyapunov functional a linear combination of conservation
laws, first integrals, due to the symmetry of the problem. Using as prototype a
functional E , the basic idea was to look for conditions ensuring the vanishing
of the first variation of E and the positivity of its second variation. We will
give an outline of the stability theorem proved by Arnold for a class of steady
solutions to Euler equations.

Consider a two-dimensional domain Ω, bounded by two smooth, fixed,
closed, non-intersecting curves C0, C1, or the internal and external bound-
aries, respectively. Let us denote by (x, y) the independent space variables in
the plane π containing Ω, and by k a direction orthogonal to π.

For the local angular velocity we set

ω = curlv · k = ∂xvy − ∂yvx,

where (vx, vy) denotes the components of v along π.
Let the velocity vb, pb and the pressure be a steady solution of Euler

equations to the Boundary Value Problem (BVP)

vb · ∇vb = −∇pb,

∇ · vb = 0, in Ω;

vb · n|Ci = vi,
∫

Ci

vids = 0, i = 0, 1.

(2.3.1)
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Denoted by ψb the stream function vb = ∇ψb × k, it is well known, cf. [65],
Sect. 10 in Chap. 1, that any function of Δψb = 0 is constant through the
paths of fluid particles. Furthermore, by the motion equation (2.3.1)1 we also
know that

vb · ∇ωb = ∇ψb × k · ∇Δψb = 0. (2.3.2)

The parallelism between ∇ψb ×∇Δψb and k, combined with (2.3.2) implies

∇ψb ×∇Δψb = 0.

The parallelism between the gradients of ψb, and of Δψb, if ∇Δψb �= 0, infers
a functional dependence between these two functions, expressed by

ψb = ℵ(Δψb). (2.3.3)

Therefore, all basic flows must satisfy (2.3.3).
Let v, p be solutions to the incompressible Euler unsteady equations,

namely let v, p solve the Initial Boundary Value Problem (IBVP)

∂tv + v · ∇v = −∇p;
∇ · v = 0;

v(x, 0) = v0;

v · n|Ci = vi, i = 0, 1.

(2.3.4)

Let dl be the infinitesimal element of the line tangent to oriented curves Ci,
i = 1, 2. It is not difficult to show that the modified energy functional E(v)
remains constant along the motion

E(v) =
1
2

∫

Ω

v2dxdy +
∫

Ω

Φ(ω)dxdy +
2∑

i=0

ai

∫

Ci

v · dl, (2.3.5)

where Φ : R −→ R is any smooth function with ai real numbers.
Set u = v−vb. Then, as possible Lyapunov functional we may choose

F(u) = E(v) − E(vb). (2.3.6)

Choice of Φ. For functionals Φ in (2.3.5), we take any function having a
derivative coinciding with

Φ′(·) = ℵ((·).
It’s worth checking under which conditions F becomes a Lyapunov functional.
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Let J and J1 denote the subspaces of L2(Ω) and W 1,2(Ω), respectively, of
solenoidal vector fields. Conditions on the first and second variations of F
are given by (2.3.6),

δF(ψb)[ϕ] = 0, ∀ϕ ∈ J,

δ2F(ψb)[ϕ]2 > 0, ∀ϕ ∈ J1, (2.3.7)

and ensure that F is a right Lyapunov functional.
Conditions (2.3.7) are conditions on the basic motion ψb. Therefore, we

are lead to select the stable steady flows vb in the set of functions that satisfy
(2.3.7).

The second variation introduces the norm, called the natural norm in
which the perturbation is controlled. In this case, the natural norm with
which to study the problem of stability is

δ2E(vb)[u]2 =
∫

Ω

u2dxdy +
∫

Ω

ℵ(ω̄)ω2dxdy,

with ω̄ between ωb and ω. Finally, the hypotheses on ℵ ensuring δ2E is positive
definitely ensure that F is a good Lyapunov function.

2.3.2 Second Order ODE

We wish to explore the Dirichlet method by studying the solutions x =
x(t, x0, ẋ0) of an ordinary second order system

d2

dt2
x = f(x) − hẋ, (2.3.8)

x(0) = x0,
d

dt
x(0) = ẋ0.

In (2.3.8) h is a positive constant, and sometime we have set dx
dt = ẋ. Let xb

be a critical point of f that satisfies f(xb) = 0. This leads to the knowledge
of an equilibrium solution x(t, xb, 0) = xb for (2.3.8).

The energy equation is written as

d

dt
E(x) = −hẋ2, (2.3.9)

with
E(x) =

1
2
ẋ2 − F (x),

d

dx
F (x) =: F ′(x) = f(x). (2.3.10)
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Therefore, for y = x− xb, ẏ = ẋ we see that

F(y, ẏ) = E(xb + y) − E(xb)

becomes a Lyapunov functional once (xb, 0) is a minimum for E . A sufficient
condition then is that the Hessian δ2F(xb, 0) defines a positive definite
quadratic form. Since the Hessian of F is in diagonal form, it is enough
to compute the two eigenvalues ∂2

ẋF (xb, 0), ∂2
xF (xb, 0). The derivative

∂2
ẋF (xb, 0) is given by 1/2, and is always positive. The derivative ∂2

xF (xb, 0)
is −f ′(xb), hence we must assume that −f ′(xb) > 0, that is f ′(xb) < 0.

To give an asymptotic result, we first observe that ẋ = ẏ. Thus we
multiply (2.3.8) times y = x − xb, recalling that xb is a critical point. So we
find the free work equation

d

dt

(
yẏ +

hy2

2

)
− ẏ2 =

(
f(xb + y) − f(xb)

)
y = f ′(xb + y)y2, (2.3.11)

where y is a point between y and 0. The hypothesis f ′(xb) < 0, together
with the regularity of solutions, implies that there exists a neighborhood of
xb in which f ′(x) < 0. Notice that by applying the Taylor expansion to the
variable x with initial point xb up to the second order, and recalling that xb

is a critical point, if F ′(xb) = f(xb) = 0, we obtain

E(x) − E(xb) =
1
2
ẏ2 −

(
F (x) − F (xb)

)
=

1
2
ẏ2 − 1

2
f ′(x)y2. (2.3.12)

Multiplying (2.3.11) by an arbitrary positive constant ε and adding (2.3.9),
one obtains

d

dt
E(t) = −(h− ε)ẏ2 + ε f ′(xb + y)y2

where we have introduced the modified energy

E =
1
2
ẏ2 − 1

2
f ′(xb + y)y2 + ε yẏ + ε

h

2
y2.

It is trivial to check that there exists a b such that

E(t) ≤ 1
b
(y2 + ẏ2). (2.3.13)

Furthermore we observe that, for f ′(x) < 0, it is h−√
h2 − 4f ′(x) < 0, hence

condition
(h−

√
h2 − 4f ′(x)) < 2ε < (h+

√
h2 − 4f ′(x)),

is satisfied for
0 < 2ε < (h+

√
h2 − 4f ′(x)),
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namely for ε sufficiently small. Under this assumption the modified energy E

is always a positive definite quadratic form in the variables y, ẏ. Moreover,
it holds

d

dt
E(t) = −a2(ẏ2 + y2), (2.3.14)

where
a2 = min{(h− ε),−ε f ′(xb + y)}.

Hence (2.3.13) in (2.3.14) yields the following modified energy differential
inequality

d

dt
E(t) ≤ −a2bE(t), (2.3.15)

which integrated infers

E(t) ≤ E(0) exp−a2b t .

If f ′(xb) < 0, then nonlinear stability holds and asymptotic decay has
been proved.

Analogous calculations have been developed for elastic media; cf. [2, 24,
106,108]. In particular, we note that the method is applicable to hyperbolic
systems.

Question:
Is the Dirichlet method applicable to coupled hyperbolic-parabolic equations?
In particular, where the rest state of a compressible fluid is asymptotically
stable? In the following chapters we shall give a partial answer to this
question. Below we apply the Dirichlet method to compressible fluids,
studying two model problems.

2.3.3 Stability of Barotropic Inviscid Fluids vb �= 0

Here we give an example of natural norms in which the perturbation is
controlled by initial data, for all times, for zero viscosity and non-zero basic
velocity.

We recall that the nonsteady flows of a barotropic inviscid fluid in a
bounded domain are governed by the compressible Euler equations.
The unknown velocity v and density ρ are governed by the following initial
boundary value problem in a bounded fixed domain Ω:

∂tρ+ ∇ · (ρv) = 0, (2.3.16)

ρ(∂tv + v · ∇v) = −∇p(ρ) + ρ∇U, (x, t) ∈ Ω × (0, T ),

v(x, 0) = v0(x), ρ(x, 0) = ρ0(x), x ∈ Ω,
∫

Ω

ρ(x, t)dx = M, v · n|∂Ω = 0.
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If the pressure p(ρ) is a convex function of ρ, system (2.3.16) is strictly
hyperbolic.

Set x ∈ Ω, x ≡ (x, y, z), and denote by vb, ρb the steady solution to the
system (2.3.16). We give sufficient conditions for nonlinear stability of steady
potential flows, with respect to three dimensional perturbations. We work in
Eulerian coordinates.

We study nonlinear stability of the steady flow of a barotropic inviscid
fluid, governed by the compressible Euler equations. Begin by recalling
the Boundary Value Problem governing steady flows

∇ · (ρbvb) = 0,

(ρvb · ∇) vb = −∇p(ρb) + ρbf , x ∈ Ω ,

vb · n
∣
∣
∣
∂Ω

= 0,
∫

Ω

ρb(x) dx = M, ρb ≥ 0,

(2.3.17)

where n is the normal to the boundary, and p = p(ρb). As we know, the rest
state Sb = {v = 0, ρb = ρb(x)} exists only when forces f are positional and
derived from a uniform potential f = ∇U . Indeed in this case, the rest state
is the exact solution to (2.3.17), with ρb implicitly given by

∫ ρb p′(s)
s

ds = U + c,

∫

Ω

ρb dx = M. (2.3.18)

Notice that the constant c is given by the condition that the total mass is
prescribed (2.3.17)4, and therefore (2.3.18) may furnish a complex value for
the density. In order to have real positive solutions ρb (densities), we are led
to assume the following:

Hypotheses on the basic flow (ρb,vb)

(i) The flow (ρb,vb) satisfies the boundary problem (2.3.17).
(ii) The velocity vb is potential.
(iii) The momentum ρbvb is potential

ρbvb = ∇χ.

Assumptions (i) and (ii) allow us to write (for regular flows) Bernoulli
(1700-1782) equation

∇
(1

2
v2

b + Φ(ρb) − U
)

= 0, x ∈ Ω

Φ(ρ) =
∫ ρ p′(s)

s
ds, p′(ρ) =

dp

dρ
,

(2.3.19)
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where Φ is the enthalpy; cf. (1.5.24). We define

E(vb, ρb) =
∫

Ω

ρb

(1
2
v2

b + Φ(ρb) − U
)
dx.

We rewrite (1.7.7) for inviscid fluids and find

d

dt

∫

Ω

ρ
(1

2
|v|2 +

∫ ρ p(s)
s2

ds
)
dx = −

∫

∂Ω

p(ρ)v · ndS +
∫

Ω

ρv · ∇Udx.
(2.3.20)

In this case, the total energy is given by

E(v, ρ) =
∫

Ω

{1
2
ρv2 + ρΨ(ρ) − ρU(x)

}
dx,

Ψ(ρ) =
∫ ρ p(s)

s2
ds,

(2.3.21)

where Ψ is the Helmholtz free energy; cf. (1.5.25). Now, set

u = v − vb, σ = ρ− ρb,

Solutions vb + u, ρb + σ to (2.3.16) satisfy the side condition

∫

Ω

σdx = 0.

The Lyapunov functional is

F(u, σ) = E(vb + u, ρb + σ) − E(vb, ρb)

=
∫

Ω

{1
2
(ρb + σ)(vb + u)2 + (ρb + σ)(Ψ(ρb + σ) − U(x))

}
dx

−
∫

Ω

{1
2
ρbv2

b + ρb(Φ(ρb) − U(x))
}
dx.

(2.3.22)

We notice that the time derivative of E(vb, ρb) is zero, thus from (2.3.19)
we get

d

dt

(
E(v, ρ) − E(vb, ρb)

)
=

d

dt

∫

Ω

{1
2
ρ(v2 − v2

b) + ρ(Ψ(ρ) − Φ(ρb))
}
dx = 0.

(2.3.23)
We have now proven that F(u, σ) is a good Lyapunov functional.
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Applying the Taylor (1685-1731) polynomial formula, with initial
point (vb, ρb), we get:

F(u, σ) = E(vb + u, ρb + σ) − E(vb, ρb)

= E(vb + u, ρb + u) − E(vb, ρb) + E(vb, ρb) − E(vb, ρb)

= δE(vb, ρb)[u, σ] +
1

2
δ2E(v̄, ρ̄)[u, σ]2 +

∫

Ω
ρb(Ψ(ρb) − Φ(ρb))dx,

(2.3.24)

where v̄, ρ̄ is a point between (vb, ρb) and (v, ρ).
Since the antiderivatives are defined up to a constant, the definitions of

Ψ, and Φ yield

∫

Ω

ρb(Ψ(ρb) − Φ(ρb))dx =
∫

Ω

ρb

∫ ρb d

ds

(p(s)
s

)
ds dx (2.3.25)

=
∫

Ω

ρb

(p(ρb)
ρb

+ c
)
dx =

∫

Ω

p(ρb)dx+ cM.

The left hand side of (2.3.25) vanishes for c suitable

c = −
∫
Ω p(ρb)dx

M
.

If such a choice is made for c, the function F reduces to

F(u, σ) = δE(vb, ρb)[u, σ] +
1
2
δ2E(v̄, ρ̄)[u, σ]2. (2.3.26)

Let’a now compute the first and second order variations of E taking as our
initial point (vb, ρb). We get

δE(vb, ρb)[u, σ] =

∫

Ω

∂

∂ρ

[
ρ(v2 − v2

b ) + ρΨ(ρ) − ρΦ(ρb)
]

ρb,vb

σdx +

∫

Ω
ρbvb · udx,

1

2
δ2E(v̄, ρ̄)[u, σ]2dx =

∫

Ω

{ 1

2
ρu2 +

1

2

∂2(ρΨ(ρ))

∂ρ2

∣
∣
∣
(u,ρ̄)

σ2 + v̄b · uσ
}

dx.

(2.3.27)

Concerning the first integral in the first variation of E from the basic state,
we notice that,

∂

∂ρ

[
ρ(v2 − v2

b ) + ρΨ(ρ)) − ρΦ(ρb)
]

(vb,ρb)
= ρbΨ′(ρb) + (Ψ(ρb) − Φ(ρb))

=
p(ρb)
ρb

+
∫ ρb p(s)

s2
ds−

∫ ρb p′(s)
s

ds =
p(ρb)
ρb

−
∫ ρb d

ds

(p(s)
s

)
ds = const = C.

(2.3.28)
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Finally,
∫
ΩCσ dx = 0 because

∫
Ω σdx = 0, thus the first integral in δE is

zero.
Concerning the second integral in the first variation of E, using the

Helmholtz decomposition for u, u = w+∇ξ, with w solenoidal and with
zero normal component at the boundary, recalling the second hypothesis (ii)
together with the boundary conditions and (2.3.17)1, we get

∫

Ω

ρbvb · u dx =
∫

Ω

ρbvb · (w +∇ξ) dx =
∫

Ω

∇χ ·w dx+
∫

Ω

ρbvb · ∇ξ dx = 0.

Thus, the first variation of E is zero at (vb, ρb). Now, we need to calculate
the second order variation of E given by (2.3.27)2. We recall that the point
(vb, ρb) is a minimum for the Helmhotz free energy, and therefore it holds
that

∂2(ρΨ(ρ))
∂ρ2

∣
∣
∣
(vb,ρb)

> 0,

which infers by continuity that it remains positive for all values of IR(vb, ρb),
for R suitably small, and we can deduce

∂2(ρΨ(ρ))
∂ρ2

∣
∣
∣
(u,ρ̄)

> 0, (u, ρ̄) ∈ IR(vb, ρb).

If vb is not too large as compared to basic density4

esssupΩ|v̄b| < essinf Ω×(0,infty)ρ(x, t)
∂2ρΨ
∂ρ2

∣
∣
∣
∣
ρ̄

(2.3.27)2 is equivalent to the L2 norm of perturbations u and σ. Finally,
integrating (2.3.23) in time yields

a
(
‖u‖2

L2 + ‖σ‖2
L2

)
≤

∫

Ω

{1

2
ρu2 +

1

2

∂2(ρΨ(ρ))

∂ρ2

∣
∣
∣
(u,ρ̄)

σ2 + v̄b · uσ
}

dx

=

∫

Ω

{1

2
ρ0u

2
0 +

1

2

∂2(ρ0Ψ(ρ0))

∂ρ2
0

∣
∣
∣
(u0,ρ̄0)

σ2
0 + v̄b · u0σ0

}
dx, (2.3.29)

which delivers control of perturbations u and σ in the L2 norm, for all times
t > 0.

4For isothermal flows it is enough to assume

esssupΩ|v̄b| < k,

where k = R∗θb and R∗ is the universal gas constant.
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2.3.4 Isothermal Viscous Fluids vb = 0

In this subsection we use the energy method in an unorthodox manner to find
the behavior in time of the difference between the energies E(t) of the non
steady motion and Eb of the rest state. We observe that E(t)−Eb dominates
the spatial L2-norm of the difference of two solutions (ρ,v), (ρb,vb). Next, to
get the decay to zero in time, we apply the free work equation, which furnishes
dissipative terms for the perturbation in the density. This will be achieved
by using suitable test functions whose existence is ensured by Lemma 3.7.5.

Let us consider the system

∂tρ + u · ∇ρ = −ρ∇ · u,

ρ∂tu + ρu · ∇u− μΔu − (λ + μ)∇∇ · u = −k∇ρ, (x, t) ∈ Ω × (0, T ),

u(x, 0) = u0(x), ρ(x, 0) = ρ0(x), x ∈ Ω,

u|∂Ω = 0,

∫

Ω

ρdx = M, (2.3.30)

with k = R∗θb a positive constant. System (2.3.30) describes isothermal
fluids moving in the absence of external force. It is easy to verify that vb = 0,
ρb = M/|Ω| is a solution to (2.3.30). Furthermore, it is also standard to verify
that the energy equation holds

d

dt

{∫

Ω

ρ
u2

2
+ kρ ln ρ

}
dx+ μDu(t) = 0, (2.3.31)

with
μDu(t) =

∫

Ω

[
(λ + μ)(∇ · u)2 dx+ μ|∇ u|2

]
dx.

Notice that (2.3.31) can be equally rewritten in the following form

d

dt
F(u, σ) + μDu(t) = 0. (2.3.32)

where F is the energy of perturbations u, σ:

F(u, σ) =
∫

Ω

{
ρ
u2

2
+kρ ln ρ−kρ ln ρb−k(ρ−ρb)

}
dx =

∫

Ω

(

ρ
u2

2
+ k

σ2

2ρ

)

dx,

with ρ between ρ and ρb. It follows from the definition and from (2.3.32) that
F is a Lyapunov functional, hence the rest state is stable.

Remark 2.3.1 The stability in the mean continues to hold for inviscid fluids,
for example if μ = 0. In fact, F is a Lyapunov functional despite the viscosity
term.
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For f and g, two vector functions in dual spaces, we use the notation (f, g) to
denote the integral over Ω of the scalar product between these two functions.

Let μ > 0; we wish to analyze the asymptotic behavior of a perturbation
in time. To this end we construct a dissipative term for σ.

We recall that in (2.3.2) to get asymptotic decay we have multiplied the
equation (2.3.8), that coincides with the equation of perturbation, times the
free displacement x(t) − xb obtaining the free work equation (2.3.11). Here,
in order to provide a dissipative term for the perturbation σ = ρ − ρb, we
also construct a free work equation where now the free displacement is given
by a suitable test function V.

Let us multiply (2.3.30) by an auxiliary function V, having a dimension
of displacement “free displacement,” and integrate over Ω. We obtain the
free work equation

d

dt
(ρu,V) + k(∇σ,V) = I, (2.3.33)

with

I = (ρu, ∂tV + u · ∇V) − (λ+ μ)
(
∇ · u,∇ · V

)
− μ

(
∇ u,∇ V

)
.

We call equation (2.3.33) the free work equation because it equates
the time derivative of (ρu,V) to an appropriate work. Notice that the
displacement V is a free vector field to be suitably chosen.

Given σ as smooth function σ = σ(x, t), now we can choose the
displacement V as a solution to the boundary value problem; cf. Lemma
3.7.5 of Chap. 3,

∇ ·V = σ, (x, t) ∈ Ω × (0,∞),

V|∂Ω = 0. (2.3.34)

We note that, since
∫
Ω
σdx = 0, the compatibility condition is satisfied.

Furthermore, for solutions to (2.3.34) there exist constants c′ c, c∗ such
that the following estimates hold, cf. (3.7.4) Lemma 3.7.5 of Chap. 3,

‖V‖L2 ≤ c′‖σ‖L2 ,

‖∇V‖L2 ≤ c‖σ‖L2, (2.3.35)

‖∂tV‖L2 ≤ c∗‖∇u‖L2.

Notice that (2.3.34) furnishes the free work equation

− d

dt
(ρu,V) + k‖σ‖2

L2 = −I. (2.3.36)

Equation (2.3.36) appears in the form of the time derivative of a term, having
the dimensions of the integral in time of an energy, plus a dissipative term
for σ that equals the functional I having the dimension of a work.
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If we multiply (2.3.33) by −ν, where ν is an arbitrary positive constant
having the dimension of inverse of time 1/sec, and add it to the energy
equation (2.3.31), we can deduce, as an alternative Lyapunov functional F ,
the modified energy E

E =
{∫

Ω

u2

2
+ k

σ2

2ρ
− ν ρu ·V

}
dx. (2.3.37)

that satisfies the modified energy equation

dE

dt
= −ν‖∇u‖2

L2dx− νk‖σ‖2
L2 − νI =: −D − νI. (2.3.38)

Employing (2.3.35), it is trivial to verify that the modified energy function
(2.3.37) becomes equivalent to a norm of perturbations for ν sufficiently small

m1(‖u‖2
L2dx+ ‖σ‖2

L2) ≤ E ≤ m2(‖u‖2
L2dx+ ‖σ‖2

L2).

We now use the Dirichlet generalized method, and analyze I, which for
small ν as well as for regular solutions, constitutes a positive quadratic form
in the L2 norm of perturbations u, σ. From the estimates enjoyed by V, it
follows that

|I| ≤ c(‖∇u‖L2‖σ‖L2 + ‖∇u‖2
L2),

where c = c(u, σ, ρb). Hence the term

D − νI =
∫

Ω

(
μ|∇u|2 + (λ + μ)(∇ · u)2

)
dx + νk‖σ‖2

L2 − νI

is a positive definite quadratic form in the L2 norm in the perturbations u, σ.
It follows that for ν small enough, using the Poincaré inequality, it is possible
to prove that there exists a constant β > 0 such that

D ≥ βE.

Substituting this information in (2.3.38) we deduce the differential inequality
for the modified energy

dE

dt
+ βE ≤ 0,

that implies exponential decay to zero of the L2 norm of the perturbations
u, σ. The decay constant depends upon the value of ν thus in general is very
small.

Open problem To extend the method to study the stability of a general
steady flow.
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2.4 Main Theorems

Here we list the main theorems proved in next three chapters:

(a) The first set of theorems will be proven in Chap. 3. They concern the
steady flows Sb of barotropic viscous fluids filling a domain Ω, with a rigid
boundary. Once the basic flow Sb is given, there are proven theorems of
uniqueness of Sb in the class of steady motions, stability and asymptotic
stability of Sb in a suitable regularity class of solutions.

(b) The second set of theorems will be proven in Chap. 4. They concern
the rest state of a horizontal layer of isothermal viscous fluids filling a
periodicity cell Ω, which has as bottom a rigid flat surface, and above
a free boundary. There are proven uniqueness theorems for the rest
state Sb in the class of steady motions, stability, and asymptotic stability
theorems of Sb in a suitable regularity class of solutions. Next, for fluids
having a free boundary below the rigid flat surface, we introduce the
concept of initial data control, thus proving one instability theorem, and
one theorem relative the loss of initial data control.

(c) The third set of theorems will be proven in Chap. 5. They concern the
rest state of a horizontal layer of polytropic viscous fluids in a periodicity
cell Ω between rigid flat horizontal boundaries, heated from below.

There are proven uniqueness theorems of the rest state Sb in the class
of steady motions, stability and asymptotic stability theorems of Sb, in a
suitable regularity class of solutions.

Remark 2.4.1 In cases (b) and (c), in order to simplify the problem, we
have considered the infinite horizontal plane as union of rectangular cells
periodic in two horizontal directions.

All the proofs employ the “free work equation” FWE, which is one essential
tool of the book.

2.4.1 Case (a) Barotropic Fluid, Rigid Boundary

We study the following initial boundary value problem IBVP

∂tρ + ∇ · (ρv) = 0,

ρ∂tv + (ρv · ∇)v = −∇p + (λ + μ)∇∇ · v + μΔv + ρ f, (x, t) ∈ Ω × (0, T ),

v(x, 0) = v0(x), ρ(x, 0) = ρ0(x), x ∈ Ω,

v|∂Ω(x, t) = w(x, t), x ∈ ∂Ω,
∫
Ω

ρ = M, ρ ≥ 0,

(2.4.1)
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where w is the velocity of the point of boundary, M the total mass of the
fluid, and we have assumed

p = p(ρ), μ ≥ 0, (2μ+ 3λ) ≥ 0.

Associated to (2.4.1), we consider the Boundary Value Problem

∇ · (ρbvb) = 0,

ρbvb · ∇)vb = −∇p(ρb) + (λ + μ)∇∇ · vb + μΔvb + ρb f , x ∈ Ω,

vb

∣
∣
∣
∂Ω

= w(x),

∫

Ω

ρb dx = M, ρb ≥ 0,

(2.4.2)

with p = p(ρ) a smooth function.

(a1) Rest State

As we know, the rest state exists only when external forces derive from a
uniform potential f = ∇U , and w = 0. Indeed, in this case, the rest state
v = 0, ρb = ρb(x) is the exact solution to (2.4.2), with ρb implicitly given by

∫ ρb p′(s)
s

ds = U + c,

∫

Ω

ρb dx = M. (2.4.3)

For the steady case, in order to have real positive solutions ρb (densities),
we are lead to assume

Hypothesis R The force is such that there exists a positive real solution
to (2.4.3).

Our uniqueness result will hold for large potential forces satisfying only
Hypothesis R.

If p′(ρ) > 0, we may introduce the Orlicz (1903-1990) space Lφ(Ω)
with the following convex function

φ(x) = (ρ− ρb)
∫ ρ(x)

ρb(x)

p′(s)
s

ds,

in L1(Ω).

Theorem 2.4.1 Uniqueness of the Rest State in the Class of Steady
Solutions. Let f = ∇U ∈ H−1(Ω) satisfies Hypothesis R and w = 0, then
the rest state vb = 0, ρb = ρb(x), with ρb implicitly given by (2.4.3), is unique
in the class of solutions v, ρ, to (2.4.2) where v ∈ H1

0 (Ω), and ρ− ρb belongs
to Lφ(Ω).

The proof of this theorem is achieved by absurdum procedure, with the help
of the FWE.
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In order to state our stability theorems we introduce the class of
generalized unsteady solutions

(
u(x, t), ρ(x, t)

)
in W

W = L∞ (
0,∞; L3(Ω)

) ∩ L2
(
0,∞; W 1,2(Ω)

) × L∞ (
0,∞;C0(Ω̄)

)
. (2.4.4)

Roughly speaking, we prove that in bounded domains Ω the L2-norm of any
′regular′ perturbation (u, σ) to the unique basic rest state Sb decays to zero
as t→ ∞, at an exponential rate.

We begin by deriving an energy equation that represents the energy
conservation law of unsteady motions v(x, t) = u(x, t) and ρ(x, t) =
ρb(x) + σ(x, t) Dirichlet method. In doing this we shall pay attention on
the perturbation terms u(x, t) and σ(x, t).

Theorem 2.4.2 Energy Equation. Let f = ∇U ∈ L∞(0,∞;H−1(Ω)), and
let u = v, ρ = ρb + σ solve the Initial Boundary Value Problem (2.4.1) with
(u, ρ) ∈ W. Then, the energy equation holds

d

dt

[
Eu + Eσ

]
+ μDu(t) = 0, (2.4.5)

Eu(t) =
1
2

∫

Ω

ρu2 dx;

Eσ(t) =
∫

Ω

ρ
(∫ ρ p(s)

s2
ds− U

)
dx =

1
2

∫

Ω

p′(ρ̄)
ρ̄

σ2 dx;

μDu(t) =
∫

Ω

[
(λ+ μ)(∇ · u)2 dx + μ|∇ u|2

]
dx.

We give now the asymptotic result.

Theorem 2.4.3 Nonlinear Exponential Stability. Let f = ∇U ∈
L∞(0,∞;H−1(Ω)), then the rest state vb = 0, ρb = ρb(x), with ρb given
implicitly by (2.4.3), is exponentially stable in the class of motions u = v,
ρ = ρb + σ; solutions to Initial Boundary Value Problem (2.4.1) with
(u, σ) ∈ W.

(a2) Non-potential Forces

Let us define the regularity class where uniqueness is proved

V = {(v, ρ) ∈ L3(Ω) ∩ W 1,2(Ω) × (L∞(Ω) ∩W 1,∞(Ω)) :

inf p′(ρ1) =: m1 > 0, inf ρ > 0},
Vb = {(vb, ρb) ∈ (L3(Ω) ∩W 1,2(Ω)) × (L∞(Ω) ∩W 1,∞(Ω));

vb · ∇vb ∈ L3(Ω); inf p′(ρb) =: mb > 0}.

Notice that Vb ⊆ V . We remark that it is reasonable to make assumptions on
vb because it is a given known motion, in this case regularity properties need
only be verified, not proved.
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Theorem 2.4.4 Uniqueness of Steady Flows. Let f ∈ L∞(0,∞;L3(Ω)),
and let (vb, ρb) ∈ Vb be a given solution to the Boundary Value Problem
(2.4.2). Then if ‖f‖3 and constants c0, c1, c2, C1, C2, defined by (3.3.16),
(3.3.24), satisfy (3.3.18), (3.3.27), (3.3.31), (vb, ρb) is the unique solution
to Boundary Value Problem (2.4.2) in the regularity class of solutions with
(v, ρ) ∈ V.

In order to prove stability theorems within the presence of small non-
potential forces we now define the following regularity classes:
Perturbed unsteady flows

W = {(v, ρ) ∈ L∞(0,∞;L3(Ω)) ∩ L2(0,∞;W 1,2(Ω)) × L∞(0,∞;W 1,∞(Ω));

inf p′(ρ) > 0; inf ρ > 0; ∂tρ ∈ L∞(0,∞;L∞(Ω)),
√
ρv ∈ L∞(0,∞;L2(Ω))}.

Basic steady flows

Vb = {vb, ρb ∈ L3(Ω) ∩W 1,2(Ω)) ×W 1,∞(Ω);

vb · ∇vb ∈ L3(Ω); inf
x
p′(ρb) =: m1 > 0}.

Assume there exists a steady solution vb, ρb to (2.4.2) in the regularity class
Vb, then it is derived an energy inequality, which provides an energy stability
result. Next, employing the FWE, it is proved the exponential decay of
suitable norms of perturbations to zero.

Theorem 2.4.5 Energy Equation. Let f ∈ L∞(0,∞;L3(Ω)), and
(vb, ρb) ∈ Vb. Let v = vb + u, ρ = ρb + σ, solve the Initial Boundary
Value Problem (2.4.1) with (v, ρ) ∈ W. Then, the following energy equation
holds true

d

dt

[
Eu + Eσ

]
+ μDu(t) = I1, (2.4.6)

Eu(t) =
1
2

∫

Ω

ρu2 dx, Eσ(t) =
∫

Ω

p′(ρ̄)
ρ

σ2

2
dx,

μDu(t) =
∫

Ω

[
(λ + μ)(∇ · u)2 dx+ μ|∇ u|2

]
dx,

I1(t) =
∫

Ω

u · b dx−
∫

Ω

p′(ρ̄)
ρ

σu · ∇ρ dx

−
∫

Ω

[p′(ρ̄)
ρ

∇ · vb +
ρb

2

(
∂t + vb∇

)
· p

′(ρ̄)
ρbρ

]
σ2 dx,

b = −ρbu · ∇ vb + σ( f− v · ∇ vb).
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Theorem 2.4.6 Nonlinear Exponential Stability. Let f ∈ L∞(0,∞;
L3(Ω)), and let (vb, ρb) ∈ Vb be a given solution to the Boundary Value
Problem (2.4.2) with w = 0. If ‖f‖3 and constants c0, c1, c2, C1, C2,
C3, defined by (3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31),
then (vb, ρb) is exponentially stable with respect to motions in the regularity
class W.

(a3) Non Zero Boundary Data

Let us suppose that f ∈ L∞(0,∞;L3(Ω)), w ∈ L∞(0,∞;H1/2(∂Ω)), and let
w �= 0.

Theorem 2.4.7 Uniqueness in the Class of Steady Flow Let f ∈
L∞(0,∞; L3(Ω)), w ∈ L∞(0,∞; H1/2(∂Ω)), and let (vb, ρb) ∈ Sb be a given
solution to Boundary Value Problem (2.4.2). Then if ‖f‖3 and constants c0,
c1, c2, C1, C2, C3, defined by (3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27),
(3.3.31) thus (vb, ρb) is the unique solution to Boundary Value Problem
(2.4.2) in the regularity class of solutions with (v, ρ) ∈ V.

Theorem 2.4.8 Nonlinear Exponential Stability Let f ∈ L∞(0,∞;
L3(Ω)), w ∈ L∞(0,∞;H1/2(∂Ω)), and let (vb, ρb) ∈ Vb a given solution
to (2.4.2). Let ‖f‖3 and constants c0, c1, c2, C1, C2, C3, defined by (3.3.16),
(3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31), then (vb, ρb) is asymptotically
stable with regards to motions in the regularity class W .

(a4) Domains Exterior to a Fixed Bounded Body C

Consider the Initial Boundary Value Problem IBVP

∂tρ + ∇ · (ρv) = 0,

∂t(ρv) + ∇(ρ v ⊗ v) = −∇p(ρ) + λ∇∇ · v + 2μ∇ · D(v) + ρf, (x, t) ∈ Ω × (0, T ),

v|∂C = 0, lim
x→∞v = 0 lim

x→∞ ρ = ρ∞,

(2.4.7)

with p = p(ρ).
Consider the Boundary Value Problem BVP

∇ · (ρv) = 0,

∇(ρ v ⊗ v) = −∇p+ λ∇∇ · v + 2μ∇ ·D(v) + ρf, x ∈ Ω,

v|∂C = 0, lim
x→∞v = 0 lim

x→∞ ρ = ρ∞,

(2.4.8)

with p = p(ρ).
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Theorem 2.4.9 Uniqueness of the Rest State in the Class of Steady
Solutions. Let f ∈ L∞(0,∞; L3(Ω)), and let (vb, ρb) ∈ Vb be a given solution
to (2.4.8). Assume ‖f‖3 and constants c0, c1, c2, C1, C2, C3, defined by
(3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31), then the solution
(vb, ρb) ∈ Vb to (2.4.8) is unique in the regularity class of steady solutions
in V.

Notice that for compressible fluids moving in exterior domains, despite
the incompressible case, it is still possible to prove exponential stability. Of
course, this requires severe hypotheses of regularity on the density ρ ∈ L3/2,
that in turn intuitively require that the mass of gas is not too large. We give
the proof for isothermal fluids; different state equations for pressure is an
open problem.

Theorem 2.4.10 Stability Let f ∈ L∞(0,∞; L3(Ω)), and let (vb, ρb) ∈ Vb

be a given solution to (2.4.8). If ‖f‖3 and constants c0, c1, c2, C1, C2, C3,
defined by (3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31), then the
solution (vb, ρb) ∈ Vb to (2.4.8) is stable in the regularity class of unsteady
solutions W.

Theorem 2.4.11 Nonlinear Exponential Stability Let the gas be perfect,
i.e. let p(ρ) = kρ. Let f ∈ L∞(0,∞; L3(Ω)), and let (vb, ρb) ∈ Vb be a
given solution to (2.4.8). Assume ‖f‖3 and constants c0, c1, c2, C1, C2, C3,
defined by (3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31), then the
solution (vb, ρb) ∈ Vb to (2.4.8) is asymptotically stable in the regularity class
of unsteady solutions W.

With the term “phase change” we mean a barotropic fluid whose pressure,
for some intervals of density ρ, becomes a decreasing function of ρ.

(a5) Instability of Rest State in a Phase Change

Hypothesis of instability (HI):
Before dealing with instability questions, let us observe that for given
pressure, it is possible to construct more density fields such that the pressure
has constant value; cf. footnote in Sect. 3.6.

Let us assume that:

(a) there exists more than one equilibrium configuration, i.e. the condition
p(ρ) = c, when c is fixed, is satisfied by several values of ρ, say ρi,
i = 1, . . . , N , corresponding to the same given mass M and different
volumes Vi.

(b) in at least one equilibrium configuration, say ρ1, it holds

∂2ρΨ
∂ρ2

∣
∣
∣
ρ1

< 0. (2.4.9)
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In this case, we shall prove the following theorem:

Theorem 2.4.12 Instability Assume the second order derivative of the
Helmholtz free energy per unit of volume ρΨ(ρ) satisfies the hypothesis
of instability (2.4.9), then the equilibrium position S1 at ρ1 is unstable.

2.4.2 Case (b) Isothermal Fluid, Deformable
Boundary

For problems with deformable boundaries we prove a uniqueness theorem of
steady fluid motions occurring in a rectangular section of the horizontal layer
Σ, having the rigid bottom below and a free upper surface. The problem
is described in Cartesian coordinates by z = ζ̂(x); k is upward oriented,
directed toward the free surface. We suppose that the domain occupied by
the fluid is given by the cartesian representation Ωt = {x = (x′, z) : x′ ∈ Σ,
0 < z < ζ(x′, t)}, remarking that such a representation is possible only
when we exclude the formation of reversal flows. For the sake of simplicity
we assume periodicity conditions at lateral walls. We use the notation ∇′ =
(∂1, ∂2), div′u′ = ∂1u1 + ∂2u2.

Given the system

ρt + ∇ · (ρv) = 0

ρ (vt + v · ∇v) = −k∇ρ + ∇ · μS(v) + ρ∇U, (x, t) ∈ Ω × (0, T ),

ζt
(
x′, t

)
= v · ñ (

x′, ζ(x′, t), t
)
,

−kρn + μS(v) = αH(ζ)n − pen, on Γt,

v
(
x′, 0, t)

)
= 0,

v
(
x′, z, 0

)
= v0

(
x′, z

)
,

ρ
(
x′, z, 0

)
= ρ0

(
x′, z

)
, ζ

(
x′, 0

)
= ζ0

(
x′) ,

M =

∫

Ωb

ρbdx =

∫

Ω0

ρ0dx =

∫

Ωt

ρ(x, t)dx,

μS(v) = 2μD + λ∇ · vI.

(2.4.10)

Here, H(ζ) is the double mean curvature to Γt, and it holds

H(ζ) = div′
( ∇′ζ

√
1 + |∇′ζ|2

)
,

and n denotes the exterior unit normal vector at the point of free surface Γt,

n =
1
G (−∂1ζ,−∂2ζ, 1) =

1
G (−∇′ζ, 1), G =

√
1 + |∇′ζ|2, ñ = Gn.
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We assume here that the initial density ρ0, and height ζ0, are everywhere
positive. We state the following

Initial Free Boundary Value Problem

Given a periodicity cell Σ, external potential forces with potential U , and
uniform external pressure pe, initial data (v0, ρ0, ζ0), and total mass M , find
the triple of functions (v(x′, z, t), ρ(x′, z, t), ζ(x′, t)) defined in Ωt, t ∈ (0, ∞)
for a solution to system (2.4.10).

To (2.4.10) we associate the steady system

∇ · (ρu) = 0

ρ(u · ∇)u − μΔu − (λ+ μ)∇∇ · u = −∇p+ ρ∇U + ρf ,

u · n = 0,

μS(u)n − pn = (−pe + κH(ζ))n,

u(x′, 0) = 0,
∫

Ωζ

ρ(x)dx = M.

(2.4.11)

We also study the boundary value problem below.

Free Boundary Value Problem

Given a periodicity cell Σ, external potential forces with potential U ,
uniform external pressure pe, and total mass M , find the triple of functions
(v(x′, z), ρ(x′, z), ζ(x′)) defined in

(
Ω2

ζ×Σ
)

for a solution to system (2.4.11).

(b1) Uniqueness of Rest State

The first theorem is concerned with the uniqueness of the rest state of an
isothermal fluid under gravity action, in the class of steady weak solutions
(vb(x′, z), ρb(x′, z), ζb(x′)) ∈ Vb

Vb = L2
� (Ω) ×W 1,2

� (Ω) ×W 1,1
� (Σ) ∩ L∞

� (Σ),

where � means periodicity in the horizontal directions.
Assume that the rigid side of a layer is below the fluid, and that the gravity

force U = −gz, with z upward oriented, is acting.
In the rectangle Ωb = Σ× (0, h) there exists at least the rest state Sb, with

Sb =
{
vb = 0, ρb = ρ∗ exp

(
− gh

k

)
, h =

k

g
ln

(
1 +

Mg

pe|Σ|
)}
,

and ρ∗ given in (4.4); cf. [6].
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We now state the uniqueness theorem of Sb in the class of three-
dimensional steady regular solutions to the boundary value problem (2.4.10),
corresponding to the same force g, the same total mass M , the same
periodicity Σ, and to the same external pressure pe.

In order to present the main result we introduce the following regularity
classes for steady (u(x′, z), ρ(x′, z), ζ(x′)), and unsteady (u(x′, z, t), ρ(x′, z, t),
ζ(x′, t)) solutions

V = W 1,2
� (Ω) × C0

� (Ω) ×W 1,1
� (Σ) ∩ L∞

� (Σ).

W = L2(0,∞;W 1,2
� (Ω)) × C0

� (Ω × (0,∞)) × L∞(0,∞; W 1,1
� (Σ)).

We prove the following uniqueness theorem.

Theorem 2.4.13 Uniqueness of the Rest State in the Class of
Steady Solutions. The rest state Sb is the unique solution to the system
(2.4.11) in the class of steady solutions (u, ρ, ζ) to the system (2.4.11)
belonging to V, corresponding to the same external data.

(b2) Stability of Rest State

We begin by deriving an energy equation that represents the difference
between the energy equations of the non-steady motion and of the rest,
respectively. Such a method is also known as Dirichlet method.

Theorem 2.4.14 Energy Equation. Let u, ρ = ρb + σ, ζ = h + η solve
(2.4.10) with (u, ρ, ζ) ∈ W. Then, the following energy equation holds

d

dt

[
Eu + Eσ + Eζ

]
+ μDu(t) = 0, (2.4.12)

Eu(t) =
1
2

∫

Ωt

ρu2 dx,

Eσ(t) = k

∫

Ωt

{
ρ(ln ρ− ln ρb) − (ρ− ρb)

}
dx,

Eη = κ

∫

Σ

(√
1 + |∇′η|2 − 1

)
dx′ + kM

− k

∫

Σ

∫ ζ

h

(
ρb(z) − ρb(h)

)
dzdx′,

μDu(t) =
μ

2

∫

Ωt

|S(u)|2 dx.
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It remains to prove exponential decay to the rest state for the L2 norm
of solutions to the full system (2.4.10), under the action of large potential
forces without smallness conditions on initial data. To this end, we
use again the FWE.

Theorem 2.4.15 Nonlinear Exponential Stability. Assume that there
exist solutions to (2.4.10) u(x′, z, t), ρ(x′, z, t), ζ(x′, t) in the regularity class
W, corresponding to initial data

u0(x′, z), ρ0(x′, z) = ρb(x′, z) + σ0(x′, z), ζ0(x′) = h+ η0(x′).

Then, for any data (u0, ρ0, η0) in L2(Ω0)×C0(Ω0)×W 1,∞(Σ), the rest state
Sb is exponentially stable in the energy norm in the class of solutions in W.

(b3) Instability

Before giving our result, we introduce the non-dimensional characteristic
number

Gr :=
g0ρ∗
κ

, (2.4.13)

with ρ∗ = g0M/(k|Σ|).
Theorem 2.4.16 Assume that for all δ > 0, there exists at least one initial
data u0, σ0, η0 with ‖(u0, σ0, η0)‖Y < δ, such that the initial energy E0 is
negative,

0 < −E0 = k

∫

Σ

∫ ζ

h

(
ρb(z) − ρb(h)

)
dzdx′ (2.4.14)

− kM − κ

∫

Σ

(√
1 + |∇′η0|2 − 1

)
dx′ − Eu0 − Eσ0 ,

then the rest state Sb is nonlinearly unstable. More precisely, there exists an
ε > 0 such that for all δ > 0 there exists an initial value (u0, ρ0 = ρb+σ0, ζ0 =
h+ η0) ∈ W 1,2(Ω0)×W 1,∞(Σ) less than δ, and there exists T > 0 such that
the solution (u, ρ = ρb + σ, ζ = h + η) of the problem (2.4.10) satisfies the
inequality

‖(u, σ, η)‖X(T ) ≥ ε. (2.4.15)

(b4) Loss of Initial Data Control

To deal with full nonlinear instability problems, we give the following
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Definition 2.4.1 The rest state is said to lose the control from initial
data if there exists a positive large number a and there exists a perturbation
(u0, σ0, η0) to initial data satisfying

a < ‖(u0, σ0, η0)‖Y < 2a, (2.4.16)

such that the corresponding perturbation (u(x, t), σ(x, t), η(x, t)) is not con-
trolled by the initial data. That is, given α > 0, there exists T > 0 such
that the perturbation (u, σ, η) with initial data satisfying (2.4.16) satisfies the
inequality

‖(u, σ, η)‖X (T ) : = ‖u(T )‖W1,2(ΩT ) + ‖σ(T )‖L2(ΩT ) + ‖η(T )‖W1,∞(Σ) ≥ α.
(2.4.17)

Next we construct a solution (u(x, t), σ(x, t), η(x′ , t)) that though linearly
stable, is not controlled by initial data when the data set is larger than a
computable constant A.

Theorem 2.4.17 We assume that the linear stability hypothesis:

Gr < 1 (2.4.18)

holds; cf. see Sect. 4.3.1. We may construct initial values (u0, σ0, η0) ∈
W 1,2(Ω0)×C0(Ω0)×W 1,∞(Σ) sufficiently small such that the value of initial
energy E0 is negative.

Following upon Theorem 2.4.16 we may prove:

Theorem 2.4.18 Loss of Initial Data Control of Solution There exists
a positive large number a, such that the solution (u(x, t), σ(x, t), η(x, t)),
corresponding to initial data (u0, σ0, η0) satisfying (2.4.16), is not controlled
by the initial data. That is, however fixed α > 0, there exists initial
data (uα

0 , σ
α, ηα

0 ) satisfying (2.4.16), and an instant Tα > 0 such that
the perturbation (uα, σα, ηα) corresponding to problem (2.4.10) satisfies the
inequality

‖(uα, σα, ηα)‖X(Tα) ≥ α. (2.4.19)

We conjecture that all proofs and considerations of this subsection continue
to hold in the case of an infinite layer. We leave it as an open problem.
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2.4.3 Case (c) Polytropic Fluid, Rigid Boundary

Let us consider the initial boundary value problem

ρt + ∇ · (ρu) = 0,

ρ(ut + u · ∇)u) = ∇ · T − ρgk, (x, t) ∈ Ω × (0, T ),

ρcv(Θt + u · ∇Θ) = χΔΘ − R∗ρΘ∇ · u + 2μS(u)2 + λ(∇ · u)2, (x, t) ∈ Ω × (0, T ),

u(x′, 0, t) = u(x′, h, t) = 0, Θ(x′, 0, t) = Θh + βh, Θ(x′, h) = Θh,

u(x′, z, 0) = u0(x′, z), Θ(x′, z, 0) = Θ0(x′, z), (x′, z) ∈ Σ × (0, h),

∫

Ω
ρ = M.

(2.4.20)

where T = −pI + 2μD(u) + λ∇ · uI is the stress tensor, p = R∗ρΘ is the
pressure, R∗ the universal gas constant, μ is the shear viscosity, λ the bulk
viscosity, D(u) = (∇u+∇T u)/2 is the rate-of-strain tensor, cv is the specific
heat at constant volume, and χ is the coefficient of thermal conductivity.

We also give the system

∇ · (ρu) = 0,

ρ(u · ∇)u − μΔu − (λ + μ)∇∇ · u = −∇p − ρg∇z + ρf , x ∈ Ω,

ρcv(Θt + u · ∇Θ) = χΔΘ − R∗ρΘ∇ · u + 2μS(u)2 + λ(∇ · u)2, x ∈ Ω,

u(x′, 0, t) = u(x′, h, t) = 0, (2.4.21)

Θ(x′, h) = Θh, Θ(x′, 0, t) = Θh + βh, (x′, z) ∈ Σ × (0, h),

∫

Ω
ρ = M.

In order to present the results we introduce the following regularity classes

V =
{
(ρ(x′, z),u(x′, z),Θ(x′)) ∈ C0

� (Ω) ×W 1,2
� (Ω) ×W 1,2

� (Ω)
}
.

W =
{
ρ(x′, z, t),u(x′, z, t),Θ(x′, z, t)

∈ C0
� (Ω × (0,∞)) × L2(0,∞;W 1,2

� (Ω)) × L2(0,∞;W 1,2
� (Ω)

}
.

A non-linear stability result for heat conducting fluids in exterior domain
has been proven in cf. [111].
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Theorem 2.4.19 Uniqueness in the Class of Steady Flow The rest
state Sb is the unique steady solution to system (2.4.21) in the class of
motions V, corresponding to the same data, provided temperature gradient
is sufficiently small.

Theorem 2.4.20 Nonlinear Exponential Stability Let the conditions
(5.3.25) be verified. Then the rest state Sb is asymptotically stable for solutions
to system (2.4.20) in the class W, corresponding to the same data.

2.5 Bibliographical Notes

Stability results, compressible fluids : The stability of compressible fluids is
a challenging problem related to the study of the structure of linearized
problems, which in turn depends upon the basic flow. In the case of parallel
fluid flows, it has been studied in cf. [61].

Concerning the existence of regular solutions close to the rest state, there
have been existence theorems since 1981 under assumptions of viscosity
coefficients, cf. [90, 91, 95], and without restrictions on the coefficients, cf.
[13, 56, 69–72,130,146].

Since 1986, several stability results have been proven; cf. [50, 94, 147], we
quote also [72,96,97,103,104,140]. Where bounded and unbounded domains
with rigid, compact boundaries and strictly positive, bounded densities are
considered. In these papers, stability of steady flows is proven for barotropic
gases, either under large potential forces, or under small non-potential ones.
Concerning unbounded domains, we cite [102] for isothermal fluids with
density bounded from below, and for isothermal fluids with nonnegative
density, uniqueness theorems have been proved; cf.[93, 99].

The method of the free work inequality appears to be useful as a new hint
in the study of nonlinear asymptotic stability; a similar method has been
introduced in the theory of elasticity by Abeyaratne and Knowles, cf. [2].
Concerning the stability and instability results proved with the free work
inequality, we quote the papers by the author in cf. [104–109]. The stability
proofs are formal, if initial data are large.



Chapter 3
Barotropic Fluids with Rigid
Boundary

La vista mia nell’ampio e nell’altezza
non si smarriva, ma tutto prendeva
il quanto e il quale di quell’allegrezza.
118, XXX, Paradiso, A. Dante

The size of braveness is in a honest reasoning.

3.1 Introduction

In this chapter concerning several regular basic steady flows Sb we reach three
goals: (a) the uniqueness of Sb in suitable regularity classes of steady flows;
(b) the nonlinear asymptotic stability of Sb in the class of barotropic gases
filling different domains Ω; (c) instability of Sb if p′(ρ) < 0.

Specifically at points (a) and (b) as domains we consider bounded domains
which are rigid, impermeable, or porous, and domains exterior to a fixed,
rigid bounded obstacle C, as forces we consider potential and non potential
forces. In exterior domains, summability of the perturbation σ to the density
is required in order to prove uniqueness and stability.

To prove uniqueness in the class of steady flows, and stability theorems of
rest state, it is sufficient to require only the non-negativeness of density.

To prove an asymptotic result it is suitable to distinguish between
isothermal and isentropic gases. For isentropic fluids to prove an asymptotic
result with exponential decay rate, both strict positivity and summability of
density ρb are needed. These requests on density are incompatible in exterior
domains, in particular the exponential decay rate is a very strong decay rate.
We recall that for incompressible fluids the decay rate is polynomial like.
Therefore the problem of decay of solutions in exterior domains remains an
open problem, when ρb is not summable. We guess that the decay in time

M. Padula, Asymptotic Stability of Steady Compressible Fluids,
Lecture Notes in Mathematics 2024, DOI 10.1007/978-3-642-21137-9 3,
© Springer-Verlag Berlin Heidelberg 2011
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has a polynomial rate. For isothermal fluids only summability of density ρb

is requested. Actually in case of isothermal gases p = kρ, also called perfect
gases, the requirement of positive infimum on the density ρ is no longer
needed. In this case, the exponential decay of energy can be proven in the
class of non-negative densities.

Between open questions to solve, we quote the following two questions that
depend upon the boundedness of Ω. Find: (a) the most general conditions
on supremum and infimum of density; (b) the largest regularity class of
perturbations, where both stability, and asymptotic stability theorems hold.

Assume the fluid is barotropic. The results proven in this chapter are the
following:

Section 3.2 The uniqueness of the rest state, in a weak regularity class of
steady flows, the nonlinear exponential stability of the rest state
for barotropic fluids under large potential forces and large initial
perturbations are proved; it represents a generalization of [104].

Section 3.3 The nonlinear exponential stability of steady state of barotropic
fluids under small non-potential forces, and large initial pertur-
bations is proved. The result is achieved assuming smallness of
basic flow, for perturbations that are almost incompressible, with
small divergence of velocity and gradient of density, let us call H1

such hypotheses. It represents a generalization of cf. [103].
Section 3.4 The nonlinear exponential stability of the steady state of

barotropic fluids with non-homogeneous boundary data and
large initial perturbations is proved. The result is achieved
assuming the same smallness assumptions H1 for the basic flow,
and on the perturbations as well. It is a new result.

Section 3.5 The nonlinear asymptotic stability of steady state barotropic
fluids in exterior domains with large initial perturbations is
proved. The result is achieved assuming the same smallness
assumptions H1 for the basic flow, and on the perturbations as
well. The summability assumptions play a crucial role. It is a new
result.

Section 3.6 The instability of the rest state for real fluids in the presence of a
change of phase is proved. It represents a generalization of results
of cf. [109].

Section 3.7 The existence of test functions, name them “free work test
functions,” as requested in the proofs of previous sections, is
proven in several auxiliary Lemmas. Where the construction of
free work test functions is known, the proofs are omitted.

Remark 3.1.1 Through the chapter computations are carried out using
regular functions, by applying a density argument, one may also obtain the
final inequality for generalized solutions.
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3.2 Ω Bounded, Potential Forces

Regarding the existence of the rest state for compressible fluids subjected
to potential forces, we quote two drawbacks in the logical application of the
current theory of compressible fluids:

(a) The problem of existence of a rest state for isentropic fluids, where the
polytropy index γ > 1, in a bounded rigid domain with a given mass,
and subjected to potential force, is ill-posed if the volume and the forces
are suitably large; cf. [12, 102].

(b) The problem of existence of a rest state for isothermal fluids , where
the polytropy index γ = 1, in an exterior domain, with a given mass,
and subjected to potential force, is ill-posed only if the external force is
suitably small; cf. [99, 102].

In this section we propose an extension to general barotropic fluids of the
result given in [104]. For bounded domains we consider the boundary value
problem (BVP)

∇ · (ρv) = 0,

(ρv · ∇)v) = −∇p(ρ) + (λ+ μ)∇∇ · v) + μΔv + ρ∇U, x ∈ Ω,

v
∣
∣
∣
∂Ω

= 0,
∫

Ω

ρ dx = M, ρ ≥ 0,

(3.2.1)

with p = p(ρ) a smooth function. As known, the rest state exists only
when forces derive from a uniform potential U . Indeed, in this case, the rest
state vb = 0, ρb = ρb(x) is the exact solution to (3.2.1), with ρb implicitly
given by equating the thermodynamic potential of enthalpy per unit of mass∫ ρb p′(s)

s
ds, cf. (1.5.24), to the mechanical potential U ,

∫ ρb p′(s)
s

ds = U + c,

∫

Ω

ρb dx = M. (3.2.2)

Notice that the constant c is given by the condition that the total mass is
known (3.2.2)2, and therefore it may furnish a complex value for the density.
In order to have real positive solutions ρb (densities), we are led to assume

Hypothesis R The force f is such that there exists a positive real solution
to (3.2.2), that we call by (0, ρb).
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3.2.1 Uniqueness of the Rest State

With the rest state as baseline.
Let us define the regularity class where uniqueness is proved

V ={(v, ρ) ∈W 1,3(Ω) ×W 1,∞(Ω); inf p′(ρ) > 0; inf ρ > 0},
Vb ={ ρb ∈W 1,∞(Ω); inf p′(ρb) > 0}.

Remark 3.2.1 Notice that it is reasonable to make assumptions on Vb

because it represents the regularity class of a given flow. However, it is not
a weak hypothesis to assume the non-steady flow to belong to regularity class
V; indeed, such regularity has to be mathematically proven for large data.

Let us give the thermodynamic potential enthalpy per unit of mass
Φ =

∫ ρ p′(s)
s ds. Here we prove a uniqueness theorem that holds for large

potential forces satisfying only Hypothesis R. We introduce the Orlicz space
LΦ(ρb) corresponding to the following convex function

ϕ(x) = (ρ− ρb)
∫ ρ(x)

ρb(x)

p′(s)
s

ds = (ρ− ρb)(Φ(ρ) − Φ(ρb)).

Theorem 3.2.1 - Uniqueness of the Rest State. Let ρf = ρ∇U ∈
H−1(Ω), if U satisfies Hypothesis R, then the rest state v = 0, ρb = ρb(x),
with ρb given by (3.2.2), is unique in the class of steady solutions v, ρ to
(3.2.1), where v ∈ H1

0 (Ω) and ρ− ρb belongs to Lφ(ρb).

Proof. Assume by absurdum there exists another steady solution v, ρ to the
boundary value problem (3.2.1) corresponding to the same force ∇U and the
same mass M . We observe that the perturbation is u = v, σ = ρ − ρb. We
first multiply (3.2.1)2 by u and integrate over Ω to get the energy equation

(λ+ μ)
∫

Ω

(∇ · u)2 dx+ μ

∫

Ω

|∇ u|2 dx = −
∫

Ω

u · ∇p(ρ) dx+
∫

Ω

ρu · ∇U dx.
(3.2.3)

We notice that, from (3.2.1)1 and boundary conditions, integrating by parts,
it yields

−
∫

Ω

u · ∇p(ρ) dx = −
∫

Ω

ρu
p′(ρ)
ρ

· ∇ρ dx = −
∫

Ω

ρu · ∇
∫ ρ p′(s)

s
ds dx = 0,

(3.2.4)∫

Ω

ρu · ∇U dx = 0. (3.2.5)

Hence substituting in (3.2.3) the identities (3.2.4), (3.2.5) we deduce

(λ + μ)
∫

Ω

(∇ · u)2 dx+ μ

∫

Ω

|∇ u|2 dx = 0. (3.2.6)
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This together with the boundary conditions implies u = 0.
In order to obtain uniqueness we must prove σ = 0, to this end we employ

the free work equation.

Free Work Equation FWE

We need now an estimate for ‖σ‖L2, to this end we construct the FWE.
Notice that we may use Lemma 3.7.1 because the total mass is fixed and it
holds ∫

Ω

σ dx = 0.

Let us observe that it holds

0 = −∇p(ρ)+ρ∇p(ρb)
ρb

= ρ∇
(∇p(ρ)

ρ
−∇p(ρb)

ρb

)
= ρ∇

(∫ ρ

ρb

p′(s)
s

)
. (3.2.7)

Multiplying (3.2.7) by V/ρ given in Lemma 3.7.1, and integrating over Ω, we
obtain the free work equation

0 = −
∫

Ω

V · ∇
( ∫ ρ

ρb

p′(s)
s

)
dx =

∫

Ω

∇ ·V
( ∫ ρ

ρb

p′(s)
s

ds
)
dx

=
∫

Ω

σ
( ∫ ρ

ρb

p′(s)
s

ds
)
dx = ‖σ‖2

Lφ
.

(3.2.8)

Where Lφ is the Orlicz space generated by the convex function φ = (ρ −
ρb)

∫ ρ

ρb

p′(s)
s

, the integrand is a positive function in σ, thus we obtain σ = 0
and the Theorem 3.2.1 is completely proved.

3.2.2 Nonlinear Stability

This subsection, deals with the evolution in time of unsteady compressible
flows obtained perturbing at initial time the rest state in correspondence with
the same potential U and the same mass M . We shall give the control in time
of a spatial norm of perturbations with large initial data. This problem has
been solved for isothermal fluids in [104].

For bounded domains we consider the initial boundary value problem
(IBVP)

ρt + v · ∇ρ = −ρ∇ · v,
ρvt + ρ(v · ∇) v = −∇p+ (λ+ μ)∇∇ · v + μΔv + ρf,

v(x, 0) = v0(x), ρ(x, 0) = ρ0(x),

v
∣
∣
∣
∂Ω

= 0,
∫

Ω

ρ0 = M, ρ ≥ 0,

(3.2.9)
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with
p = p(ρ) x ∈ Ω, t ∈ (0, T ).

By conservation of mass we deduce
∫

Ω

ρ = M. (3.2.10)

It is worth reminding that in Theorem 3.2.1, uniqueness of the rest state
has been proved in correspondence to large potential forces in rigid domains
for a class of suitably “weak” steady solutions. Also note that in our stability
proofs we shall make use of a class of suitably weak solutions; this will be
achieved by modifying the method of the free work equation FWE previously
used. Such a method provides dissipative terms for the variables satisfying
hyperbolic equations.

In order to state our theorem we introduce the class W of weak solutions
(u(x, t), ρ = ρb + σ(x, t)) through the formula

W =
{
(u, σ) : ρ ∈ L∞ (

0,∞;C0(Ω̄)
) ∫

Ω

σ dx = 0; (3.2.11)

u ∈ L∞ (
0,∞; L3(Ω)

) ∩ L2
(
0,∞; W 1,2(Ω)

) }
.

In the bounded domain Ω, we prove that the L2-norm of any suitably
“regular” perturbation to the (unique) basic rest state Sb decays to zero as
t→ ∞ at an exponential rate. To achieve this goal, first we use the Dirichlet
method to find the behavior in time of the difference between the energy
E(t) of non-steady motion and that Eb of the rest state. For barotropic fluids
with p′(ρ) > 0, we observe that E(t) − Eb is positive, and larger than a
constant times the spatial L2-norm of perturbations. Next to get the decay
to zero in time, we use the FWE that furnishes dissipative terms for the
perturbation related to the basic density. To construct the FWE it is crucial
to have suitable test functions constructed in Lemma 3.7.3.

Here we don’t study the existence problem, hence we shall tacitly assume
that
Hypothesis E In the correspondence of regular data, there exists a global in
time regular solution to (3.2.9) (v, ρ) ∈ W.

Statement E has been proved for rigid domains, if the initial data belong
to a neighborhood of (0, ρb) Uε(0, ρb) ⊆ X , of radius ε, and ε is sufficiently
small; cf. [70–72,130,145,146].

Our stability result will hold for large potential forces satisfying only
Hypothesis R introduced in the previous chapter.

We begin by deriving an energy equation, say the balance law for the
sum of kinetic, Helmholtz free, and potential energies of unsteady motions
v(x, t) = u(x, t), ρ(x, t) = ρb(x) + σ(x, t). In case of inviscid fluids we shall
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deduce a conservation law for the total energy. In doing this we pay attention
to perturbation terms u(x, t), σ(x, t).

Before stating the energy theorem, we notice that for the difference
between the Helmholtz free energy and the enthalpy per unit of volume,
the following identity holds

ρ
(∫ ρ p(s)

s2
ds−

∫ ρb p′(s)
s

ds
)

=
1
2
p′(ρ̄)
ρ̄

σ2 . (3.2.12)

Moreover, it holds the identity

ρ
d2(ρΨ)
dρ2

= p′(ρ) . (3.2.13)

Theorem 3.2.2 Energy Equation of Perturbation. Let ρf = ρ∇U ∈ L∞

(0, T ;H−1(Ω)), and u = v, ρ = ρb + σ, solve (3.2.9) with (u, σ) ∈ W.
Then, the energy equation holds

d

dt

[
Eu + Eσ

]
+ μDu(t) = 0, (3.2.14)

Eu =
1
2

∫

Ω

ρu2 dx;

Eσ =
1
2

∫

Ω

p′(ρ̄)
ρ̄

σ2 dx;

μDu =
∫

Ω

[
(λ+ μ)(∇ · u)2 dx+ μ|∇ u|2

]
dx.

Proof. Let v, ρ be a solution to the IBV problem (3.2.9) corresponding to the
same potential force f = ∇U and the same mass M as the basic rest state.
We observe that the perturbation is u = v, σ = ρ − ρb. We first multiply
(3.2.9)2 by u and integrate over Ω to get the equation

1
2
d

dt

∫

Ω

ρu2 dx+ (λ+ μ)
∫

Ω

(∇ · u)2 dx+ μ

∫

Ω

|∇ u|2 dx

= −
∫

Ω

u · ∇p(ρ) dx+
∫

Ω

ρu · ∇U dx. (3.2.15)

Notice that multiplying (3.2.9)1 by p(ρ)/ρ and integrating over Ω, using
boundary conditions, it yields

d

dt

∫

Ω

ρ

∫ ρ p(s)
s2

)ds dx = −
∫

Ω

p(ρ)∇ · u dx. (3.2.16)
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Also, since U is not an explicit function of time, by the Reynolds transport
theorem it follows the identity

∫

Ω

ρu · ∇U dx =
d

dt

∫

Ω

ρU dx. (3.2.17)

Hence, substituting into (3.2.15) the identities (3.2.16), (3.2.17) we deduce
the energy equation

1

2

d

dt

∫

Ω

ρu2 dx+
d

dt

∫

Ω

ρ
[ ∫ ρ p(s)

s2
ds −U

]
dx+

∫

Ω

[
(λ+μ)(∇·u)2+μ|∇ u|2

]
dx = 0.

(3.2.18)

Observe that from the (3.2.2)1, and (3.2.10) with hypothesis R, applying the
Taylor polynomial formula of second grade with initial point ρb, we get:

∫

Ω

ρ
[ ∫ ρ p(s)

s2
ds − U

]
dx =

∫

Ω

ρ
[ ∫ ρ p(s)

s2
ds −

∫ ρb p′(s)
s

ds + c
]
dx

=

∫

Ω

ρb

[ ∫ ρb p(s)

s2
ds −

∫ ρb p′(s)
s

ds + c
]

dx

+

∫

Ω

[ ∫ ρ p(s)

s2
ds −

∫ ρb p′(s)
s

ds +
p(ρ)

ρ

]

ρb

σ dx

+
1

2

∫

Ω

p′(ρ)

ρ
σ2 dx

(3.2.19)

where ρ is a point between ρb and ρ. Now the first integral term at right hand
side of (3.2.19) has the integrand

ρb

[ ∫ ρb p(s)
s2

ds−
∫ ρb p′(s)

s
ds

]
= −ρb

[ ∫ ρb d

ds

(p(s)
s

)
ds

]
= −p(ρb) + cρb,

(3.2.20)
which is constant in time. Therefore, the integral of this term over a constant
domain has a zero time derivative.

Next we analyze the integrand in the second term of (3.2.19), creating a
relation between the Helmholtz free energy (1.5.25) and the enthalpy (1.5.24);
cf. see Definition 1.5.71,

1Notice that it holds

[ ∫ ρ p(s)

s2
ds −

∫ ρb p′(s)
s

ds +
p(ρ)

ρ

]
=

∫ ρ

ρb

p(s)

s2
ds +

p(ρ)

ρ
− p(ρb)

ρb
=: Φ(ρ)

and

Φ′(ρ) =
p′(ρ)

ρ
.
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∫ ρb p(s)
s2

ds−
∫ ρb p′(s)

s
ds+

p(ρb)
ρb

= −p(ρb)
ρb

+
p(ρb)
ρb

= 0. (3.2.21)

Finally we obtain

d

dt

∫

Ω

ρ
[ ∫ ρ p(s)

s2
ds − U

]
dx =

1
2
d

dt

∫

Ω

p′(ρ̄)
ρ̄

σ2 dx. (3.2.22)

Substituting (3.2.22) into (3.2.18) we obtain the wanted energy of perturba-
tion equation

1
2
d

dt

∫

Ω

{
ρu2 +

p′(ρ̄)
ρ̄

σ2
}
dx +

∫

Ω

[
(λ+ μ)(∇ · u)2 + μ|∇ u|2

]
dx = 0.

(3.2.23)

Integrating in time (3.2.23), and recalling that p′(ρ) > 0, we deduce at once
the a priori estimate for the weighted L2 norms of perturbations,

1
2

∫

Ω

{
ρu2 +

p′(ρ̄)
ρ̄

σ2
}
dx +

∫ t

0

∫

Ω

[
(λ+ μ)(∇ · u)2 + μ|∇ u|2

]
dx

=
1
2

∫

Ω

{
ρ0u2

0 +
p′(ρ̄0)
ρ̄0

σ2
0

}
dx.

(3.2.24)

Equation (3.2.24) provides a control for weighted norms of σ, and u in L2(Ω),
and for the norm of u in L2(0,∞;W 1,2(Ω)). 
�

Remark 3.2.2 On Eσ. Reminding that p′(ρ)
ρ has a minimum

m := min
ρ

p′(ρ)
ρ

(3.2.25)

we find
p′(ρ̄)
ρ̄

≥ m, (3.2.26)

which yields

Eσ =
1
2

∫

Ω

p′(ρ̄)
ρ̄

σ2 dx ≥ m‖σ‖2
L2 ,

and the term Eu + Eσ represents a Lyapunov functional.
It is worth nothing that (3.2.24) furnishes a stability result, say a control

of L2-norm of perturbations for all time, also for non negative densities,
provided p′(ρ) > 0, e.g. for perfect gases.

In the general situation of non negative density ρ ≥ 0, the energy of
perturbations is no more equivalent to the L2 norms of σ and u, but to the L2
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norms of u and σ weighted by the functions ρ, and p′(ρ)
ρ

, respectively, called
with Arnold (1937-2010) [4], the natural norms.

For isentropic gases with γ > 2 the strict positiveness of density is needed
to prove the asymptotic result.

Remark 3.2.3 From equation (3.2.24) stability follows also for non viscous
fluids μ = λ = 0.

3.2.3 Nonlinear Exponential Stability

We now denote by ce any embedding constant.
In order to obtain exponential decay we must find a dissipative term

for σ. To this end we use the method of free work equation.
Using (3.2.7) we may rewrite (3.2.9)2 as

ρut + ρ(u · ∇) u = −ρ∇
( ∫ ρ

ρb

p′(s)
s

)
+ (λ+ μ)∇∇ · u + μΔu. (3.2.27)

We will provide now the dissipative term for ‖σ‖L2 by using the free work
equation. We notice that the perturbation to density σ satisfies all hypotheses
requested on the given function σ in Lemma 3.7.3. Actually, because the total
mass, and the volume are fixed, it holds

∫

Ω

σ dx = 0, ∀ t > 0. (3.2.28)

We are now in the position to prove exponential decay to the rest state of
the L2 norm of perturbations (v = u, σ), solutions to the initial boundary
value problem (3.2.9)1,3−7, (3.2.27), under the action of large potential
forces without smallness conditions on initial data. A previous result
can be found in [72], where also existence has been proved, see also [99].

Theorem 3.2.3 Modified Energy Equation Let ρ∇U belong to the
Bochner space L∞(0, T ;H−1(Ω)), and let (u, σ) ∈ W solve the initial
boundary value problem (3.2.9)1,3−7, (3.2.27), corresponding to large data.
Then the following modified energy equation holds

d

dt
E + D = νI, (3.2.29)

where

E = Eu + Eσ − ν(ρu,V);

D = μDu + ν Dσ,

Dσ =
∫

Ω

σ
( ∫ ρ

ρb

p′(s)
s

ds
)
dx,
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I =
(
∂tV, ρu

)
+

(
ρu·∇V,u

)
+μ

(
∇u,∇V

)
+(λ+μ)

(
∇·u,∇·V), (3.2.30)

where Du has been defined in Theorem 3.2.2, ν is an arbitrary dimensional
(one over time) positive constant, and V is the vector field constructed in
Lemma 3.7.10.

Proof. Let us multiply (3.2.27) by V, given in Lemma 3.7.3 below. Integrating
over Ω by parts we obtain the free work equation

d

dt

∫

Ω

ρu · V dx−
∫

Ω

ρu ·
(
Vt + (u · ∇) V

)
dx

=
∫

Ω

σ
( ∫ ρ

ρb

p′(s)
s

ds
)
dx−

∫

Ω

(
(λ+ μ)∇ · u∇ · V + μ∇u · ∇V

)
dx.

(3.2.31)

The function σ
∫ ρ

ρb

p′(s)
s
ds is convex in σ, hence the first integrand at the

right hand side in (3.2.31) is a positive function in σ; thus, we obtain a
dissipative term for σ in the norm of the Orlicz space Lφ. We observe that
σ

∫ ρ

ρb

p′(s)
s
ds = σ(Φ(ρ) − Φ(ρb)), where Φ is the enthalpy. Thus it holds

φ = σ

∫ ρ

ρb

p′(s)
s

ds =
p′(ρ̃)
ρ̃

σ2 =
p′(ρb + ασ)
ρb + ασ

σ2, (3.2.32)

where 0 < α < 1. Also note that ρ is the same point between ρb, ρ, defined
in (3.2.19). Equivalently, using (3.2.8) we rewrite (3.2.31) as the free work
equation

− d

dt

∫

Ω

ρu ·V dx+
∫

Ω

p′(ρ̃)
ρ̃

σ2 dx = I, (3.2.33)

where I is given in (3.2.30).
Adding (3.2.33) multiplied by an arbitrary positive constant ν to (3.2.23),

we get the modified energy equation for E

1
2
d

dt

∫

Ω

{
ρu2 +

p′(ρ̄)
ρ̄

σ2 − νρu · V
}
dx+

∫

Ω

[
(λ+ μ)(∇ · u)2

+ μ|∇ u|2 + ν
p′(ρ̃)
ρ̃

σ2
]
dx = ν I,

(3.2.34)

and the proof of theorem is completed. 
�
Remark 3.2.4 Let us remark that we have supposed (p(ρ)/ρ) to be an
increasing function of ρ; this hypothesis is certainly satisfied by isentropic
gases γ > 1, while for isothermal gases it is γ = 1, and (p(ρ)/ρ) is constant
in ρ. Thus in both cases, either isentropic or isothermal gases, the hypothesis
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of (p(ρ)/ρ) not decreasing in ρb is satisfied. Integrating by parts in Dσ, it
yields

Dσ =

∫

Ω

( ∫ ρ p′(s)
s

ds−
∫ ρb p′(s)

s
ds

)
σ dx = Eσ+

∫

Ω
σ
(p(ρ)

ρ
− p(ρb)

ρb

)
dx ≥ Eσ.

(3.2.35)

From the previous calculation, we infer that Dσ defines a norm for σ in an
Orlicz space, which is included a priori in the Orlicz space defined by Eσ.
Furthermore, under our regularity assumptions on ρ we deduce

m‖σ‖L2 ≤ Dσ ≤ c(ρ)‖σ‖L2 ,

with m given in (3.2.25). Consequently, the total dissipation D defines a norm
for (u, σ) in W 1,2(Ω) × L2(Ω). However, the modified energy functional is
not always positive definite, this depends on the value of the parameter ν.

We will now explore the asymptotic result.

Theorem 3.2.4 Nonlinear Exponential Stability. Let ρ∇U(x) ∈
H−1(Ω), then the rest state v = 0, ρb = ρb(x), with ρb given implicitly
by (3.2.2) when it exists, is exponentially stable in the class of motions
(u, ρ) ∈ W.

Proof. We begin by noting that in (3.2.34) there is a dissipative term in σ;
as we shall see, this term is not sufficient to prove asymptotic stability. In
order to do this, we need the stronger assumption

σ

∫ ρ

ρb

p′(s)
s

ds ≥ mσ2, (3.2.36)

where m is given in (3.2.25). With this last position, (3.2.31) furnishes the
free work inequality

− d

dt

∫

Ω

ρu · V dx+m

∫

Ω

|σ|2 dx ≤ I, (3.2.37)

with I given in (3.2.30), satisfying

I = −
∫

Ω

ρu ·
(
Vt + (u · ∇)V)

)
dx +

∫

Ω

(
(λ + μ)∇ · u∇ · V + μ∇u · ∇V

)
dx

≤
[
‖√ρu‖L2‖√ρVt‖L2 + ‖√ρu‖L4‖√ρ∇V‖L2 + (λ + 2μ)‖∇u‖L2‖∇V‖L2

]

≤ c‖∇u‖L2‖σ‖L2 + c‖∇u‖2
L2 ,

(3.2.38)

where the constant c is a function of ce, u and ρ.
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Adding to (3.2.23) the free work inequality (3.2.37), multiplied by an
arbitrary positive number ν, we deduce the inequality for the modified
energy E

d

dt
E + D ≤ ν I, (3.2.39)

with the modified energy functional given by

E =
1
2

∫

Ω

{
ρu2 +

p′(ρ̄)
ρ̄

σ2 − νρu ·V
}
dx, (3.2.40)

D =
∫

Ω

[
(λ+ μ)(∇ · u)2 + μ|∇ u|2 +mνσ2

]
dx (3.2.41)

= (μ+ λ)‖∇ · u‖2
L2 + μ‖∇u‖2

L2 +mν‖σ‖2
L2 .

Notice that

E ≥
{
‖√ρu‖2

L2 +m‖σ‖2
L2 − ν‖√ρu‖L2‖√ρV‖L2

}
, (3.2.42)

and E is positive definite when ν is small enough. If ν is sufficiently small, it
results that

a ‖(u , σ)‖2
L2 := a

(
‖u‖2

L2 + ‖σ‖2
L2

)
≤ E(t) ≤ A

(
‖u‖2

L2 + ‖σ‖2
L2

)
= A‖(u , σ)‖2

L2 ,

(3.2.43)

and
D ≥ b(ν)

(
‖∇u‖2

L2 + ‖σ‖2
L2

)
≥ b(ν)

A
E(t), (3.2.44)

with b(ν) = min{cPμ, mν}, and cP the Poincare’ constant. Inequality
(3.2.39), with (3.2.38) and (3.2.43), provides the differential modified energy
inequality

d

dt
E(t) +

(
μ‖∇u‖2

L2 +mν‖σ‖2
L2

)
≤ ν c‖∇u‖L2‖σ‖L2 + c ν ‖∇u‖2

L2 .

(3.2.45)
Hence, for ν sufficiently small

ν ≤ min
{
μ

4c
,
m

2c2μ

}

it holds
(
μ‖∇u‖2

L2 +mν‖σ‖2
L2

)
− ν c‖∇u‖L2‖σ‖L2 − ν c‖∇u‖2

L2

≥
(
(μ− cν)‖∇u‖2

L2 +mν‖σ‖2
L2

)
− c2μ ν2‖σ‖2

L2 − μ

4
‖∇u‖2

L2

≥ 1
2

(
μ‖∇u‖2

L2 +mν‖σ‖2
L2

)
,
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which in turn yields
d

dt
E(t) +

b(ν)
2A

E(t) ≤ 0. (3.2.46)

The application of Gronwall’s (1877-1932) Lemma yields

E(t) ≤ E(0) exp− b
2A t .

Finally, the inequality (3.2.43) implies

‖(u, σ)‖2
L2 ≤ A

a
‖(u0, σ0)‖2

L2 e−
b
a t,

and resultingly, the exponential decay of perturbations is completely proved.

Remark 3.2.5 It arises from the proof that, for two dimensional domains,
the regularity hypotheses on u can be weakened.

Remark 3.2.6 Global existence theorems of weak solutions, with large initial
data, for isentropic fluids, have been proven; cf. [26–28, 66]. Unfortunately,
we have not been able to work all estimates for the term I by using only this
assumption. Provided one is able to work all estimates employing only the
hypothesis that ρ − ρb belongs to the Orlicz space Lφ, one would derive also
an existence theorem in the same class of stability, and the stability theorem
would be no more formal. We leave it as a very challenging open problem.

Remark 3.2.7 Notice that Theorem 3.2.2 appears to hold without any
conditions on initial data. However, smallness of initial data is being applied
as a condition because existence theorems of global regular flows have been
proven only under the assumption of smallness; cf. Sect. 3.7.3.

3.3 Ω Bounded, Non-Potential Forces

This section represents an extension to the results given in [103] for general
barotropic fluids.

3.3.1 Uniqueness f �= ∇U

With the steady state as baseline.
In order to prove stability of steady solutions to system (3.2.1) for small

non potential forces, we now define the following regularity classes:
Perturbed steady flows

V = {(v, ρ) : v ∈ W 1,2(Ω); inf p′(ρ) > m1 > 0; inf ρ > m > 0; ρ ∈ W 1,∞Ω)}.
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Basic steady flows

Vb = {(vb, ρb) : vb ∈ W 1,∞(Ω); ρb ∈ W 1,∞(Ω) : inf
x
ρb > 0}

Notice that Vb ⊆ V .
Consider the following boundary value problem: find four scalar fields ρb,

vb, defined in the domain Ω solutions to the following boundary value problem

∇ · (ρbvb) = 0, (3.3.1)

ρbvb · ∇vb = μΔvb + (λ+ μ)∇∇ · vb −∇p(ρb) + ρbf

vb|∂Ω = 0,
∫

Ω

ρb = M.

Assuming that for regular forces there exists a solution vb, ρb in the regularity
class Vb, we first derive an energy inequality. Then, through the free work
equation, we prove uniqueness of the basic steady flow Sb in a class of ‘regular’
steady flows, provided that Sb is ‘not too large’ in a sense to be clarified.

Theorem 3.3.1 Uniqueness of Steady Flow. Let f ∈ L3(Ω), and let
be (vb, ρb) ∈ Vb be a given solution to (3.3.1). If ‖f‖3 and constants
c0, c1, c2, C1, C2, defined by (3.3.16)1 and (3.3.24), satisfy (3.3.18), (3.3.50)
and (3.3.51), then (vb, ρb) is the unique solution to (3.3.1) in the regularity
class V.

Proof. Given the steady solution (vb, ρb) to (3.3.1) in Vb, we assume by
absurdum that (v, ρ) in S is another steady solution to system (3.3.1)
corresponding to the same force, the same mass, and the same boundary
data. Let u = v − vb, and σ = ρ − ρb be the difference between the two
solutions. The pair (u, σ) will satisfy the perturbation system

∇ · (ρ u) + ∇ · (σ vb) = 0, x ∈ Ω,
ρ v · ∇ u + (ρb u + σ v) · ∇ vb = −∇

(
p(ρ) − p(ρb)

)
+ (λ + μ)∇∇ · u

+ μΔ u + σ f,
(3.3.2)

or more simply,

∇ · (ρ u) + ∇ · (σ vb) = 0, x ∈ Ω,
ρ v · ∇ u = −∇

(
p(ρ) − p(ρb)

)
+ (λ+ μ)∇∇ · u + μΔ u + b,

(3.3.3)

with
b = −ρbu · ∇ vb + σ( f − v · ∇ vb). (3.3.4)
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Let us multiply (3.3.3)2 by u and integrate over Ω to have

∫

Ω

ρv ·∇
( u|2

2
|
)
dx = −

∫

Ω

u ·∇(p′(ρ̄)σ)dx+

∫

Ω

[
(λ+μ)u ·∇∇·u+μu ·Δu

]
dx+

∫

Ω

u ·bdx,

(3.3.5)

where ρ̄ is the value of ρ between ρ, and ρb. Integrating by parts in (3.3.5),
and taking into account that the boundary terms

B1 := −
∫

∂Ω

ρ

2
|u|2v ·n dS+

∫

∂Ω

[
(λ+μ)u ·n∇·u+μn ·∇ u ·u

]
dS, (3.3.6)

vanish, we get
∫

Ω

[
(λ+μ)(∇·u)2+μ|∇ u|2

]
dx = −

∫

Ω

u·∇(p′(ρ̄)σ) dx+
∫

Ω

u· b dx. (3.3.7)

We rewrite (3.3.3)1 as follows

0 = −ρ∇ · u − u · ∇ρ−∇ · (σvb). (3.3.8)

Multiplying (3.3.8) by (p′(ρ̄)/ρ)σ, and integrating over Ω, we have

0 = −
∫

Ω
p′(ρ̄)σ∇· u dx−

∫

Ω

p′(ρ̄)

ρ
σu·∇ρdx−

∫

Ω

p′(ρ̄)

ρ
σ2∇·vb dx−

∫

Ω

p′(ρ̄)

ρ
vb ·∇

( σ2

2

)
dx,

which when integrated by parts yields

0 = −
∫

Ω

p′(ρ̄)σ∇ · u dx−
∫

Ω

p′(ρ̄)
ρ

σu · ∇ρ dx

−
∫

Ω

p′(ρ̄)
ρ

σ2∇ · vb dx+
∫

Ω

∇ ·
(p′(ρ̄)

ρ
vb

)σ2

2
dx−B2,

(3.3.9)

with

B2 : =
∫

∂Ω

p′(ρ̄)
ρ

σ2

2
vb · ndS. (3.3.10)

We add (3.3.7) to (-1)(3.3.9), noting that the term

−
∫

Ω

u ·∇(p′(ρ̄)σ) dx−
∫

Ω

p′(ρ̄)σ∇·u dx = −
∫

∂Ω

u ·np′(ρ̄)σ dS =: B3, (3.3.11)

also vanishes due to the boundary conditions, we deduce that (3.3.7) reduces
to the simpler form

∫

Ω

[
(λ + μ)(∇ · u)2 + μ|∇ u|2

]
dx = I1 −B2 −B3, (3.3.12)
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where

I1 =

∫

Ω
u · b dx −

∫

Ω

p′(ρ̄)

ρ
σu · ∇ρ dx −

∫

Ω

p′(ρ̄)

ρ

σ2

2
∇ · vb dx +

∫

Ω

σ2

2
vb · ∇

( p′(ρ̄)

ρ

)
dx.

(3.3.13)
since at the boundary ∂Ω it is u = vb = 0, it follows that B2 = 0, B3 = 0,
and (3.3.12) becomes

∫

Ω

[
(λ + μ)(∇ · u)2 + μ|∇ u|2

]
dx = I1. (3.3.14)

Now, from regularity assumptions taking into account (3.3.4), it is easy to
check that

I1 ≤ c1‖σ‖L2‖u‖L6 + c2‖σ‖2
L2 + ‖ρb‖L∞‖∇ vb‖L3/2‖u‖2

L6

≤ c1‖σ‖L2‖∇u‖L2 + c2‖σ‖2
L2 + c0‖∇u‖2

L2 ,
(3.3.15)

holds where

c0 = ce‖ρb‖L∞‖∇ vb‖L3/2, (3.3.16)

c1 = ce

(
‖f‖L3 +

∥
∥
∥
p′(ρ̄)
ρ

|∇ρ|
∥
∥
∥

L3
+ ‖ v · ∇ vb‖L3

)
,

c2 =
1
2

∥
∥
∥
p′(ρ̄)
ρ

|∇ · vb|
∥
∥
∥

L∞
+

∥
∥
∥|vb|∇

(p′(ρ̄)
ρ

)∥
∥
∥

L∞
.

Hence we deduce the energy inequality

(λ+μ)‖∇ ·u‖2
L2 +(μ− c0)‖∇ u‖2

L2 ≤ c1‖σ‖L2‖∇ u‖L2 + c2‖σ‖2
L2. (3.3.17)

To inequality (3.3.17), we add the hypothesis

c0 < μ, (3.3.18)

with c0 defined in (3.3.16)1.

Free work equation

We look now for an estimate of ‖σ‖L2 in terms of ‖∇u‖L2; to this end, we
employ the free work equation. Notice that we can use Lemma 3.7.1, taking
as σ the perturbation to density ρ− ρb, because the total mass and volume
are fixed, and (3.7.3) holds. Let us multiply (3.3.3)2 by V given in Lemma
3.7.1, and integrate by parts over Ω to receive the free work equation

∫

Ω
p′(ρ̄)σ∇ · V dx = −

∫

Ω
ρ v · ∇ V · u dx +

∫

Ω

[
(λ + μ)∇ · V∇ · u + μ∇ u : ∇ V

]
dx

−
∫

Ω
V · b dx + B4,
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with

B4 :=
∫

∂Ω

kσn ·V dS +
∫

∂Ω

ρ V · u v · ndS

− (λ+ μ)
∫

∂Ω

∇ · un · V dS − μ

∫

∂Ω

V · ∇ u · n dS.
(3.3.19)

Employing the property V|∂Ω = 0 we deduce that B4 = 0, and by ∇·V = σ,
we get ∫

Ω

p′(ρ̄)σ2 dx = I2, (3.3.20)

where

I2 = −
∫

Ω

ρ v·∇V·u dx+
∫

Ω

[
(λ+μ)∇·V∇·u+μ∇ u : ∇ V

]
dx−

∫

Ω

V·b dx.
(3.3.21)

We may estimate I2 as follows

I2 ≤ ‖ρv‖L3‖∇ V‖L2‖ u‖L6 + (λ + μ)‖∇ · u‖L2‖∇ · V‖L2 + μ‖∇V‖L2‖∇u‖L2

+‖ρb‖L∞‖∇vb‖L3/2‖ V‖L6‖u‖L6 + (‖f‖L3 + ‖v · ∇vb‖L3 )‖σ‖L2‖ V‖L6 .

(3.3.22)

Using the limit Sobolev inequality and the properties of V, we obtain

I2 ≤ (λ+μ)‖∇·u‖L2‖σ‖L2 +l2μ‖∇u‖L2‖σ‖L2 +C1‖∇u‖L2‖σ‖L2 + C2‖σ‖2
L2 ,

(3.3.23)
with

C1 = ce(l2‖ρv‖L3 + l1‖ρb‖L∞‖∇vb‖L3/2), (3.3.24)

C2 = cel1(‖f‖L3 + ‖v · ∇vb‖L3).

�

Remark 3.3.1 Notice that the constants C1 and C2 may be arbitrarily
small, provided that ‖ρv‖L3 for C1 and ‖v · ∇vb‖L3 for C2 are sufficiently
small. However, while the smallness assumption for ∇vb is reasonable,
since vb is given, it is not correct to assume ‖ρv‖L3 to be small, because
the perturbation is unknown, and we may use only regularity assumptions.
Furthermore, we notice that λ + μ and μ are given phenomenological
coefficients and in general are not small.

From (3.3.20), we infer the following estimate for σ

m1‖σ‖2 ≤
∫

Ω

p′(ρ̄)σ2 dx ≤ (λ+ μ)‖∇ · u‖L2‖σ‖L2 + μ‖∇V‖L2‖∇u‖L2

(3.3.25)
+ C1‖∇u‖L2‖σ‖L2 + C2‖σ‖2

L2 ,
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where2

m1 := inf
Ω
p′(ρ(x)). (3.3.26)

If C2 is sufficiently small, then

C2 < m1. (3.3.27)

We conclude that

‖σ‖L2 ≤ (λ+ μ)
(m1 − C2)

‖∇ · u‖L2 +
μ

(m1 − C2)
‖∇u‖L2 +

C1

(m1 − C2)
‖∇u‖L2 .

(3.3.28)
Inequality (3.3.28) furnishes the wanted estimate for σ. Substituting (3.3.28)
into (3.3.17), we obtain

(λ+ μ)‖∇ · u‖2
L2 + (μ− c0)‖∇u‖2

L2 (3.3.29)

≤ c1(λ+ μ)
(m1 − C2)

‖∇u‖L2‖∇ · u‖L2 +
c1μ

(m1 − C2)
‖∇u‖2

L2 +
c1C1

(m1 − C2)
‖∇u‖2

L2

+ (
2c2(λ+ μ)2

(m1 − C2)2
‖∇ · u‖2

L2 +
2c2μ2

(m1 − C2)2
‖∇u‖2

L2 +
2c2C2

1

(m1 − C2)2
‖∇u‖2

L2 .

which implies that

(
μ− c0 − c21(λ+ μ)

2(m1 − C2)2
− c1(μ+ C1)

(m1 − C2)
− 2c2((λ+ μ)2 + μ2 + C2

1 )
(m1 − C2)2

)
‖∇u‖2

L2

(3.3.30)

+
λ+ μ

2

(
1 − 4c2(λ+ μ)

(m1 − C2)2
)
‖∇ · u‖2

L2 ≤ 0.

Contradictions arise by assuming that

c0 +
c1(μ+ C1)
(m1 − C2)

+
c21(λ+ μ) + 4c2((λ + μ)2 + 2μ2 + 2C2

1 )
2(m1 − C2)2

< μ,

4c2(λ+ μ)
(m1 − C2)2

< 1.

(3.3.31)

We observe that c1, and c2 can be sufficiently small because they become
small provided that the data f , ∇vb and ∇ρb are small. The last assumption
infers that the steady flow is slightly compressible. Thus from (3.3.30), we get
a contradiction if (3.3.18) and (3.3.31) hold, and the theorem is completed.

2For isothermal fluids p′ is a constant in space and time.
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Remark 3.3.2 Observe that the smallness of c0, and C2 is verified if the
given L2 norms of f and ∇vb are small. Furthermore, to prove uniqueness
we require smallness hypotheses on c1 and c2. These constants contain also
norms for ρ, v in the perturbed class of motions. On the other hand, the
smallness of c1, c2 is ensured by the smallness of the L3 norms of f , ∇vb,
the L2 norms of the gradients of ρ, ρb, and by the L∞ norm of ∇·vb. This is
physically meaningful because it requires the quality of uniqueness to hold in
the class of slightly compressible homogeneous flows. A uniqueness theorem
is given in [56].

Remark 3.3.3 Our uniqueness proof provides sufficient conditions for the
solution be unique. Of course these conditions can be improved! For example,
one may change the estimates of the nonlinear terms. Our estimates have been
guided so as to obtain estimates in L6(Ω) for u only, allowing us to avoid
the Poincaré inequality. This gives us a uniform method equally applicable to
unbounded domains.

Remark 3.3.4 Notice that the estimates (3.3.3) and (3.3.22) for I1 and I2

can be strongly weakened if the Poincare’ inequality holds. The smallness of
c0 and C2 implies smallness only to norms of f and ∇vb, that are assumed
given. In order to prove uniqueness, we need smallness hypotheses for c1, c2,
and ∇ · (ρv). These constants also contain norms for ρ, v for the perturbed
class of motions. Moreover, smallness of c1, c2 is ensured by the assumption
of smallness on different norms of gradients of ρ and ρb. This, together with
the smallness hypothesis of ∇ · (ρv), yields a clear physical interpretation,
since under the above smallness hypothesis, uniqueness holds in a different
class of slightly compressible homogeneous flows.

Of course, the optimal basic condition allowing uniqueness to hold has to
be studied using variational techniques, and this remains an open problem at
this time.

3.3.2 Nonlinear Stability

Systems governing unsteady flows with initial data corresponding to pertur-
bations of the basic steady flow ρb, vb obey the following initial boundary
value problem

∂tρ+ ∇ · (ρv) = 0, (3.3.32)

ρ∂tv + ρv · ∇v = −∇p(ρ) + μΔv + (λ + μ)∇∇ · v + ρf ,

ρ(x, 0) = ρb(x) + σ0(x), v(x, 0) = vb + u0(x),

v|∂Ω = 0,
∫

Ω

ρ = M.
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We assume that solutions to (3.3.32) exist globally in time, and that they are
regular solutions in the class3

W = {(v, ρ) : v ∈ L∞(0,∞;L3(Ω)) ∩ L2(0,∞;W 1,2(Ω)); (3.3.33)

ρ ∈W 1,∞(QT ); inf p′(ρ) > 0; inf ρ > 0; ∂tρ ∈ L∞(0,∞;L∞(Ω))}.

In this subsection we furnish an energy equation that, in spite of the analogous
case for incompressible flows, does not provide a stability result for slow flows
vb close to incompressible ones, as it does not furnish an a priori estimate
for the L2 norms of perturbations. The difficulty arises from the fact that
compressible fluids are governed by a mixed PDE system: partial parabolic
for velocity, and hyperbolic for density. That is, in the energy equation a
dissipative term for the density is missing.

Theorem 3.3.2 Energy Equation. Let f ∈ L3; for v = vb+u, ρ = ρb+σ,
solve (3.2.9) with (v, ρ) ∈ W. Then, the energy of perturbations equation
holds

d

dt

[
Eu + Eσ

]
+ μDu(t) = I′

1, (3.3.34)

Eu =
1
2

∫

Ω

ρu2 dx, Eσ =
∫

Ω

p′(ρ)
ρ

σ2

2
dx,

μDu =
∫

Ω

[
(λ+ μ)(∇ · u)2 dx+ μ|∇ u|2

]
dx,

I ′
1 = I1 −

∫

Ω

ρ
σ2

2
d

dt

(p′(ρ)
ρ2

)
dx,

b = −ρbu · ∇ vb + σ( f− v · ∇ vb),

with I1 defined in (3.3.13).

Proof. Given (vb, ρb) in Vb, we assume that there exists a global solution
(v, ρ) in W to (3.3.32), corresponding to the same force f , the same mass M ,
and the same homogeneous boundary data. Let u = v − vb, σ = ρ − ρb be
the difference between the two solutions, which satisfies the Initial Boundary
Value Problem for the difference system

∂tσ + ∇ · (ρ u) +∇ · (σ vb) = 0, x ∈ Ω, t ∈ (0, T )

ρ∂tu + ρ v · ∇ u + (ρbu + σ v) · ∇ vb =

−∇
(
p(ρ) − p(ρb)

)
+ (λ + μ)∇∇ · u + μΔ u + σf ,

3Regularity class on ρ may be weakened; however, since there are no known existence
theorems in this regularity class for large data, we prefer to give a simpler proof.
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σ(x, 0) = σ0(x), u(x, 0) = u0(x),

u|∂Ω = 0,
∫

Ω

σ = 0. (3.3.35)

In this calculation we have used the hypothesis ∂tvb = 0.
Let us multiply (3.3.35)2 by u and integrate over Ω to have

1
2

∫

Ω

[
ρ∂t|u|2 + ρv · ∇|u|2

]
dx−

∫

Ω

[
μu · Δu + (λ+ μ)u · ∇∇ · u

]
dx

= −
∫

Ω

ρu · ∇(p′(ρ̄)σ) dx +
∫

Ω

u · b dx,
(3.3.36)

where ρ̄ is a value of ρ between ρ, and ρb, and with b given in (3.3.34)3,5.
Integrating by parts, and taking into account of boundary conditions, we

get

1
2
d

dt

∫

Ω

ρu2 dx+
∫

Ω

[
(λ+μ)(∇ · u)2 +μ|∇ u|2

]
dx=−

∫

Ω

u · ∇(p′(ρ̄)σ) dx

+
∫

Ω

u · b dx. (3.3.37)

Let us rewrite (3.3.35)1 as follows

∂tσ + v · ∇σ = −ρ∇ · u− u · ∇ρb − σ∇ · vb. (3.3.38)

Multiplying (3.3.38) by (p′(ρ̄))σ/ρ we have
∫

Ω

ρ
p′(ρ̄)
ρ2

d

dt

(σ2

2

)
dx = −

∫

Ω

p′(ρ̄)σ∇ · u dx (3.3.39)

−
∫

Ω

p′(ρ̄)
ρ

σu · ∇ρb dx−
∫

Ω

p′(ρ̄)
ρ

σ2∇ · vb dx.

Integrating by parts, and using the Reynolds transport theorem, we get

d

dt

∫

Ω

p′(ρ̄)
ρ

σ2

2
dx =

∫

Ω

σ2

2
ρ
d

dt

(p′(ρ̄)
ρ2

)
dx−

∫

Ω

p′(ρ̄)σ∇ · u dx

−
∫

Ω

p′(ρ̄)
ρ

σu · ∇ρb dx −
∫

Ω

p′(ρ̄)
ρ

σ2∇ · vb dx.

(3.3.40)

Thus, adding (3.3.37)–(3.3.40), noticing that
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−
∫

Ω

u · ∇(p′(ρ̄)σ) dx −
∫

Ω

p′(ρ̄)σ∇ · udx = 0,

we deduce the simpler form of the perturbations energy equation

1
2
d

dt

∫

Ω

ρu2 dx+
d

dt

∫

Ω

p′(ρ̄)
ρ

σ2

2
dx+

∫

Ω

[
(λ + μ)(∇ · u)2 +μ|∇ u|2

]
dx = I ′

1,

(3.3.41)

with I ′
1 given in (3.3.34)4; the theorem is proved. 
�

3.3.3 Nonlinear Exponential Stability

In previous subsections we have derived an energy equation for the perturba-
tion (u, σ), and we have also remarked that such an equation cannot provide
a stability result, since in such equations a dissipative term for σ is missing.
In this subsection, we fill this gap by introducing the free work equation.
More specifically, we prove the following theorem.

Theorem 3.3.3 Nonlinear Exponential Stability Let the gas be perfect,
i.e. let p(ρ) = kρ, and Let f ∈ L3(Ω) and (vb, ρb) ∈ Vb be a given solution to
(3.3.1). Also let ‖f‖L3 and constants c0, c1, c2, c′2, C1, C2, defined by (3.3.16),
(3.3.42), (3.3.24), satisfy (3.3.18), (3.3.50) and (3.3.51), then (vb, ρb) is
nonlinearly exponentially stable in the class of perturbations solutions to
(3.3.35) belonging to the regularity class W.

Proof. From regularity assumptions, the definition of I′
1 given in (3.3.34)4,

and inequality (3.3.3), it is easy to check that

I ′
1 ≤ c1‖σ‖L2‖u‖L6 +

(
c2 +

∥
∥
∥
∥ρ

d

d t

(p′(ρ)
ρ2

)∥
∥
∥
∥

L∞

)
‖σ‖2

L2 + c0‖∇u‖2
L2

≤ c1‖σ‖L2‖∇u‖L2 + c′2‖σ‖2
L2 + c0‖∇u‖2

L2 ,

holds where c1, c2 are defined by (3.3.16) and

c′2 = c2 +
∥
∥
∥ρ

d

d t

(p′(ρ)
ρ2

)∥
∥
∥
∞
. (3.3.42)

Condition (3.3.18) allows us to write

d

dt

∫

Ω

[1

2
ρu2 +

p′(ρ̄)

ρ

σ2

2

]
dx + (λ + μ)‖∇ · u‖2

L2 + (μ − c0)‖∇ u‖2
L2 (3.3.43)

≤ c1‖σ‖L2‖∇ u‖L2 + c′2‖σ‖2
L2 .
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Free work equation

We now derive an estimate for ‖σ‖L2 , to this end we employ the free work
equation. In particular, we notice that we can use Lemma 3.7.4 because the
total mass and the volume are fixed, and it holds

∫

Ω

σ dx = 0.

Let us multiply (3.3.35)2 by V given in Lemma 3.7.4, and integrate by parts
over Ω to get

d

dt

∫

Ω
ρ u · V dx −

∫

Ω
p′(ρ̄)σ∇ · V dx =

∫

Ω

[
(λ + μ)∇ · V∇ · u + μ∇ u : ∇ V

]
dx

−
∫

Ω
ρ
(

Vt + v · ∇ V
)
· u dx

−
∫

Ω

V · b dx.

(3.3.44)

Employing the properties of V we have

− d

dt

∫

Ω

ρ u · V dx+
∫

Ω

p′(ρ̄)σ2 dx = I′
2, (3.3.45)

where
I ′

2 = I2 −
∫

Ω

ρVt · u dx,
with I2 defined in (3.3.21). By (3.3.23) and estimate (3.3.23), we deduce

I ′
2 ≤ (λ+ μ)‖∇ · u‖L2‖σ‖L2 + l2μ‖∇u‖L2‖σ‖L2 + C1‖∇u‖L2‖σ‖L2

+ C2‖σ‖2
L2 + ‖ρ‖L3‖Vt‖L2‖∇u‖L2. (3.3.46)

Using the properties of V we obtain

I′
2 ≤ (λ+ μ)‖∇ · u‖L2‖σ‖L2 + l2μ‖∇u‖L2‖σ‖L2 + C1‖∇u‖L2‖σ‖L2

+C2‖σ‖2
L2 + ce l3‖ρ‖L3‖∇u‖2

L2 ,

where C1 is given in (3.3.24). Hence, we can deduce the following series of
inequalities providing a dissipative term for σ

− d

dt

∫

Ω

ρ u ·V dx+m1‖σ‖2 ≤ − d

dt

∫

Ω

ρ u · V dx +
∫

Ω

p′(ρ̄)σ2 dx

≤ (λ+ μ)‖∇ · u‖L2‖σ‖L2 + l2μ‖∇u‖L2‖σ‖L2 + C1‖∇u‖L2‖σ‖L2

+ C2‖σ‖2
L2 + ce l3‖ρ‖L3‖∇u‖2

L2,

(3.3.47)
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where m1 is defined in (3.3.26), and C2 is given in (3.3.24)2. Notice that
the constant C1 cannot be assumed arbitrarily small because the term
‖ρv‖L3 depends strictly upon the perturbed flow on which we only make
regularity assumptions. On the other hand, the constant C2 can be assumed
to be arbitrarily small because it is composed of two terms, each of them
containing either the force or basic motion ∇vb, which is given data in the
stability problem. If C2 is sufficiently small,

C2 < m1,

we conclude that

− d

dt

∫

Ω

ρ u · V dx + (m1 − C2)‖σ‖2
L2 ≤ (λ + μ)‖∇ · u‖L2‖σ‖L2

+ μ‖∇u‖L2‖σ‖L2 + C1‖∇u‖L2‖σ‖L2 + ce‖ρ‖L3‖∇u‖2
L2 .

(3.3.48)

The equation (3.3.48) furnishes a dissipative term for σ. Adding (3.3.48)
multiplied by the constant ν to (3.3.43), we obtain the modified energy
inequality

d

dt
E(t) + (λ+ μ)‖∇ · u‖2

L2 + (μ− c0)‖∇u‖2
L2 + ν(m1 − C2)‖σ‖2

L2

− ν(λ + μ)‖∇ · u‖L2‖σ‖L2 − νμ‖∇u‖L2‖σ‖L2

−
(
νC1 + c1

)
‖∇ u‖L2‖σ‖L2 − c′2‖σ‖2

L2 − ν ce‖ρ‖L3‖∇u‖2
L2 ≤ 0,

(3.3.49)

where we have introduced the modified energy E

E(t) = Eu(t) + Eσ − ν

∫

Ω

ρ u · V dx.

We choose

C2 <
m1

4
, ν <

μ− c0
ce‖ρ‖L3

, c′2 < ν
m1

4
, (3.3.50)

requiring the compatibility condition

4c′2
m1

<
μ− c0
ce‖ρ‖L3

. (3.3.51)
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Condition (3.3.51) can be read as a smallness assumption on c′2, and as
largeness assumption on μ. Thus the quadratic form appearing in (3.3.49)
is decreased by

(
λ+ μ

)
‖∇ · u‖2

L2 + ν
m1

4
‖σ‖2

L2 − ν(λ + μ)‖∇ · u‖L2‖σ‖L2

+
(
μ− c0 − νce‖ρ‖L3

)
‖∇u‖2

L2+ν
m1

4
‖σ‖2

L2−
(
νμ+ νC1 + c1

)
‖∇u‖L2‖σ‖L2,

(3.3.52)

which is positive definite under suitable assumptions on the coefficients.
In order to give an idea of how to find stability, we present only a sufficient

condition for stability to hold. Assume the following inequalities are satisfied

ν(λ + μ) < m1,

νce‖ρ‖L3 + c0 <
μ

2
, (3.3.53)

ν C1 + c1 < νμ.

The first condition is a condition on ν to be small. The last two conditions
are conditions on μ to be large. So we decrease (3.3.52) with the quadratic
form

μ

2
‖∇u‖2

L2 + ν
m1

4
‖σ‖2

L2 − 2νμ‖σ‖L2‖∇ u‖L2,

which is positive definite if

8νμ < m1. (3.3.54)

Considering all previous conditions as smallness assumptions on the coeffi-
cients, and largeness assumptions on μ, and observing that μ < 3(λ+ μ) we
may summarize the conditions on ν in the unique condition

ν ≤ m1

24(λ+ μ)
. (3.3.55)

Substituting this relation in (3.3.49), we get

d

dt
E(t) + bE(t) ≤ 0, (3.3.56)

and by the use of Gronwall’s Lemma we obtain

E(t) ≤ E(0) e−bt. (3.3.57)
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Since E(t) is positive definite for small values of ν, we have the decay for the
L2 norms of perturbations u, and σ, and this completes the theorem. 
�

3.4 Ω Bounded, Non Zero Boundary Data

Consider the system

∇ · (ρv) = 0,

∇(ρ v ⊗ v) = −∇p+ λ∇∇ · v + 2μ∇ ·D(v) + ρf, x ∈ Ω, t ∈ (0, T ),

v|∂Ω = w
∫

Ω

ρ dx = M, ρ ≥ 0,

∫

∂Ω

ρw · ndS = 0,

(3.4.1)

with
p = p(ρ).

Let f ∈ L3(Ω), and let us define the regularity class where stability is proved

V = {v, ρ ∈ L3(Ω) ×W 1,∞(Ω);

inf p′(ρ) > m1 > 0; inf ρ > m > 0}.
Remark 3.4.1 Recall that at times the momentum field ρv is prescribed at
boundary instead of velocity field v this is for us an open problem.

3.4.1 Uniqueness

Theorem 3.4.1 Uniqueness of Steady Flow Let f ∈ L3(Ω), and let
(vb, ρb) ∈ Vb be a given solution to boundary value problem (3.4.1). Then,
if ‖f‖L3 and constants c0, c1, c2, C1, C2 defined by (3.3.16), and (3.3.24)
satisfy (3.3.18), (3.3.27) and (3.3.31), thus (vb, ρb) is the unique solution
to (3.4.1) in the regularity class of solutions to the boundary value problem
(3.3.1) with (v, ρ) ∈ V.

Proof. All reasoning outlined in the previous theorems continue to hold. We
may still apply the free work equation because of Lemma 3.7.1, where the
auxiliary function V has a zero value at boundary. Specifically, we are again
looking for solutions in the class of fluid flows with the same total mass and
volume, assuming the compatibility condition

∫
Ω
σ dx = 0 to be satisfied.
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In this way, the boundary terms, deriving from integration by parts in the
second step of the proof, vanish (as in the previous theorem).

The only difficulty lies in the boundary terms appearing in the first step of
the proof, where we derive a generalized energy equation. To deal with these
terms, we follow Serrin, [128], and notice that u vanishes on ∂Ω and has the
same regularity as in the previous theorem; as such, all terms containing u
at the boundary will vanish. Only the term B2 doesn’t contain u, that is

B2 =
∫

Σ

p′(ρ̄)
ρ

σ2

2
vb · n dS. (3.4.2)

B2 =
∫

Σ

p′(ρ̄)
ρ

vb · n
(σ2

2

)
dS =

∫

Σout

p′(ρ̄)
ρ

vb · n
(σ2

2

)
dS (3.4.3)

+
∫

Σin

p′(ρ̄)
ρ

vb · n
(σ2

2

)
dS = Iout + Iin,

where Σe, Σin denote the parts of the boundary where the fluid exits and
enters, respectively. We must deal with the part of the term B2 in Σin, and
Σe:

vi · n|Σin ≤ 0, ρ|Σin = ρb|Σin , i = 1, 2

vi · n|Σe ≥ 0, i = 1, 2

On Σout, vb · n > 0, thus Iout > 0, whereas on Σin it is σ zero because the
density is prescribed, hence it is always B2 > 0.

In (3.4.2) we have on the side Σin σ = 0, while on the side Σe it is

−
∫

Σe

p′(ρ̄)
ρ

σ2

2
vb · n dS ≤ 0. (3.4.4)

Substituting these informations in (3.3.12) we receive

∫

Ω

[
(λ+ μ)(∇ · u)2 + μ|∇ u|2

]
dx = I1 −B2 −B3 ≤ I1. (3.4.5)

Thus the conclusion of the previous theorem continues to hold. 
�
Remark 3.4.2 Body forces The uniqueness result holds for any barotropic
fluid. It does not contradict the first counterexample, cf. Sect. 1.3.3, because
it states uniqueness once solutions exist. Furthermore, the counterexample
concerns the existence of real positive densities for small forces, and our
uniqueness requires the smallness of forces.
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3.4.2 Nonlinear Exponential Stability

Consider system4

∂tρ+ ∇ · (ρv) = 0, (3.4.6)

ρ∂tv + ρv · ∇v = −∇p(ρ) + μΔv + (λ+ μ)∇∇ · v + ρf ,

ρ(x, 0) = ρb(x) + σ0(x), v(x, 0) = vb + u0(x),

v|∂Ω = w,
∫

Ω

ρ = M.

Theorem 3.4.2 Rigid Porous and Moving Domain Ω(t) = Ω Let f ∈
L3(Ω), and let (vb, ρb) ∈ Vb be a given solution to (3.3.1). Also let ‖f‖3 and
constants c0, c1, c2, c′2, C1, C2, defined by (3.3.16), (3.3.42), (3.3.24), satisfy
(3.3.18), (3.3.50) and (3.3.51), then (vb, ρb) is exponentially stable in the class
of perturbation solutions to (3.4.6) belonging to the regularity class W defined
in Subsect. 3.2.2.

Proof. In the wake of Lemma 3.7.4, the reasonings outlined in Theorems
3.3.2, 3.3.3 continue to hold. We recall that we are looking for solutions
in the class of fluid flows with the same total mass and volume, hence the
compatibility condition

∫
Ω
σ dx = 0 is satisfied. We may still apply free work

equation because Lemma 3.7.4 holds. Thus, we may construct the auxiliary
function V, with zero value at the boundary. As in the previous theorem, the
boundary terms, derived from the integration by parts in the second step of
the proof, vanish.

Finally, asymptotic stability can also be proven, and we leave it as an open
problem for the interested reader.

Remark 3.4.3 -Isothermal Gas Notice that for isothermal gases

p′(ρ) = kθ = constant.

Therefore, in the case of bounded domains no hypothesis relating to the
existence of a minimum density that is nonnegative ρ ≥ 0. The terms

‖p
′(ρ̄
ρ

∇ρ‖L3 < b1, ‖p
′(ρ̄
ρ

∇ · vb‖L∞ < b1, ‖vb · ∇p′(ρ̄
ρ

‖L∞ < b1,

may be bounded for ρ ≥ 0 provided ∇ρ, ∇ · vb, and vb vanish suitably at
points where ρ = 0. Regularity assumptions can also be weakened.

4Sometime it is prescribed the momentum field ρv at boundary instead of velocity field v
this is for us an open problem.
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Remark 3.4.4 -Meaning of hypotheses in Theorem 3.5.2 If we set
f = ∇U+f1, then for f1 = 0 we can prove uniqueness for any large potential U .
However if f1 �= 0 we must assume smallness of the total force f. In cf. [8],
and [72], existence and uniqueness have been proven in the class of steady
solutions corresponding to large potential forces and small non-potential ones.
Following the same procedure employed in [8], and reconsidering the proof of
Theorem 3.5.1, it appears possible to prove a uniqueness theorem for a larger
class of perturbations; we leave it a challenging open problem.

Remark 3.4.5 - Notice that as it stands, the hypotheses of Theorem 3.5.1
have no physical meaning, as they represent smallness assumptions on
solutions

c1 =
∥
∥
∥
p′(ρ̄)
ρ

|∇ρ|
∥
∥
∥

L3
+ ‖v · ∇vb‖L3 ≤ ε,

c2 =
∥
∥
∥
p′(ρ̄)
ρ

|∇ · vb|
∥
∥
∥

L∞
+

∥
∥
∥|vb|∇

(p′(ρ̄)
ρ

)∥
∥
∥

L∞
≤ ε.

In order for the hypotheses to have physical meaning, there is a need for a
priori estimates of an upper bound in certain norms of the solution, depending
upon data. Once a priori estimates are proven, the smallness requirement on
c1, c2 is translated into a smallness requirement for the forces only. Currently,
this is an open problem.

Remark 3.4.6 If we set ρf = F, with F force per unit of volume in the
difference system, it disappears. Also in the case of non zero boundary data,
there appear to be no smallness conditions on the boundary data w. Again
this absurdum disappears once “a priori estimates” are known, actually
“a priori estimates” provide control on the norms of solutions in terms of
the norms of F and w. The problem of finding a priori estimates is one of
the most challenging open question in the theory of compressible fluids.

Remark 3.4.7 Notice that smallness of c0 and C2 requires smallness only
of the norms of f and ∇vb, and these are assumed given. However, to prove
uniqueness we need a hypothesis of smallness on c1, c2, and ∇ · (ρv). These
constants contain norms of ρ, v in the perturbed class of motions. Smallness
of c1, c2 is only ensured by the assumption of smallness on the gradient of ρ,
and ρb. This is physically meaningful due to the fact that uniqueness holds in
the class of slightly compressible homogeneous flows.

3.5 Ω Exterior, Fixed Compact Region

Let Ω be a domain exterior to a compact region C ⊆ R3. Note that in this
text we deal only with three-dimensional domains; the two-dimensional case
has been omitted. To deal with two dimensional exterior domains, one should
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follow the lines already sketched for other uniqueness proofs, paying attention
to estimates of functionals I1, I2; [38]. We leave the proof as a challenging
problem to the willing reader.

Under the assumption of smallness of external forces, we shall prove
uniqueness of steady solutions, as well as asymptotic stability of these
solutions.

3.5.1 Uniqueness

Consider the boundary value problem

∇ · (ρv) = 0,

∇(ρ v ⊗ v) = −∇p+ λ∇∇ · v + 2μ∇ ·D(v) + ρf, x ∈ Ω, t ∈ (0, T ),

p = p(ρ)

v|∂Ω = 0, lim
x→∞v = 0 lim

x→∞ ρ = ρ∞.

(3.5.1)

We assume that regular steady solutions to (3.5.1) exist globally in time, and
that they are regular solutions in the class

V = {(v, ρ) : v ∈ L3(Ω) ∩W 1,2(Ω); (3.5.2)

ρ ∈ W 1,∞(Ω) ∩ L2(Ω) inf p′(ρ) > 0; inf ρ > 0}.

Extending the method of proof of previous uniqueness theorems, we shall
prove the following

Theorem 3.5.1 Uniqueness of the Steady Flow Let f ∈ L3(Ω), and
Then, if ‖f‖L3 and constants c1, c2 defined by (3.3.16) are suitably small,

the solution (vb, ρb) ∈ Vb is unique in the regularity class V.

Proof. Let us remark that in exterior domains, there are two main difficulties.
The first lies in the estimates of nonlinear terms in Sobolev spaces, because
the Poincare’ inequality is no longer valid. The second difficulty concerns the
boundary terms in the integration by parts, because new boundary terms
appear at infinity.

It is easy to overcome the first difficulty, since we notice that in the
proofs of Theorems 3.3.1–3.4.1 we have used the limit Sobolev inequality
that continue to hold in exterior domains, cf. Remarks 3.4.2, 3.4.4, 3.4.8. In
this way in the volume integrals we use the same inequalities as in the case
of a bounded domain because only the limit embedding inequality

‖u‖L6 ≤ ce‖∇u‖L2

has been used.



118 3 Barotropic Fluids with Rigid Boundary

Since this inequality continues to hold in unbounded domains, the first
difficulty has been avoided.

The second difficulty must be studied. Let C be the compact region to
which Ω is exterior. To deal with unbounded regions, it is customary to
integrate the equations over the bounded domain ΩR = Ω ∩ BR, where BR

is the ball centered at the origin O ∈ C, of radius R, with C ⊆ BR. Such
procedure produces boundary terms over ∂BR = SR which must go to zero
as R goes to infinity. This holds true if the integrands over ∂BR decay to zero
sufficiently fast at infinity. Therefore in the wake of the proof of Theorem 3.3.2
we study the behavior as R → ∞ of the boundary terms and, once we prove
that boundary terms on SR tend to zero, by use of summability assumptions
as in Lemma 3.7.6, using the same smallness assumptions as in Theorem 3.3.2
we get again contradiction.

Boundary terms on SR. We have to deal with several boundary terms.
The first series of terms comes from multiplication of momentum equation
times u, and integration over ΩR

B1R =
∫

SR

1
2
|u|2ρv · eR dSR +

∫

SR

p′(ρ̄)σu · eR dSR

+
∫

SR

λu · eR∇ · udSR + 2μ
∫

SR

u ·D(u) · eR dSR.

(3.5.3)

The second series of terms derives from the multiplication (3.5.1)1 by
p′(ρ̄)/ρ, and with integration over ΩR, we have

B2R −
∫

SR

p′(ρ̄)
ρ

σ2

2
vb · eR dSR. (3.5.4)

The third series of boundary terms is derived by the multiplication of (3.5.1)2
by V given in Lemma 3.7.5, and integration over ΩR to produce the following
chain of boundary terms

−
∫

SR

p′(ρ̄)σeR · V dSR −
∫

SR

ρ V · u v · eRdSR

+ (λ + μ)
∫

SR

∇ · ueR · V dSR + μ

∫

SR

V · ∇ u eR dSR.

(3.5.5)

We may additionally employ the Lemma 3.7.6, which ensures the decay
to zero of the surface integral of a product of functions f g belonging to Lp,
Lq respectively, with 1/p+ 1/q > 1/2. Actually, by hypothesis we have that
u ∈ L3, σ ∈ L2, thus the boundary terms approach zero as R → ∞. We
analyze two terms containing many of the difficulties.
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∫

SR

p′(ρ̄)σu · eR dSR, −
∫

SR

p′(ρ̄)σeR · V dSR (3.5.6)

Lemma 3.7.6 in addition with summability properties u ∈ L3, σ ∈ L2 ensure
that (3.5.6), (3.5.3), (3.5.4) and (3.5.5) go to zero at infinity. 
�
Remark 3.5.1 Notice that in this proof we are using the hypothesis on the
density

min p′(ρ) =: m1 > 0.

This is certainly true for isothermal gases, and for isentropic gases with
infinite mass, in particular for densities having positive infimum. The proof
of uniqueness for a finite amount of gas remains open. This last problem
has relevance in concrete problems, and there are known explicit solutions;
cf. Lane Emden equation in Nishida [74]. We leave it as open challenging
problem.

3.5.2 Nonlinear Exponential Stability

Despite the incompressible case, for exterior domains it is still possible to
prove exponential stability results provided a summability hypothesis on the
density ρ ∈ L3/2(Ω) is introduced. Summability of density may be physically
verified if the gas is not too dense. We give a stability proof for isothermal
fluids, and leave the problem of proving exponential stability for fluids with
different state equation on the pressure as an open problem.

Consider the initial boundary value problem

∂tρ∇ · (ρv) = 0,

∂t(ρv) + ∇(ρ v ⊗ v) = −∇p + λ∇∇ · v + 2μ∇ · D(v) + ρf, x ∈ Ω, t ∈ (0, T ),

p = p(ρ)

ρ(x, 0) = ρ0(x), v(x, 0) = v0(x),

v|∂Ω = 0, lim
x→∞

v = 0 lim
x→∞

ρ = ρ∞.

(3.5.7)

We assume that regular steady solutions to (3.5.7) exist globally in time, and
that they are regular solutions in the class

W = {(v, ρ) : v ∈ L∞(0,∞;L3(Ω)) ∩ L2(0,∞;W 1,2(Ω)); (3.5.8)

ρ ∈W 1,∞ ∩ L2(Ω) inf p′(ρ) > 0; inf ρ > 0; ∂tρ ∈ L∞(0,∞;L∞(Ω))}.
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Theorem 3.5.2 Rigid Domains Exterior to a Fixed Obstacle Let f ∈
L3(Ω), and consider the system (3.2.1) to which we append the following
boundary conditions

v|∂Ω = 0, lim
x→∞ v = 0 ρ ∈ L3/2(Ω). (3.5.9)

Then, if ‖f‖L3 and constants c0, c1, c2, c′2, C1, C2, defined by (3.3.16),
(3.3.42), (3.3.24), satisfy (3.3.18), (3.3.50) and (3.3.51), then the solution
(vb, ρb) ∈ Xb is unique in the regularity class V.

Proof. The first difficulty is represented by the loss of Poincare’ inequality.
To solve this problem we notice that in the proof of Theorem 3.3.3, Poincare’
inequality has not been used. We have employed only the limit embedding
inequality

‖u‖L6 ≤ ce‖∇u‖L2.

Therefore, since this inequality continues to hold in unbounded domains, one
difficulty has been avoided.

The second difficulty must be studied: to deal with unbounded regions it
is a common strategy to integrate the equations over the bounded domain
ΩR = Ω ∩ BR, where BR is the ball centered at the origin, of radius R.
Next, after integration by parts, one studies the behavior as R → ∞ of the
boundary terms. This produces boundary terms over ∂BR = SR that must
be proven to go to zero. Therefore, once we prove that the boundary terms
are zero, using the same smallness assumptions as in Theorem 3.3.3, we get
again exponential decay. 
�

Boundary terms on SR. We have to deal with several boundary
terms. The first series of boundary terms comes by the multiplication of
the momentum equation by u, and integration over ΩR

∫

SR

1
2
|u|2ρv · eR dSR +

∫

SR

kσu · eR dSR +
∫

SR

λu · eR∇ · udSR

+ 2μ
∫

SR

u ·D(u) · eR dSR. (3.5.10)

The second series of boundary terms is derived from the multiplication of
(3.5.7)1 by k/ρ, and integration over ΩR, so that we have

−
∫

SR

k

ρ

σ2

2
vb · eR dSR. (3.5.11)
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The third and last series of boundary terms derives by multiplication of
(3.5.7)2 by V, given in Lemma 3.7.5, and integration over ΩR to receive the
following chain of boundary terms

−
∫

SR

kσeR · V dSR −
∫

SR

ρ V · u v · eRdSR

+ (λ + μ)
∫

SR

∇ · ueR · V dSR + μ

∫

SR

V · ∇ u · eR dSR.

(3.5.12)

We may employ the decay properties of functions on L3(Ω), see Lemma
3.7.6. By hypothesis we have that v ∈ L3, σ ∈ L2, thus the boundary terms
go to zero as R → ∞. We analyze two terms that contain most of the diffi-
culties.

∫

SR

kσu · eR dSR, −
∫

SR

kσeR · V dSR (3.5.13)

Employing Lemma 3.7.6 and summability for v ∈ L3, σ ∈ L2 we find that
(3.5.10), (3.5.11), (3.5.12) and (3.5.13) go to zero at infinity.

Finally, we have obtained an equation analogous to (3.3.49) that we rewrite
for reader’s convenience

d

dt
E(t) + (λ + μ)‖∇ · u‖2

L2 + (μ − c0)‖∇u‖2
L2 + ν(m1 − C2)‖σ‖2

L2

− ν(λ + μ)‖∇ · u‖L2‖σ‖L2 − νμ‖∇u‖L2‖σ‖L2

−
(
νC1 + c1

)
‖∇ u‖L2‖σ‖L2 − c′2‖σ‖2

L2 − ν ce‖ρ‖L3‖∇u‖2
L2 ≤ 0,

(3.5.14)

where al symbols keep previous definitions. Using the same reasoning as for
bounded domains, under smallness hypotheses (3.3.18), (3.3.27) and (3.3.31),
on the constants we again deduce the first part of the inequality (3.3.55)
inequality, i.e.

(μ− c0)‖∇u‖2
L2 +

(
ν(m1 − C2) − c′2

)
‖σ‖2

L2 − ν(λ+ μ)‖∇ · u‖L2‖σ‖L2

−
(
νC1 + cec1

)
‖σ‖L2‖∇ u‖L2 >

(
b1‖∇u‖2

L2 + b2‖σ‖2
L2

)

(3.5.15)
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and as a consequence we have

d

dt
E(t) + b1‖∇u‖2

L2 + b2‖σ‖2
L2 ≤ 0, (3.5.16)

with b1, b2 positive constants. The assumption on density implies

∫

Ω

ρu2 dx ≤ ‖ρ‖L3/2‖u‖2
L6 ≤ ce‖ρ‖L3/2‖∇u‖2

L2,

which infers
b1‖∇u‖2

L2 + b2‖σ‖2
L2 ≥ bE(t).

Therefore, again we deduce that

d

dt
E(t) + bE(t) ≤ 0, (3.5.17)

and Gronwall’s Lemma furnishes the exponential decay.

Remark 3.5.2 Notice that in the above proof we have used the following
state equation for the pressure

p′(ρ) = k.

This is certainly true for isothermal gases, and for isentropic gas with positive
density, and thus with infinite mass. The proof of uniqueness for a finite
amount of gas remains open for isentropic gases. This last problem has
relevance in concrete problems, and there are known explicit solutions; cf.
Lane Emden equation in Nishida [74]. We leave it as open problem.

3.6 Instability

In this section we prove a nonlinear instability theorem. To write the
instability theorem we again use, as thermodynamic potential, the Helmholtz
free energy per unit of mass

Ψ =
∫ ρ p(s)

s2
ds.

In this case, the instability assumption may be written as follows:
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Hypothesis of instability (HI)

(1) In the absence of external forces, there exists more than one equilibrium
configuration, that is the condition p(ρ) = c where c is fixed, that is
satisfied by several values of ρ, for example ρi, i = 1, . . . , N , corresponding
to the same given mass5

5We give an example to clarify the assumption. Let c > 0, ρ∗ > 0 be given positive
constants. For a fixed given mass M , we choose as pressure the following one

p(ρ) =
(
(ρ − ρ∗)2 − c2

)2
,

where c is a positive constant. Thus there are three values ρi, i = 1, 2, 3 of ρ, satisfying the
two conditions

4(ρ − ρ∗)
(
(ρ − ρ∗)2 − c2

)∇ρ = 0,

∫

Ω
ρ = M. (3.6.1)

We find three factors in (4.2.7)1 whose product must be zero. If one also considers
discontinuous functions, equation (4.2.7) is more delicate to deal with, thus we look for
piecewise functions such that

4(ρ − ρ∗)
(
(ρ − ρ∗)2 − c2

)
= 0,

∫

Ω

ρ = M. (3.6.2)

The solutions are constant. For ρ∗ = M/|Ω|, the solution is

ρ1 = ρ∗.

Furthermore, for ρ∗ �= M/|Ω|, functions

ρ± = ρ∗ ± |c|,

are solutions if

ρ∗ ± |c| =
M

|Ω| .

Both solutions ρ± satisfy ∫

Ω
ρdx = M.

The above constants ρ± are taken by solving the PDE

∇ (
(ρ − ρ∗)2 − c2

)2
= 0,

∫

Ω
ρ = M. (3.6.3)

If Ω is an interval Ω = (0, d), system (3.6.3) is satisfied also by piecewise solutions defined
in pieces of Ω = (0, d/2) ∪ (d/2, d) as follows

ρ1 =
{ ρ∗ + |c|, x ∈ (0, d/2)

ρ∗ − |c|, x ∈ (d/2, d),

with ρ∗ = M/d.
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(2) In at least one equilibrium configuration, say ρ1, it holds that

d2ρΨ
dρ2

∣
∣
∣
ρ1

< 0.

In this case, we shall prove the following theorem:

Theorem 3.6.1 Instability If the second order derivative of the Helmholtz
free energy Ψ(ρ) satisfies property (HI), then the equilibrium position S1, at
ρ1 is unstable.

As will be apparent from the proof, the instability hypothesis can be
weakened; however, we consider it for the sake of simplicity.

We give a proof of nonlinear instability, Theorem 3.6.1, by contradiction,
cf. [105]. Assume by absurdum that the motion is stable in W 3,2 norm.
This allows us to choose initial data v0, σ0 so small that u, σ are less
than arbitrarily small constant ε for all times t, in the norms W 3,2, W 2,2,
respectively. First, we recall that a balance theorem for the total energy holds
for the motion u, σ, (3.2.14)

d

dt

∫

Ω

(1
2
ρv2 + ρΨ(ρ)

)
dx = −μDu(t), (3.6.4)

where Ψ is the Helmholtz free energy per unit of mass. Following our work
in Sect. 3.3.2, we obtain

d

dt

∫

Ω

{1
2
ρv2 +

1
2
d2(ρΨ)
dρ2

∣
∣
∣
ρ∗
σ2 + o(σ2))

}
dx = −μDu(t), (3.6.5)

but now the total energy has no definite sign, because ∂2Ψ
∂ρ2

∣
∣
∣
ρ∗

is negative for

ρ∗ ∈ (ρ1− ε, ρ1 + ε). To deduce a priori estimates of perturbations, we use the
free work equation. In this case, the procedure will be slightly different. We
denote by ρ1 the constant equilibrium density such that E(ρ1) is an isolated
local maximum.

Another solution is given in Ω = (0, d/4) ∪ (d/4, d/2) ∪ (d/2, 3d/4) ∪ (3d/4, d) as follows

ρ2 =
{

ρ∗ + |c|, x ∈ (0, d/4)

ρ∗ − |c|, x ∈ (d/4, d/2),

ρ∗ + |c|, x ∈ (d/2, 3d/4)

ρ∗ − |c|, x ∈ (3d/4, d),

with ρ∗ = M/d.
A numerable number of solutions of this type can be constructed by allowing the division

of (0, d) to vary. Notice that these solutions have the same prescribed total mass (M) and
volume.



3.6 Instability 125

Let us choose the test function V as the one constructed in Lemma
3.7.4. Multiplying (3.2.9)2 by V, we obtain the free work equation for
compressible fluids

d

dt

∫

Ω

ρv ·Vdx =
∫

Ω

(p(ρ) − p(ρ1))∇ · Vdx

−
∫

Ω

[
μ∇v · ∇V + (λ+ μ)∇ · v∇ ·V

]
dx

+
∫

Ω

ρv ·
[∂V
∂t

+ v · ∇V
]
dx.

(3.6.6)

The first term on the right hand side of (3.6.6) is the most important one
because it has a definite sign. Recalling the definition of Hemholtz free energy,

∫

Ω

(p(ρ) − p(ρ1))∇ ·Vdx =
∫

Ω

[d2(ρΨ)
dρ2

∣
∣
∣
ρ1

σ2 + o(σ2)
]
dx,

and by instability hypothesis,

−
∫

Ω

(p(ρ) − p(ρ1))∇ · Vdx =
∫

Ω

[
a2σ2 + o(σ2)

]
dx,

with
a2 = min

x,t

(
− d2(ρΨ)

dρ2

∣
∣
∣
ρ1

)
.

By subtracting (3.6.5) from (3.6.6) multiplied by −ν, with ν a positive
constant, we deduce

1
2
d

dt

∫

Ω

[
a2σ2 − ρv2 − 2νρv · V + o(σ2)

]
dx = μDu + ν

∫

Ω

a2σ2dx

+ν
∫

Ω

[
μ∇v · ∇V + (λ+ μ)∇ · v∇ · ϕ

]
dx− ν

∫

Ω

ρv ·
[
Vt + v · ∇V

]
dx.

(3.6.7)

We set

z(t) =
∫

Ω

[
a2σ2 − ρv2 − 2νρv ·V + o(σ2)

]
dx ≤ 2 a2 ‖σ‖2

L2,

and notice that for ν small enough, employing the properties of V proved in
Lemma 3.7.4, we get

Du + ν

∫

Ω

a2σ2dx+ ν

∫

Ω

[
μ∇v · ∇V + (λ+ μ)∇ · v∇ ·V

]
dx

− ν

∫

Ω

ρv ·
[
Vt + v · ∇V

]
dx ≥ ν

a2

2
‖σ‖2

L2 ≥ ν a2

4
z(t).

(3.6.8)
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Therefore, (3.6.7) yields
d

dt
z(t) ≥ ν a2

4
z(t),

which implies
z(t) ≥ z(0) e

ν a2
4 t.

This relation infers a contradiction if z(0) > 0, for example if v(x, 0) = 0 and
o(σ2) < a2σ2.

Remark 3.6.1 Our instability proof doesn’t provide any information on the
growth of perturbations, we have proven only that there exists a continuum
set of initial data, whose amplitude δ goes to zero, such that the perturbation
cannot be controlled for all times, however δ is. Equivalently, we claim that
there exists a continuum set of initial data, whose amplitude δ goes to zero,
and whose corresponding motion doesn’t rest.

3.7 Auxiliary Lemmas

In this section we give some Lemmas that have been employed in the proofs
of main Theorems. The first three Lemmas have been used in the proof of
uniqueness of basic steady flows in the class of steady flows. The second block
of Lemmas has been used in the proof of asymptotic stability of basic steady
flows. The last Lemma concerns decay properties of summable functions
in exterior domains. We will address explicitly the Theorem where these
functions are used. The section ends with some bibliographic comments.

3.7.1 Function V for Uniqueness

Let us give three Lemmas for the auxiliary functions needed to prove
uniqueness; we shall specify where these lemmas are used.

The proofs of Lemmas 3.7.1 and 3.7.2 are well known; cf. Chap. 3 in [36],
therefore only some remarks are given here.

Lemma 3.7.1 V for Uniqueness, Ω bounded. Let Ω be a bounded
domain with boundary class C1. Given a regular positive function ρ(x) and
function σ ∈ L2(Ω), with ∫

Ω

σ dx = 0. (3.7.1)

Then there exists a vector field V ∈ W 1,2(Ω)) which satisfies the following
boundary value problem
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∇ · V = σ, x ∈ Ω,

V(x)|∂Ω = 0.

Furthermore, there exists positive constants l0, l1, l2, such that the following
estimates hold true:

‖V‖L2 ≤ l0 ‖σ‖L2 ,

‖V‖L6 ≤ l1 ‖σ‖L2 ,

‖∇V‖L2 ≤ l2 ‖σ‖L2 ,

(3.7.2)

Proof. Notice that the compatibility condition
∫

Ω

∇ ·V dx =
∫

Ω

σ dx

must be satisfied because Ω is bounded, and we must explicitly add the
condition (3.7.10). There are many references to this result; cf. [16] and
Lemma 3.1 of Sect. 3 of the monograph by [36], suggested for further
reference.

The last two inequalities follow from classical embedding inequalities and
the Poincaré inequality,

‖V‖L6 ≤ ce ‖∇V‖L2 , ‖V‖L2 ≤ c ‖∇V‖L2 .


�
Lemma 3.7.2 V for Uniqueness of the Steady Flow Ω Exterior. Let
Ω ∈ C1 be exterior to a compact region C, and let it be given that σ ∈ L2(Ω).
There exists a vector field V ∈W 1,1(Ω)∩W 1,2(Ω) which satisfies the following
boundary value problem

∇ ·V = σ, x ∈ Ω,

V(x)|∂Ω = 0,

lim
x→∞V = 0.

(3.7.2)1,2 continues to hold. Finally, there exists a positive constant such that,
for any compact set Ωc in Ω containing ∂Ω, the following estimate holds true:

‖V‖L2(Ωc)
≤ lc ‖σ‖L2 .

Proof. First of all we remark that since the domain is exterior, direct
integration of (3.7.2)1 over the sphere BR implies Actually, since the domain
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is exterior, by applying the Gauss theorem to ΩR = Ω ∩BR, with BR a ball
of radius R centered at the origin, we have

∫

ΩR

∇ ·V dx =
∫

S1

er · VR2 dω,

where S1 is the unitary ball, and er is the unit vector in the radial direction;
namely, we have er = x

|x| . Computing the limits of both sides of this identity
as R→ ∞ we get

lim
R→∞

∫

∂ ΩR

V · eRdSR) = lim
R→∞

∫

S1

σR2 dω.

Such identity doesn’t imply anymore the condition
∫

Ω

σ dx = 0.

Namely, the hypothesis of zero mean of σ is not needed in exterior domains.
There are many references to this result, see cf. [16, 36]. The last two

inequalities follow by classical embeddings inequality

‖V‖L6 ≤ ce ‖∇V‖L2 ,

‖V‖L2(Ωc)
≤ lc ‖∇V‖L2 .


�

3.7.2 Function V for Stability

In this subsection we construct the auxiliary functions used in the proof of
asymptotic stability in Sect. 3.5.2. These Lemmas concern functions defined
in the space time domain QT = Ω × (0, T ). Let

∂tσ = −∇ · (ρu) ∈ L2(0,∞;L2(Ω)). (3.7.3)

Lemma 3.7.3 V for the Decay to Rest State, Ω bounded. It is
given that the fields (u, σ) ∈ V, with ∂tσ satisfying (3.7.3), and ρ1 a
constant. Then there exists a vector field V ∈ L∞(0,∞;W 1,2

0 (Ω)) with
∂tV ∈ L∞(0,∞;L2(Ω)), which satisfies the following problem

∇ · (ρbV) =
σ

ρ1
, x ∈ Ω,

V(x)|∂Ω = 0.
(3.7.4)
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Moreover, there exist positive constants l1, l2 l3 depending on ρb, ρ1, and Ω,
such that the following estimates hold true:

‖V‖L6 ≤ l1‖σ‖L2

‖∇V‖L2 ≤ l2 ‖σ‖L2 ,

‖∂tV‖L2 ≤ l3 ‖∇u‖L2 .

We consider Ω to be a rigid bounded domain.

Lemma 3.7.4 V for the Decay to the Steady Flow, Ω bounded. Given
the fields (u, σ) ∈ V with ∂tσ satisfying (3.7.3), then there exists a vector
field V ∈ L∞(0,∞;W 1,2

0 (Ω)) with ∂tV ∈ L∞(0,∞;L2(Ω)) which satisfies
the following problem

∇ ·V = σ, x ∈ Ω,

V(x)|∂Ω = 0.
(3.7.5)

There also exists positive constants l1, l2 l3 depending on ρb, ρ1, and Ω, such
that the following estimates hold true:

‖V‖L2 ≤ l1‖σ‖L2,

‖∇V‖L2 ≤ l2 ‖σ‖L2 ,

‖∂tV‖L2 ≤ l3 ‖∇u‖L2 .

First of all we remark that the compatibility condition
∫

Ω

∇ · V dx =
∫

Ω

σ dx = 0, (3.7.6)

is satisfied for bounded domains, because the conservation of mass and the
initial conditions on the density require

∫

Ω

σ(x, 0) dx =
∫

Ω

σ(x, t) dx.

We solve such a problem by constructing an explicit solution. Assume that
the domain Ω is the union of domains Ωi, i = 1, . . . , N , star shaped with
respect to certain balls Bi ⊆ Ωi. Let us take N = 1, (though our arguments
hold for arbitrary N). We define ρbV according to the formula of Bogovski,
cf. [16],

ρb(x)V(x, t) =
∫

Ωη

(σ(y, t) − σ̄(t))
[ x − y
|x− y|n

∫ ∞

|x−y|
ω
(
y + ξ

x − y
|x− y|

)
ξ2dξ

]
dy

=
∫

Ωη

(σ(y, t) − σ̄(t))N(x,y)dy,

(3.7.7)
and, by periodicity extend V onto the whole domain x∗ ∈ R2, 0 < z < η.
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A simple derivation in time yields

∂tV(x, t) = − 1
ρb(x)

∫

Ωη

∇ · (ρu)N(x,y)dy, (3.7.8)

thus by classical theorems on singular kernels, it is not difficult verify that
∂tV satisfies

∇ · (ρ0∂tV) = −∇ · (ρu), x ∈ Ω,

V(x)|∂Ω = 0

V(x, 0) =
∫

Ω

σ0(y)N(x, y)dy.

(3.7.9)

Inequalities (3.7.3) follow the Calderon–Zygmund theorem; cf. [104].
The next Lemma holds for exterior domains with rigidly bounded bound-

aries.

Lemma 3.7.5 V for the Decay to the Steady Flow, Ω Exterior. Let
there be given the fields (u, σ) ∈ V, with ∂tσ satisfying (3.7.3). Then there
exists a vector field V ∈ L∞(0,∞;W 1,2

0 (Ω)) with ∂tV ∈ L∞(0,∞;L2(Ω)),
which satisfies the following problem

∇ ·V = σ, x ∈ Ω,

V(x)|∂Ω = 0,

lim
x→∞V = 0.

(3.7.10)

Furthermore, there exists a positive constant l1, l2 l3 depending on ρb, ρ1,
and Ω, such that the following estimates hold true:

‖V‖L6 ≤ l1 ‖σ‖L2 ,

‖∇V‖L2 ≤ l2 ‖σ‖L2 ,

‖∂tV‖L2 ≤ l3c∗
(
‖u‖W1,2 + ‖σ‖L2

)
,

where Ωc is a compact set in Ω, containing ∂Ω.

Lemma 3.7.6 Let f ∈ Lp(Ω), g ∈ Lq(Ω), with 1/p+ 1/q ≥ 2/3, then

∫

SR

f(x)g(x)dSR → 0, |x| → ∞. (3.7.11)
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The proof is based on the property stating that if
∫ ∞
0

h(R)
R dR < ∞, the

function h(R) must go to zero at infinity. We fix h(R) =
∫
SR
f(x)g(x)dSR

and compute the previous integral, applying the Holder inequality with three
exponents p, q, r:

1
p

+
1
q

+
1
r

= 1,

∫ ∞

0

R−1

∫

S1

fgR2dS1dR (3.7.12)

≤
( ∫ ∞

0

∫

S1

fpR2dS1dR
)1/p( ∫ ∞

0

∫

S1

gqR2dS1dR
)1/q( ∫ ∞

0

∫

S1

R−rR2dS1dR
)1/r

.

The first two integrals at right are finite by hypothesis, hence the integral at
left will be finite if the last integral is finite. This means that r > 3, which
implies

1
p

+
1
q
≥ 2

3
. (3.7.13)

The Lemma is completely proved.

Some inequalities

The following inequalities hold true.

Lemma 3.7.7 Let u be a solenoidal vector field in W 1,2(Ω), with Ω a
bounded domain. If u is orthogonal to rigid motions, then the following
inequalities hold true

‖u‖L2(Ω) ≤ cP ‖∇u‖L2(Ω) ,

‖u‖L6(Ω) ≤ cS‖∇u‖L2(Ω) , (3.7.14)

where cP , and cS are the Poincare’ and Sobolev constants.

Proof. Inequalities (3.7.14) are true in a domain, bounded at least in one
direction, when ∇u = 0 implies u = 0, cf. [5]. This statement is true due to
the hypothesis that u vanishes on Σ × {0}. 
�

3.7.3 Bibliographical Notes

The well-posedness question for barotropic models of fluid motions is a
challenging one; indeed, in some cases is not even known yet how to formulate
the boundary value problem correctly. In Chap. 1 it has been observed that
under the action of potential forces, such as isentropic gas in a bounded
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domains under the action of large forces, or isothermal gas in an exterior
domains under the action of small forces, the rest state may not exist;
cf. [95, 99, 102]. Obviously, in order to solve the problem of existence and
uniqueness of a steady solution, the boundary value problem should be
correctly formulated.

With regards to this, we quote some results on the existence of weak
unsteady solutions for large data proven in cf. [26, 27, 66] and [28], in the
isentropic case, and in cf. [120] for the isothermal case. In these theorems there
is no proof of uniqueness. Concerning regular solutions close to the rest state,
there have been existence theorems since 1981 under assumptions of viscosity
coefficients, cf. [90, 91, 95], and without restrictions on the coefficients, cf.
[13, 54, 56, 70–72,80,130,146].



Chapter 4
Isothermal Fluids with Free
Boundaries

ed ecco, qual sul presso del mattino
per li grossi vapor Marte rosseggia
giu’ nel ponente sopra il suol marino,
13, II, Purgatorio, A. Dante

The reason is a very small island in the ocean of irrational.

4.1 Introduction

In this chapter we prove uniqueness, stability and instability theorems for the
rest state of heavy isothermal viscous fluids filling a portion of horizontal
layer. A new definition, initial data control , of a solution will be introduced.
We provide a priori estimates for a given spatial norm of the difference
between a given flow that may be either steady, or unsteady and the rest
state, provided the given flow belongs to a suitable regularity class. The lines
of proof of nonlinear stability and instability theorems follow those given by
the author in cf. [107], with Solonnikov in [113, 115, 116], and with Massari
and Shimizu in [68].

To clarify the concept of control and loss of control of a solution from
initial data, we begin with a concrete example.

Let a capillary liquid drop F be pending below a rigid surface S with air at
rest all around. Let us name Fb its equilibrium position, and assume Fb to be
linearly stable. Usually, a blast perturbs the drop F that changes its position
from Fb into F0, that we name initial data. If the blast is sufficiently light,
then F0 will be sufficiently close to Fb and the possibility exists that F will
oscillate around Fb. In such a case F −Fb is controlled by initial data F0−Fb,
at least when F0 −Fb is sufficiently small. However, if the blast is sufficiently
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intense then it will move the fluid in the initial position F0 sufficiently far
from Fb, and possibly in next times t > 0, and F will follow down. In such
a case the perturbation F − Fb loses the control in terms of its initial data
F0 − Fb for large enough times.

We address the following equivalent questions:

Question Q1 Is it possible to compute the lower bound on a blast’s inten-
sity, such that the liquid motion F , corresponding to the blast’s perturbation
with initial data F0, represents the detachment and the fall down of a liquid
drop?

Question Q2 Is it possible to compute a lower bound on the geometrical
measure of the free boundary of F0 such that the liquid drop F , corresponding
to initial data F0, will fall down at a certain time t?

These questions arise when the rest state is linearly stable, and therefore
the rest state is also nonlinearly stable for sufficiently small initial data.
However, in reality the initial data are large, thus often information on linear
stability is not sufficient to ensure nonlinear stability of the rest state, and
the rest state is not observed.

Remark 4.1.1 Notice that sometimes a mathematically small physical quan-
tity cannot be controlled in the laboratory. That is, in ‘the real world’
mathematically small initial data cannot be controlled, and the basic state
cannot be observed, even though it is nonlinearly stable.

In Sects. 4.6 and 4.7 of this chapter we address the study of motions
corresponding to initial data far from the rest state.

Even though the question appears elementary, we have not yet found a
correct mathematical position for the question, though the mathematical
formulation of such a problem is not trivial. Therefore, in this chapter we
limit ourselves to the mathematical formulation of problem Q2, where instead
of a liquid pending drop we have a section of a liquid layer, so that there are
no contact angles, and the geometry is Cartesian.

Main goal Our aim is to reduce the study of stability, linear and
not, to the sign of a suitable functional E called the modified energy
functional. To this aim, we provide a qualitative procedure to compute
a non-dimensional number, say GNL = GL, below which the motion is
nonlinearly stable for sufficiently small initial data. In this method it is not
necessary to know the solution. Here we give a direct method to compute:
(a) the nonlinear stability of the equilibrium configuration Sb for initial data
sufficiently small; (b) the loss of control of the equilibrium configuration Sb

for initial data sufficiently large.
Denote by S(S0, t) the motion of the fluid section of layer corresponding

to initial data S0. Assume that the function S(Sb, t) = Sb is an exact steady
solution of the fluid layer, corresponding to the initial data Sb. In this chapter
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we reduce the problem of stability, linear and not, to the sign of
the given functional called ‘energy of perturbation’

E(t) := E(S(S0, t)) − E(Sb), (4.1.1)

where E(S(S0, t)) denotes the total energy of the physical system, at time t,
corresponding to initial data S0. We furnish the above proofs through
Lyapunov direct methods. Our main tool consists in the introduction of a new
function using the idea of free work cf. [104,106,108]. It is worth emphasizing
that our method is simple, straightforward, and does not use complicated
analysis.

Chapter 4 contains a modified version of the results proved by the author
and Solonnikov in cf. [113]. It is straightforward to extend the above theorems
to a general domain, bounded either entirely by a deformable boundary (b),
or by a rigid boundary (c), cf. [113–115]. In domains partially filled with the
fluid, the problem of contact angles appears, this problem remains open.

In general, a stability threshold computed by linear theory does not ensure
nonlinear stability for large initial data: in fact, stability thresholds computed
using a nonlinear approach (large initial data) generally do not coincide with
stability thresholds computed by linear theory. A basic flow judged linearly
stable could be found to be non-observable for large initial perturbations.
Therefore, the direct study of nonlinear stability or instability of a given
flow without linearized procedure makes sense; cf. Padula [107], Padula and
Solonnikov [113,116], Frolova and Padula [34], and Massari et al. [68].

The plan of the chapter is as follows:

Section 4.2 Classical definitions of equilibrium figures and rest state are
given. Equations of motion are introduced in a very general form.
The known relation between stability of equilibrium configura-
tions and the sign of the total energy is explicitly analyzed.

Section 4.3 Some definitions related to stability are introduced. In particular
the definition of control of a solution via initial data is given.

Section 4.4 Uniqueness of the rest state of a piece of horizontal layer of heavy
isothermal gas with an upper free boundary is studied.

Section 4.5 Nonlinear stability of the rest state of a piece of horizontal layer
of heavy isothermal gas with a free boundary is studied. Take a
frame with the origin on the rigid plane π and the z axis normal
to π, directed toward the fluid. The stability result depends on
the z-component of the gravity. If gravity is opposite to the
z-axis direction, then nonlinear asymptotic stability is proved;
if on the contrary gravity is directed along the z-axis, then loss
of initial data control is proved.

Section 4.6 A instability theorem is proved when there exists a negative total
energy, and the loss of control from initial data is proved when
initial data are far from the equilibrium configuration.
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Section 4.7 It is calculated an initial energy E(0) of perturbations, positive
definite for all small initial data S0 − Sb, and negative for some
suitable large initial data S0 − Sb.

Section 4.8 Auxiliary Lemmas are given where suitable test functions are
constructed.

4.2 Position of the Problem

In this section we introduce the basic equations governing steady and non-
steady motions for a fixed portion of viscous isothermal gas filling a section
Ω of a horizontal layer of viscous fluid bounded above or below,(respectively),
by a rigid plane ΓB, and below or above,(respectively), by a free surface Γt

1.

4.2.1 Geometrical Tools

Introduce an ortho-normal reference frame R = {O, i, j,k} with O ∈ ΓB,
k orthogonal to Σ, and directed inside the fluid toward the free surface.
Let us call (x, y, z), z > 0, the coordinates of a point of Ωt in R. We set
x′ ≡ (x, y) to denote a point x ≡ (x′, 0) belonging to Σ; in general, given the
three-dimensional vector u, the two-dimensional vector u′ will be written as
u′ ≡ (vx, vy), and u ≡ (u′, vz). We denote ∇′ = (∂x, ∂y),∇′·u′ = ∂xux+∂yuy.
For the sake of simplicity we assume periodicity conditions on lateral walls.

The use of Cartesian representation of surfaces Γt, Γζ means implicitly
that we are not considering the formation of reversal flows.

The periodicity cell is given by Σ = (0, a) × (0, b) ⊆ R2. Let us call
by W 1,2

c (Ω) the subspace of W 1,2(Ω) of functions η satisfying the following
property

η = c = constant −→ η = 0.

We recall that in the subspace of W 1,2
c (Ω) there exists a constant CP ,

independent of η, such that the Poincaré inequality holds true, cf. [5],

‖η‖2
L2(Σ) ≤ CP ‖∇′η‖2

L2(Σ). (4.2.1)

We adopt the Cartesian representation both for rigid plane ΓB and free
surface Γt:

1We assume the liquid below the rigid plane ΓB because we need negative potential energy.
We notice that a negative potential energy can be easily realized by rapidly accelerating a
beaker of water downwards (and standing clear!).
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ΓB = {x = (x′, z) ∈ R3 : x′ ∈ Σ, z = 0},
Γt = {x = (x′, z) ∈ R3 : x′ ∈ Σ, z = h+ η(x′, t)}.

In order to have a simply connected domain for all time, we must assume
that

ζ(x′, t) := h+ η(x′, t) > 0 for all t ≥ 0. (4.2.2)

The domain Ωt occupied by the fluid is represented by

Ωt = {x = (x′, z) : x′ ∈ Σ, 0 < z < ζ(x′, t)}.

In the steady case, the domain and its boundary will not depend on t, hence
we shall adopt the conventions

Γζ = {x = (x′, z) : x′ ∈ Σ, z = ζ(x′)}

Ωζ = {x = (x′, z) : x′ ∈ Σ, 0 < z < ζ(x′)}.
Here n denotes the exterior unit normal vector at the point of free surface

Γζ , and it holds

n =
1
G (−∇′ζ, 1) G(ζ) =

√
1 + |∇′ζ|2.

Moreover, to describe a infinitesimal element dS of the surface Γζ we shall
use the notation

dS =
√

1 + |∇′ζ|2 dx′ = Gdx′.
As integral elements, we use the notations

∫

Γt

dS =
∫

Σ

Gdx′,

∫

Ωt

dx =
∫

Σ

∫ ζ(x′,t)

0

dzdx′, dx = dx′dz = dzdx′.

Let be given a massic potential U , and let H be the double mean curvature
of a surface Γt.

As known, the double mean curvature H of a surface Γζ is expressed by

H(ζ) = ∇′ ·
( ∇′ζ

√
1 + |∇′ζ|2

)
. (4.2.3)

The double mean curvature is known as the nonlinear positive Laplace
(1749-1827)-Beltrami (1836-1900) operator.
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Concerning equilibrium figures of viscous capillary fluids, we will mention
two capillary prototypes: a self-gravitating liquid drop, and a section of a
horizontal layer of heavy liquid. In capillarity theory the unknown domain
Ωb is occupied by the liquid, referred to as the equilibrium figure, defined by
the equation of its boundary ∂Ωb.

Let Ω, Γ denote either Ωζ , Γζ , or Ωt, Γt, Ωb, Γb, respectively. Here it is
∂Ω = Γ∪ΓB ∪Γl, where ΓB the rigid planar part of the boundary ∂Ω, Γ the
deformable part of the boundary ∂Ω, free surface, Γl and the fixed lateral
flat, vertical walls of ∂Ω. In both of our examples, Γ ∩ ΓB = ∅; namely, we
do not consider contact angles. As this implies either ΓB = ∅ liquid drop,
thus we have Γl = ∅, or ΓB 
= ∅, layer, thus Γl 
= ∅. For Γl 
= ∅ in two
dimensional domains ∂Ω∗ is the perimeter of the area Ω∗, it will be the union
of two segments Γl = Γ1 ∪ Γ2, where we prescribe periodicity conditions, on
Γζ , and on ΓB.

We conjecture that all proofs and considerations in this section continue
to hold in the case of an infinite layer. We leave it as an open problem.

4.2.2 Equations of Motion

We write now the well posedness problem for the equations governing steady
and non-steady motion of viscous isothermal fluids.

Find a domain Ωζ = {x = (x′, z) : x′ ∈ Σ, 0 < z < ζ(x′)}, and a triple
(u, ρ, ζ) defined in Ωζ , periodic with periodicity cell Σ, and satisfying the
following Free Boundary Value Problem

∇ · (ρu) = 0, Ωζ ,

ρ(u · ∇)u − μ∇ · S(u) = −∇p(ρ) + ρ∇U, Ωζ ,

u · n = 0, Γζ , (4.2.4)

μS(u)n − p(ρ)n = (−pe + κH(ζ))n, Γζ

u(x′, 0) = 0, Σ
∫
Ωζ
ρ(x)dx = M,

with

S(u) := 2D(u) +
(λ+ μ)
μ

∇ · uI,

and D(u) is the velocity deformation tensor. In (4.2.4), H(ζ) is the double
mean curvature of Γt, n denotes the exterior unit normal vector at the point
of free surface Γt, ñ = Gn.

Let there be given the cell Σ ⊆ R2, the total mass M , and the constants
μ > 0, λ, 3λ+ 2μ ≥ 0, (shear and bulk viscosities), κ > 0 (surface tension),
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g (gravity), pe (external pressure). Find a domain Ωt = {x = (x′, z) : x′ ∈
Σ, 0 < z < ζ(x′, t)}, and a triple (u, ρ, η) defined in Ωt, periodic with
periodicity cell Σ, satisfying the Initial Free Boundary Value Problem

ρt + ∇ · (ρu) = 0, Ωt

ρ (ut + u · ∇u) = −k∇ρ+ μ∇ · S(u) + ρgk, Ωt

ζt (x′, t) = u · ñ (x′, ζ(x′, t), t) , Σ,

−kρn + μS(u) = κH(ζ)n − pen, Γt,

u (x′, 0, t) = 0, Σ, (4.2.5)

u (x′, z, 0) = u0 (x′, z) , Ω0,

ρ (x′, z, 0) = ρ0 (x′, z) , Ω0,

η (x′, 0) = η0 (x′) , Σ,

M =
∫
Ωb
ρbdx

′dz =
∫
Ω0
ρ0dx

′dz,

μS(u) = 2μD(u) + λ∇ · u I.

In (4.2.5), H(ζ) is the double mean curvature of Γt, n denotes the exterior
unit normal vector at the point of free surface Γt, ñ = Gn. We assume here
that the initial density ρ0, and height ζ0 are always positive.

4.2.3 Rest State and Equilibrium Configurations

We compute exact solutions for barotropic fluids in a layer, and see that they
are described by rest states, or equivalently, by equilibrium configurations.
External force f per unit of mass is derived from a potential U , f = ∇U . If
U is the gravitational potential, the orientation of the vertical axis z is done
in the direction of the free surface Γb upward or downward according to
whether Σ is situated below or above the free surface Γb, respectively.

Remark 4.2.1 For a horizontal layer of heavy fluid we have: U = −gz, if
Γt is above Σ, k upward oriented. U = gz, if Γt is below Σ, k downward
oriented. The potential energy has the opposite sign to U .

It is worth to distinguishing rest state from equilibrium configura-
tion. In subsequent sections we will adopt the following definitions.

Let u(x, t), ρ(x, t) denote the velocity and the density of a fluid particle,
x ∈ Ωt, t ∈ (0, T ) the rest state for a fluid is defined by the motions having
zero velocity.
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Definition 4.2.1 Rest State ub = 0, ρ = ρb, ζ = ζb. A fluid motion
(ub, ρb, ζb) will be said to be in a rest state if the following system of
indefinite equations is satisfied:

ub(x) = 0, x ∈ Ωζb

−∇ p(ρb) + ρb ∇U(x) = 0 x ∈ Ωζb
,

− p(ρb(ζb)) = κH(ζb) − pe(x′), x′ ∈ Σ,
∫

Σ

∫ ζb

0

ρb(x)dx = M. (4.2.6)

To (4.2.6), boundary conditions must be added. At the boundary ∂Σ we use
periodicity conditions to simplify the problem.

Definition 4.2.2 Equilibrium Configuration (ρb, ζb) A fluid configura-
tion (ρb, ζb) will be said to be an equilibrium configuration if the following
system of indefinite equations is satisfied:

−∇ p(ρb) + ρb ∇U(x) = 0 x ∈ Ωζb

− p(ρb(ζb)) = κH(ζb) − pe(x′), x′ ∈ Σ
∫

Σ

∫ ζb

0

ρb(x)dx = M. (4.2.7)

To (4.2.7), boundary conditions must be added. At the boundary ∂Σ we use
periodicity conditions to simplify the problem.

We quote as alternative definition of equilibrium configuration in capillar-
ity theory the one given by Finn in [31] where density is supposed a given
function of ζ, the surface density is assumed to be non homogeneous, and
the equilibrium configuration is described by the function ζb = ζb(x′) [32]. In
the case of homogeneous surface tension, the following definition is adopted
to study the equilibrium configurations:

Definition 4.2.3 Capillary Equilibrium Configurations ζb = ζb(x′)
The equation of the free surface Γb is given as solution ζb = ζb(x′) of the
elliptic equation

κH(ζb) + U(ζb) + Λ = 0, x′ ∈ Σ

p(ρb(ζb)) = pe(ζb), (4.2.8)

with κ the surface tension, Λ a Lagrange multiplier, and pe a given function.
Solutions ζb = ζb(x′) to (4.2.8) denote capillary equilibrium figures.

Definition 4.2.8 is deduced by considering the stationary points of the total
energy functional EU (u, ρ, ζ) computed when u = 0, and the density is a
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given function of the space ρb = ρb(x), under the constraint on the total
mass to be prescribed.

Remark 4.2.2 From now on we extend to R3 the functions velocity ub = 0
and density ρb = ρb(x). The extension is done simply taking the extension of
u to be zero outside Ωb, taking the same function ρb(x) for points not in Ωb.
In this way u(x) is zero everywhere, while the extended density is continuous.
With this position we may compute the difference between the two solutions
in Ωt.

Remark 4.2.3 In all Definitions 4.2.6, 4.2.7 and 4.2.8, the pressure is
known as function of ρ.

In Definitions 4.2.7 and 4.2.8, velocity fields are implicitly assumed to be
zero, the main difference lies in the density variable. Specifically, in Definition
4.2.7 density is supposed an unknown function of x, while in Definition 4.2.8
density is a known function of x, the only unknown being the geometry of the
domain ζb = ζb(x′).

The main difference between the two definitions of equilibrium configura-
tion lies in the definition of energy as functional of one or two variables.
However, as it will appear in the sequel, final computations do not differ,
namely, equilibrium configurations will coincide.

4.2.4 First and Second Variations of Energy

Choose a barotropic gas:
p = p( ρ).

We recall that solutions to (4.2.4) with u = 0 provide stationary points of
the nonlinear functional, representing the total energy at rest

E(0, ρ, ζ) = κ|Γζ | + ΠΨ + ΠU + ΛM,

where |.| denotes the measure of the set Γζ , Λ is a Lagrange multiplier, and

M =
∫

Ωζ

ρ dx

is the total mass. The term κ|Γζ | represents the surface energy. Moreover,
given the Helmholtz free energy per unit of mass Ψ :=

∫ ρ p(s)
s2 ds we have

defined the global Helmholtz free energy

ΠΨ(Ωζ) =
∫

Ωζ

ρ

∫ ρ p(s)
s2

ds dx,
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and for the density of potential U(x) per unit of mass, we have defined the
global potential energy

ΠU (Ωζ) = −
∫

Ωζ

ρU(x)dx.

The nonlinear functional ΠU is considered in the set of domains Ωζ close to
Ωb, for gases having the same total mass and position of the barycenter as
that of Ωb, with ∂Ωζ = Γζ ∪ΓB ∪Γl, ∂Ωb = Γb ∪ΓB ∪Γl, and Γζ close to Γb.

Notice that the sign of E(0, ρ, ζ) is a function of the external potential
that may be gravitational, centrifugal etc., indeed the external forces rule
the stability of an equilibrium figure.

To be more clear, we compute explicitly the first and second variations of
E(0, ρ, ζ) in the simplified case of a layer, Γl 
= 0. Set ζ,i to denote the partial
derivative of ζ with respect to xi, i = 1, 2, x1 = x, x2 = y, ζ,i = ∂ζ

∂xi
. In the

case of a layer we may write2

E(0, ρ, ζ) = F(ρ, ζ, ∇′ζ) :=
∫

Σ

(
F (∇′ζ) +G(ρ, ζ)

)
dx, (4.2.9)

where
F (∇′ζ) := κ

√
1 + |∇′ζ|2,

G(ρ, ζ) :=
∫ ζ

0

ρ
[ ∫ ρ(x) p(s)

s2
ds− U(x) + Λ

]
dz.

Notice that for ρ = ρb + σ satisfying the principle of conservation of mass it
holds ∫

Ωζ

ρ dx−
∫

Ωb

ρbdx = 0. (4.2.10)

To compute the partial derivative of E with respect to ρ, we take ζ fixed and
perturb ρ as ρ̃ = ρ + tσ, with σ ∈ L∞ satisfying (4.2.10). We compute its
Frechet (1873-1973) derivative with respect to t, to find

∂ρE(0, ρ̃, ζ)[σ, η] =
∫

Ωζ

[ ∫ ρ p(s)
s2

ds− U + Λ +
p(ρ)
ρ

]
σ dx (4.2.11)

=
∫

Ωζ

[ ∫ ρ p′(s)
s

ds− U + Λ
]
σ dx,

2We remark that in the case of a drop it holds

E(0, ρ, ζ) = F(ρ, ζ,∇′ζ) :=

∫

Σ

(
F (ζ, ζ,i) + G(ρ, ζ)

)
dx,

and computations are more involved. In particular b(x) involves also surface’s terms.
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with η perturbation to the height ζb. Equation (4.2.11) holds for all σ with

∫

Ωb

σ dx = −
∫

Ωζ/Ωb

ρ dx.

At the stationary point ρb, ζb the first variation with respect to ρ of E must
vanish for all σ satisfying (4.2.10), and η ∈W 1,2

c (Ωζ).
Set ρ = ρb, ζ = ζb in (4.2.11) we get

∂ρE(0, ρb, ζb)[σ, η] =
∫

Ωb

[ ∫ ρb p′(s)
s

ds− U + Λ
]
σ dx = 0, (4.2.12)

for all σ with ∫

Ωb

σ dx = 0.

From (4.2.12) we deduce that σ is varying in L2
c the quotient Lebesgue space

L2 with respect the constants. Finally, recalling that Λ is constant, assuming
(4.2.12) true for all σ in L2

c we obtain

∫ ρ p′(s)
s

ds− U = C,

where C, is an arbitrary constant. Equivalently, one may state that the
motion equation (4.2.7)1 implies that the partial derivative of E in the
equilibrium configuration (ρb, ζb) vanishes

∂ρE(0, ρb, ζb)[σ, η] = 0. (4.2.13)

Considering the momentum equation written for the rest state, one could
make the equivalent assumption that the Frechét derivative of E with respect
to ρ calculated in (0, ρb, ζb) is zero.

Analogously, the Frechét derivative with respect to ζ of F in (0, ρb, ζb) is
given by

δζ E(0, ρ, ζ)[σ, η] =
3∑

i=1,

∂ζ,iF(ρ, ζ,∇′ζ)[σ, η] + δζF(ρ, ζ,∇′ζ)[σ, η] (4.2.14)

=
∫

Σ

( 3∑

i=1, i�= j

d

dt
F (ζ,i + tη,i, ζ,j)) +

d

dt
G(ρ, ζ + tη)

)
dx′

∣
∣
∣
t=0

=
∫

Σ

( ∑

i

∂F

∂ζ,i
(∇′ζ)η,i + ∂ζG(ρ, ζ)η

)
dx′.
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We observe that

∂ζG(ρ, ζ) := ρ(x′, ζ)
[ ∫ ρ(x′,ζ) p′(s)

s
ds− U(x′, ζ) + Λ

]
. (4.2.15)

This relation computed in the equilibrium configuration (ρb, ζb) must vanish,
for all η, which furnishes

δζ E(0, ρb, ζb)[σ, η] =
∫

Σ

( ∑

i

∂F

∂ζ,i
(∇′ζb)η,i + ∂ζG(ρb, ζb)η

)
dx = 0.

(4.2.16)

Equations (4.2.12) and (4.2.16) are the Euler–Lagrange equations associated
to E, and within our notations it holds

∇
(∫ ρb p′(s)

s
ds− U(x)

)
= 0, x ∈ Ωζ , (4.2.17)

−
∑

i

∂

∂xi

∂F

∂ζ,i
(∇′ζb) + ∂ζG(ρb, ζb) = 0, x′ ≡ (xi) ∈ Σ, i = 1, 2.

In the simplified case of a layer (4.2.17)2 can be represented as the nonlinear
operator Bn

Bn(ρ, ζ, ζ,i) := −
∑

i

∂

∂xi

∂F

∂ζ,i
(∇′ζ) + ∂ζG(ρ, ζ) = −κΔΓζ(x′, t) + b(x),

(4.2.18)
where

− ΔΓζ = −
∑

i

∂

∂xi

∂F (∇′ζ)
∂ζ,i

= −
∑

i

∂

∂xi

( ζ,i√
1 + |∇′ζ|2

)
, (4.2.19)

is the nonlinear positive Laplace–Beltrami operator on Γ, and

b(ρ) = ∂ζG(ρ, ζ) = −ρ∂ζU(ζ) = −(±1)ρ g.

is related to the potential U ; [114,115,132–136].
In conclusion, the equations governing the rest state of a compressible fluid

with a free boundary are given by

∂ρF(ρb, ζb,∇′ζb)[σ, η] = ∂ρE(0, ρb, ζb)[σ, η] = 0 (4.2.20)

∂ζF(ρb, ζb,∇′ζb)[σ, η] = ∂ζE(0, ρb, ζb)[σ, η] = 0.
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A variation of E with respect to ρ, computed in ρb and ηb, is a quadratic
form in the difference σ = ρ− ρb

∂2
ρ2E(0, ρ, ζ)[σ, η] =

∫

Ωζ

p′(ρ)
ρ

σ2 dx. (4.2.21)

Another variation of E with respect ρ and ζ, computed in ρb and ηb, is a
quadratic form in the difference σ = ρ− ρb, η = ζ − ζb

∂2
(ρ,ζ)E(0, ρ, ζ)[σ, η] =

∫

Σ

(∫ ρ(x′,ζ) p′(s)
s

ds−U(x′, ζ) + Λ
)
ση dx′. (4.2.22)

Yet another variation of E with respect to ζ, computed in ζb, is a quadratic
form of the difference η = ζ − ζb.

∂2
ζ2E(0, ρb, ζb)[σ, η] = (4.2.23)

∑

j

δζj

∫

Σ

( ∑

i

∂F (∇′ζ)

∂ζ,i

∣
∣
∣
((ζb),1,(ζb),j+tζ,j ,(ζb),n)

η,i + ∂ζG(ρb, ζ)
∣
∣
∣
ζb+tζ

η
)

dx′
∣
∣
∣
t=0

=

∫

Σ

( ∑

i,j

∂2F (∇′ζ)

∂ζ,i∂ζ,j

∣
∣
∣
ζb

η,iη,j + ∂2
ζ2G(ρb, ζ)

∣
∣
∣
ζb

η2
)

dx′.

Conversely we have

∑

i,j

∂2
ζ,j ,ζ,i

F(ζb + tζ,∇′(ζb + tζ))[σ, η] =

∑

i,j

[
∂2

ζ,j ,ζ,i
F(ζb,∇′ζb)[σ, η] + o(η, η,jη,i)

]
(4.2.24)

=: ∂2
ζ2E(0, ρb, ζb)[σ, η] + o(η2,∇′η2) .

Subtract Bn(ρb, ζb, (ζb),i) to Bn(ρ, ζ, ζ,i), defined in (4.2.18), and expand the
difference by Taylor polynomial with initial point ρb, ζb. For σ = ρ − ρb,
η = ζ − ζb we obtain

Bn(ρ, ζ,∇′ζ) −Bn(ρb, ζb,∇′ζb) =: B1(σ, η,∇′η) = L(σ, η) +R(σ, η,∇′η),
(4.2.25)

where we have distinguished the linear part L(σ, η) from the differential
nonlinear operator of an order higher that one, R(σ, η,∇′η) = o(σ, η,∇′η).
We have thus set

L(σ, η) = −κΔΓb
η + bb(x′)η (4.2.26)

where bb(x′) = b(ρb, ζb, x
′), and ΔΓb

is the Laplace–Beltrami operator
computed along the given geometry ζb. It yields
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∂ζG(ρb, ζb) := ρb

[ ∫ ρb(x) p′(s)
s

ds− U(ζb) + Λ
]
. (4.2.27)

ΔΓb
ζ :=

∑

i

∂

∂xi

( ζ,i√
1 + |∇′ζb|2

)
. (4.2.28)

Let
(
., .

)
be the scalar product on Γ, where ρ̄ denotes a value between ρ and

ρb, as does ζ̄. The scalar products

(
B1(σ, η,∇′η), η

)
=

(
L(σ, η), η

)
+

(
R(σ, η,∇′η), η

)
= ∂2

ζ2E(0, ρ̄, ζ̄)[σ, η],

(4.2.29)
(
L(σ, η), η

)
= ∂2

ζ2El(ρb, ζb)[σ, η],

represent the second variations of the total energy E, and of the quadratic
part El, with

δ2E(0, ρb, ζb)[σ, η] = ∂2
ρ2E(0, ρb, ζb)[σ, η] + ∂2

ζ2E(0, ρb, ζb)[σ, η]

+2∂2
ρζE(0, ρb, ζb)[σ, η]

=
∫

Ωb

p′(ρ)
ρ

σ2(x) dx − κ

∫

Σ

(
ΔΓb

η + b(ρb, x)η
)
η(x′) dx′

+
∫

Σ

( ∫ ρb p′(s)
s

ds− U + Λ
)
σ(x′, ζ(x′))η(x′) dx′.

Again employing the momentum equation for the rest we obtain

∫ ρb p′(s)
s

ds− U + Λ = 0,

and we may reduce (4.2.30) to the simpler relation

δ2E(0, ρb, ζb)[σ, η] = (4.2.30)
∫

Ωb

p′(ρ)
ρ

σ2(x) dx +
∫

Σ

(
κ

|∇Γb
η|2

√
1 + |∇′ζb|2

− b(ρb)η2(x′)
)
dx′.

furnishing a quadratic form in σ and η.

Stable Equilibrium Figure

In Capillarity theory an equilibrium figure Fb is regarded as

(1) Nonlinearly stable if the second variation δ2E of the total energy E,
computed in Fb, furnishes a positive quadratic form
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(2) unstable if δ2E, computed in Fb, can take negative values.

Of course, since the energy is defined up to a constant, one can state the
previous assertions in a slightly different way: an equilibrium figure in a
neighborhood of Sb may be regarded as nonlinearly stable if E(S0)−E(Sb) is
positive and nonlinearly unstable if E(S0)−E(Sb) can take negative values.

If we write the total energy E in the variables (0, ρ−ρb, ζ− ζb) ≡ (0, σ, η),
there are perturbations to the equilibrium figure Sb. We denote by El the
part of the total energy E quadratic in the perturbation (0, σ, η).

An equilibrium figure is regarded as

(3) Linearly stable if the second variation δ2El of El is positive
(4) Unstable if δ2El can take negative values

4.3 Definitions Related to Stability

As known the rest state ub = 0, ρb = ρb(x′, z), ζb = h, where h is unknown,
is solution to

k∇ρb = −ρbg∇z, Ωh = Σ × (0, h),

− p(ρb)(ζb) = −pe + κH(ζb)), Σ

H(ζb) = ∇′
( ∇′ζb√

1 + |∇′ζb|2
)
, Σ. (4.3.1)

Actually, in the parallelepiped Ωh = Σ× (0, h) there exists only the rest state
Sb, with

Sb =
{
ub = 0, ρb = ρ∗ exp

(
− gz

k

)
, ζb = h =

k

g
ln

(
1+

Mg

pe|Σ|
)}
, (4.3.2)

and ρ∗ given by

ρ∗ =
Mg

k|Σ|
(
1 − exp

(
− gh

k

)) . (4.3.3)

We shall continue to denote by ρb the extension of the density of the rest
state to R3, and we set

Γt = {(x′, z) : x′ ∈ Σ, z = ζ(x′, t)}.

Let Sb denote the rest state (4.3.2) of a portion of heavy liquid filling a
horizontal layer. Traditionally the triple S(t) = (u, σ, η) defined by u(x, t) =
u(x, t)−ub(x), σ(x, t) = ρ(x, t)−ρb(x), η = ζ− ζb, is called the perturbation
to Sb. The perturbation (u, σ, η) solves the following initial boundary value
problem
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σt + ∇ · (ρu) = 0, Ωt,

ρ (ut + u · ∇u) = −k∇(p(ρ) − p(ρb)) + μ∇ · S(u) + σ∇U, Ωt

ηt (x′, t) = u · ñ (x′, η(x′, t), t) , Σ,

−kp(ρb + σ)n + μS(u) = κH(η)n − pen, Γt, (4.3.4)

u (x′, 0, t)) = 0, Σ,

u (x′, z, 0) = u0 (x′, z) , Ω0,

σ (x′, z, 0) = σ0 (x′, z) , Ω0,

η (x′, 0) = η0 (x′) Σ,

M =
∫
Ω0
ρ0dx

′dz,

μS(u) = 2μD(u) + λ∇ · u I.

Notice that the following chain of identity holds

M =
∫

Ωb

ρbdx
′dz =

∫

Ω0

ρ0dx
′dz =

∫

Ωt

ρ(x, t)dx′dz.

In (4.3.4) H(ζ) is the double mean curvature of Γt, and n denotes the exterior
unit normal vector at the point of free surface Γt, ñ =

√
1 + |∇′η|2n. We

assume the following conditions on initial density perturbation |σ0| < ρ0/2,
height perturbation |η0| < ζ0/2.

For regular solutions, linear and nonlinear stabilities do depend on
external forces.

We may reduce the study of stability of Sb to the study of stability of the
zero solution S0 = {u = 0, σ = 0, η = 0}; stability studies the control for
all time t > 0 of a suitable norm of perturbation S(t).

Let (u(x, t), σ(x, t), η(x′ , t)) be a triple of regular functions, and set
u0(x) = u(x, 0), σ0(x) = σ, (x, 0), η0(x′) = η(x′, 0). In the Cartesian product
X := W 1,2(Ωt) × L2(Ωt) ×W 1,∞(Σ) we introduce the norm

‖(u, σ, η)‖X(t) := ‖u(·, t)‖W1,2(Ωt) + ‖σ(·, t)‖L∞(Ωt) + ‖η(·, t)‖W 1,∞(Σ).
(4.3.5)

and we set Y := W 1,2(Ω0) × L2(Ω0) ×W 1,∞(Σ), and set

‖(u0, σ0, η0)‖Y := ‖(u, σ, η)‖X (0). (4.3.6)

With this norm we may define the set of solutions (u, σ, ζ) to (4.3.4) in
the neighborhood of the zero Ir ⊆ X as the set of functions such that
‖(u, σ, η)‖X(t) < r.



4.3 Definitions Related to Stability 149

4.3.1 Initial Data Control

Here we give some basic definitions concerning the control in time of S(t)
through initial data, or stability with respect to initial data.

Definition 4.3.1 The rest state Sb is said to be nonlinearly stable in the
norm ‖(u, σ, η)‖X (t) if for all ε > 0 there exists a δ > 0 such that for all
initial data (u0, σ0, η0) verifying ‖(u0, σ0, η0)‖Y < δ it happens that

‖(u, σ, η)‖X (t) < ε, ∀t > 0.

Definition 4.3.1 depends on the norm ‖.‖X(t), and on the radius δ of initial
data, it is a local statement.

The difference between continuous dependence and stability lies on the
time intervals (0, T ), and (0,∞), respectively.

Definition 4.3.2 The rest state is said to be unstable if it is not nonlinearly
stable.

For the linearized problem associated to (4.3.4), all definitions can be
repeated.

Definition 4.3.3 The rest state Sb is said to be linearly stable in the norm
‖(u, σ, η)‖X(t) if there exists a constant b ≥ 0 such that

‖(u, σ, η)‖X (t) < ‖(u0, σ0, η0)‖Y exp−bt, ∀t > 0.

(1) Definition 4.3.3 is independent of the size of initial data, it is a global
statement.

(2) We name the stability with b = 0 marginal stability.
(3) We name the stability with b > 0 exponential stability.

Definition 4.3.4 The rest state Sb is said to be linearly unstable in the
norm ‖(u, σ, η)‖X (t) if there exist a constant b > 0, and certain initial data
(u0, σ0, η0) such that

‖(u, σ, η)‖X (t) > ‖(u0, σ0, η0)‖Y expbt, ∀t > 0.

Let us observe that the difference between linear and nonlinear stability
with respect to initial data in classical fluid-dynamics is due to the size of
the distance between initial data S(0) and Sb. In our case we are studying
directly the difference between two motions S(t) − Sb.

Remark 4.3.1 Denote by R a physical non-dimensional number ruling the
linear stability of a given motion.

(i) Let RN the critical number such that for R < RN there is nonlinear
stability, for initial data less than a finite computable constant δN .
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(ii) Let RL the critical number such that for R<RL there is linear
stability, and for R>RL there holds linear instability. Applying the
linearization principle, defined in Sect. 2.1 of Chap. 2, we know that for
‖(u0, σ0, η0)‖X < δL the null solution is also nonlinearly stable.

(iii) It results
RN < RL, δL < δN .

Usually the radius δL of initial data appropriate to ensure nonlinear
stability is function of R, in general δL approaches zero as R approaches
RL.

(iv) In general while for the critical value RN , δN is physically controllable,
in the interval (RN , RL) the radius δ(R) may be very small, hence no
more physically controllable.

(v) In the reality initial data may be large, see our example in the intro-
duction, and we want to know what happens in this circumstance, cf.
(4.6.5).

Previous definitions on nonlinear stability say nothing about the control
for large periods of time of solutions, in a given norm, with initial data far
from Sb. Indeed in nonlinear phenomena, for large initial data, a solution S(t)
may lose its control from initial data, even though Sb is nonlinearly stable (for
small initial perturbations). This fact occurs frequently, and it constitutes the
real discrepancy between linear and nonlinear stability. Currently it appears
that there are no rigorous definitions of this phenomena, thus we introduce
here two new definitions:

Definition 4.3.5 A perturbation (u, σ, η) to the rest state Sb is said to have
initial data control in the range I2a/Ia if, and only if for all initial data
(u0, σ0, η0) satisfying

a < ‖(u0, σ0, η0)‖Y < 2a, (4.3.7)

the solution (u, σ, η) to (4.3.4) corresponding to (u0, σ0, η0) is bounded for all
time, namely if there exists a suitable constant α = α(a) > 0 such that

‖(u, σ, η)‖X(t) ≤ α, ∀t > 0. (4.3.8)

Definition 4.3.6 The rest state is said to lose the initial data
control if there exists a positive large number a and there exist initial
data (u0, σ0, η0) satisfying (4.3.7), such that the corresponding solution
(u(x, t), σ(x, t), η(x, t)) has no initial data control. Namely, given α > 0,
there exists T > 0 such that the solution (u, σ, η) of the problem (4.3.4) with
initial data satisfying (4.3.7) satisfies the inequality

‖(u, σ, η)‖X (T ) ≥ α. (4.3.9)
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Remark 4.3.2 Definitions 4.3.2, 4.3.6 are meaningful only for nonlinear
systems, because linear stability is global.

The aim of the present chapter is to relate the stability of the rest to
the sign of initial total energy when the rigid surface is either upward or
downward situated.

Let W be the following regularity class

W ={u(x, t), σ(x, t), η(x′, t) :

u ∈ L2(0,∞;W 1,2
� (Ωt) ∩ L∞(0,∞;L3(Ωt)),

σ ∈ C0(0,∞;L∞(Ωt)), η ∈ L∞(0, T ;W 1,∞
� (Σ)), |η| < h/4, },

where symbol 
 denotes periodicity in the horizontal direction. For a layer
with a rigid surface below the liquid, we prove the following theorems:

Theorem 4.3.1 [Theorem 2.3 in [113]] Assume the fluid is heavy and
situated above a horizontal rigid plane, suppose there exist global solutions
(u, σ, η) ∈ W to (4.3.4) corresponding to large initial data (u0, σ0, η0). Then
the rest state Sb = {ub = 0, σb = σ(z), ηb = 0} is exponentially nonlinearly
stable in the energy norm in the class W of perturbations, for all initial data.

Notice that the hypothesis of Theorem 4.3.1 on the fluid above the rigid
plane implies that the total energy E is always positive. This strong result
is true because the weight is the only acting force, and has a stabilizing effect.

Drawing upon results proved in [114], for a spherical geometry one can
easily deduce in the simpler geometry of the layer the following instability
result.

Theorem 4.3.2 [From Theorem 1 in [116]] Let there exist a set of functions
(u0, σ0, η0) such that the linearized part of the total energy El becomes
negative, then problem (4.3.4) has solutions growing exponentially as t→ ∞.
This means that the rest state Sb is unstable.

Notice that the hypotheses of Theorem 4.3.2 imply that all the total
energy E may be negative for small initial data. Thus our Theorem
allows the claim that Sb is unstable. In this case, there is no need of a
linearization principle.

Before giving our result we introduce the non-dimensional characteristic
Grashof number

G :=
g |Σ|
κ

.

Remark 4.3.3 The assumptions of Theorem 4.3.2 are realized assuming
the fluid below the horizontal layer and under suitable assumptions on G =
(g|Σ|/κ) and |Ωb|.
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4.3.2 Present Results

In Sect. 4.4 we prove uniqueness of the rest state in the class of steady
solutions.
In Sect. 4.5 we prove an energy identity and notice that, if the initial energy
is negative, the energy equation doesn’t provide an a priori estimate for the
L2 norms of solutions. In the remaining part of Sect. 4.5 we prove nonlinear
exponential stability of the rest state if the energy of perturbation at initial
time has only positive value in the neighborhood of zero.
In Sect. 4.6, we prove the instability of the rest state and the loss of initial
data control. Precisely, assuming there exists a set of initial data u0, σ0,
η0 such that the total energy at t = 0 E(u0, σ0, η0) is negative, we prove
a instability Theorem 4.3.3, without using a linearization principle; this is
done in the wake of what done in [116]. Thus we introduce the definition
of control of a solution via its initial data for all times t > 0, and we prove
Theorem 4.3.4 claiming that if there exists ( may be large) initial data u0,
σ0, η0 such that E(u0, σ0, η0) becomes negative, then the solution is not
controlled by initial data for all times t.
In Sect. 4.7 we exhibit data κ, g h, such that: (a) for all infinitesimal
initial data (u0, σ0, η0) the total energy E0 = E(u0, σ0, η0) is positive,
thus by Theorem 4.3.3 solutions corresponding to such E0 are nonlinearly
stable; (b) it is possible to construct initial data u0, σ0, η0 larger than
a computable constant such that the total energy E0 = E(u0, σ0, η0)
is negative. As such, recalling Theorem 4.3.4 of Sect. 4.6, we claim that
solutions (u, σ, η) corresponding to such initial data lose the initial data
control.

Result I

Theorem 4.3.3 Assume that for all δ > 0, there exists at least one initial
data (u0, σ0, η0) with ‖(u0, σ0, η0)‖Y < δ, such that the initial energy E0 is
negative,

− E0 = g‖η0‖2
L2(Σ) − 2κ > 0, (4.3.10)

then the rest state Sb is nonlinearly unstable. Precisely, there exists ε > 0
satisfying that for all δ > 0 there is an initial value (u0, σ0, η0) ∈ W 1,2(Ω0)×
W 1,∞(Σ) less than δ, and there exists a T > 0 such that the solution (u, σ, η)
to the problem (4.3.4) satisfies the inequality

‖(u, σ, η)‖X(T ) ≥ ε. (4.3.11)

Remark 4.3.4 Notice that the existence of (u0, σ0, η0) satisfying (4.3.10) is
equivalent to the condition G > 1; we leave this proof to interested reader.
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We observe that the solution (u, σ, η) to problem (4.3.4) is a perturbation
to the rest state.

Theorem 4.3.4 Given a constant a, let there exist (u0, σ0, η0) with a <
|(u0, σ0, η0)|Y < 2a, which renders negative the initial energy E0,

− E0 = g‖η0‖2
L2(Σ) − 2κ

∫

Σ

(√
1 + |∇′η0|2 − 1

)
dx′ − ‖√ρ0u0‖2

L2(Ω0)

−
∫

Ω0

p′(ρ)
ρ

σ2 dx > 0, (4.3.12)

where ρ is a value between ρ0 and ρb, then the solution (u, σ, η) to problem
(4.3.4) with initial data (4.3.7) has no initial data control.

Remark 4.3.5 Notice that, since the total energy E(u, σ, η) is a non
quadratic functional of (u, σ, η), E(u0, σ0, η0) may be negative for fixed
functions (u0 = ub, σ0 = σb, η0 = ηb), while its quadratic part may still
be positive computed at the same functions (ub, σb, ηb).

Result II

We describe a practical situation where the rest state is linearly stable,
and for the same situation we give a computable number A such that the
motions (u(x, t), σ(x, t), η(x′, t)) corresponding to initial data larger than A,
lose the initial data control.

Theorem 4.3.5 We assume that the linear stability hypothesis holds,

G < Gd, (4.3.13)

where Gd := 4π2 min{1, 1/d2}, cf. Sect. 6.1. We construct the initial values
(u0, σ0, η0) ∈ Y that furnish negative initial energy E0:

−E0 = g‖η0‖2
L2(Σ)

−2σ

∫

Σ

(√
1 + |∇′η0|2 − 1

)

dx′−‖u0‖2
L2(Ω0)

−
∫

Ω0

p′(ρ0)

ρ0
σ2
0 dx > 0.

(4.3.14)

Following upon Theorem 4.3.4 we may claim:
There exists a positive large number a, such that the solution

(u(x, t), σ(x, t), η(x, t)), corresponding to initial data (u0, σ0, η0) satisfying
(4.3.7), is not controlled by the initial data. Namely, however fixed α > 0
there exists a initial data (uα

0 , σ
α, ηα

0 ) satisfying (4.3.7), and an instant
Tα > 0 such that the corresponding solution (uα, σα, ηα) to problem (4.3.4)
satisfies the inequality

‖(uα, σα, ηα)‖X(Tα) ≥ α. (4.3.15)
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4.4 Uniqueness

We begin by recalling the correct boundary problem introduced in Sect. 4.2.2
Boundary Value Problem when the Domain has a Free Boundary.

Find a domain Ωζ and a triple (v, ρ, ζ) defined in Ωζ × Ωζ × Σ, periodic
in x′ with period a′ ≡ (a, b), which solves the following free boundary value
problem

∇ · (ρu) = 0, Ωζ ,

ρ(u · ∇)u − μ∇ · S(u) = −∇p− ρg∇z, Ωζ ,

u · n = 0, Γζ , (4.4.1)

μS(u)n− pn = (−pe + κH(ζ))n, Γζ ,

u(x′, 0) = 0, Σ,
∫
Ωζ
ρ(x)dx = M,

where u = (u′, vz) is the velocity, p is the pressure of isothermal fluid, p = kρ,
and H(ζ) is the nonlinear double mean curvature introduced in (4.2.3) of
Sect. 4.2.1. The positive constants κ surface tension, g gravity acceleration,
pe the uniform pressure of atmosphere, are considered to be given.

We now construct the rest state, ub = 0, ρb = ρb(x′, z), ζb = h with h
unknown, solution to

∇p(ρb) = −ρbgkin Ωζb
, (4.4.2)

−p(ρb) = −pe + κH(ζb)), in Σ

H(ζb) = ∇′ ·
( ∇′ζb√

1 + |∇′ζb|2
)
, in Σ.

We deduce that the density must have the form

ρb = ρ∗ exp
(
− gz

k

)
, ρ∗ = const. (4.4.3)

ρ∗(ζb) =
Mg

k|Σ|
(
1 − exp

(
− gζb

k

)) =
M

∫
Σ

∫ ζb

0
exp

(
− gz

k

)
dzdx′

,

where ζb is unknown. On the free surface of Σ× (0, h), the condition (4.4.1)4
reduces to the continuity condition on the pressure

pe = kρb(ζb) = kρ∗(ζb) exp
(
− gζb

k

)
. (4.4.4)
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Substituting the value for ρ∗, given in (4.4), into (4.4.4), and reminding that
H(ζb) = 0, we get

pe =
M exp

(
− gh

k

)

|Σ|
(
1 − exp

(
− gh

k

) . (4.4.5)

From this we compute the height of the layer, given by

ζb =
k

g
ln

(
1 +

M

pe|Σ|
)

=: h, (4.4.6)

so we find ζb as function of |Σ|, M , g and pe as expected. Hence we claim
that the set of stationary solutions of a compressible fluid in a layer with
periodicity cell Σ under a given external pressure pe is not empty. Actually,
in the parallelepiped Ωh = Σ × (0, h) there exists at least the rest state Sb,
with

Sb =
{
ub = 0, ρb = ρ∗ exp

(
− gh

k

)
, h =

k

g
ln

(
1 +

M

pe|Σ|
)}
,

and ρ∗ given by (4.4).

Remark 4.4.1 Explicit calculations of the rest state for isentropic gases are
not known in general, and this is why we deal the isothermal case. It would be
interesting to solve the uniqueness and stability problems for some particular
isentropic fluid, provided the rest state is given in explicit form. Of course,
we leave it as an open problem.

We now prove uniqueness of Sb in the class of three-dimensional regular
solutions, corresponding to the same force g, the same total massM , the same
periodicity Σ, and to the same external pressure pe. Precisely, our uniqueness
theorem concerns uniqueness of the rest state of an isothermal fluid under
gravity action; for the steady solutions (u(x′, z), ρ(x′, z), ζ(x′)) we introduce
the following regularity class3

V = W 1,2
� (Ωζ) × L∞(Ωζ) ×W 1,∞

� (Σ),

where 
 means periodicity in the horizontal direction.
Below we prove the following uniqueness theorem, see also [113].

Theorem 4.4.1 The rest state Sb is the unique solution to system (4.4.1)
in the class of steady motions V, corresponding to the same external data.

Proof. Assume by absurdum that there exists another solution ρ, u, ζ to
problem (4.4.1), we prove that the perturbation

3The regularity class V can be weakened.
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u, σ = ρ− ρb, η = ζ − ζb,

is identically zero.
Let us multiply (4.4.1)2 by u and integrate over Ωζ . Taking into account

the solenoidality of ρu, we obtain

μ

2

∫

Ωζ

S(u) : S(u)dx′dz − k

∫

Ωζ

ρ∇ · udx′dz = − g

∫

Γζ

ρ ζu · ndS (4.4.7)

−
∫

Γζ

|u|2
2
ρu · ndS +

∫

Γζ

u · (μS(u)n − pn)dS.

By virtue of (4.4.1)3 and (4.4.1)4 all boundary terms vanish, so (4.4.7) reduces
to

μ

2

∫

Ωζ

S(u) : S(u)dx− k

∫

Ωζ

ρ∇ · udx = 0. (4.4.8)

From (4.4.1) we know that

ρ∇ · u = −ρu · ∇ ln ρ+ ∇ · (ρu).

Substituting this identity in (4.4.8), and employing the solenoidality of ρu,
and (4.4.1)3, we find that the second integral in (4.4.8) is zero. This yields

μ

2

∫

Ωζ

S(u) : S(u)dx = 0. (4.4.9)

From Korn’s (1870-1945) inequality proved in [9] Lemma 4.7, we deduce that
also ∇u = 0, and boundary condition (4.4.1)6 implies that u = 0. Next,
rewriting (4.4.1)2 with u = 0 we get

ρ = ρb + σ = ρ̂ exp
(
− gz

k

)
, (4.4.10)

where due to condition (4.4.1)6 ρ̂ is given by

ρ̂(x′, ζ) =
M

∫
Σ

∫ ζ

0
exp

(
− gz

k

)
dzdx′

. (4.4.11)

The proof σ = 0, or ρ = ρb = ρ∗ exp
(
− gz

k

)
, will be achieved once one proves

that ζ(x′) = h, and that as a consequence, ρ∗ = ρ̂. To this end we rewrite
(4.4.1)4 with u = 0; inserting, for the pressure at boundary, the notation
P(ζ)
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P(ζ) =
Mk exp

(
− gζ

k

)

∫
Σ

∫ ζ

0
exp

(
− gz

k

)
dzdx′

= −κ∇′ ·
( ∇′ζ

√
1 + |∇′ζ|2

)
+ pe. (4.4.12)

Moreover, we recall that

P(h) =
Mk exp

(
− gh

k

)

∫
Σ

∫ h

0
exp

(
− gz

k

)
dzdx′

= pe.

Subtracting P(h) to P(ζ), since ∇′ζ = ∇′η, we get

P(ζ) − P(h) = −κ∇′ ·
( ∇′η

√
1 + |∇′η|2

)
. (4.4.13)

Multiply (4.4.13) by η and integrate over Σ to obtain

κ

∫

Σ

|∇′η|2
√

1 + |∇′η|2 dx
′ −

∫

Σ

η
(
P(ζ) − P(h)

)
dx′ = 0. (4.4.14)

By the Lagrange mean value theorem we deduce

κ

∫

Σ

|∇′η|2
√

1 + |∇′η|2 dx
′ −

∫

Σ

η2|P ′(ζ̄)|dx′ = 0, (4.4.15)

where we have used the identity P(ζ)−P(h) = P ′(ζ̄)η, and from (4.4.12) P ′

is negative. From (4.4.14), and convexity of the function |∇′ζ|2√
1+|∇′ζ|2 in ∇′ζ it

follows |∇′ζ| = 0, so ζ = const., and the side condition that the total mass is
prescribed (4.4.10), and (4.4.1)6 allow us to claim that ζ = h. Finally, again
(4.4.11) tells us that ρ = ρb hence σ = 0, and the theorem is completely
proved. ��
Remark 4.4.2 We leave as open the extension of the proof of uniqueness
of rest state under general large potential forces, and in general three-
dimensional domains, in the case when the explicit rest state is known. Also
it is interesting and challenging the problem to give a proof when ρb is not
explicitly given, see e.g. the case of isentropic flows. In this contest it would be
interesting to consider also self gravitating forces in domains either bounded,
or exterior to a compact set. In case of self gravitating forces there is the
possibility to fix zero boundary condition on the density, this represents the
case of a star atmosphere, [32,74].



158 4 Isothermal Fluids with Free Boundaries

4.5 Nonlinear Stability

In previous section, in the class of steady, regular perturbations, we have
studied uniqueness of the rest state for a free boundary problem of a
horizontal layer of compressible fluids corresponding to gravity as external
force. In this section, we study the evolution in time of non-steady flows by
perturbing initially the rest state Sb assuming the same constant external
pressure pe. We follow the lines of stability proof given in [113].

In order to state our theorem, we introduce one class of weak solutions

(u(x′, z, t), ρ(x′, z, t), ζ(x′, t)) ∈ W ,

W =
[
L∞ (

0,∞; L3
�(Ωt)

) ∩ L2
(
0,∞; W 1,2

� (Ωt)
) )

×

L∞ (
0,∞;C0

� (Ω̄t)
) × L∞

(
0,∞;W 1,∞

� (Σ)
) ]
,

where 
 means periodicity in the horizontal directions. For the norm of a
triple (u, σ, η) in this space we use the symbol

‖(u, σ, η)‖W := sup
t

‖u‖L3(Ωt) +
( ∫ ∞

0

‖u‖2
W1,2(Ωt

dt
)1/2

+ (4.5.1)

sup
x,t

|σ| + sup
x,t

|∇′η|.

These weak solutions satisfy the energy identity.

4.5.1 Energy Equation

Let us assume there exist globally in time regular solutions to the initial
boundary value problem (4.3.4), with U = −gz. Under the hypothesis that
the rest state Sb is a minimum for the energy functional, namely E(0, ρb, h) <
E(u, ρ, ζ), for all (u, ρ, ζ) in a suitable ball of W , having radius R, we prove
that in the bounded domain Ωt the L2-norm of any regular perturbation to
the unique basic state Sb, decays to zero as t → ∞, with exponential rate.
In particular, the domain tends to Ωb. First we use, in non-standard way,
the energy method to find the behavior in time of the difference between the
energy E(t) of the non steady motion and the energy Eb of the rest state.
We observe that E(t) − Eb > 0 dominates a suitable spatial norm of the
difference between the solutions (u, ρ, ζ), and the rest state (0, ρb, h). Next,
to get the decay to zero in time of a suitable norm of perturbation, we use
the free work identity that furnishes dissipative terms for the perturbations
in density and height. This will be achieved by using the FWE with the
auxiliary function constructed in Lemma 4.8.2 in the Appendix. Finally we
construct an equation governing the evolution of the modified energy E.
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We recall that when possible, in integral terms of volume we are using
the simplified notation dx = dx′dz. Let us derive the energy identity that
represents the difference of energy equations between the non steady motion
and the rest state (Dirichlet method).

Theorem 4.5.1 Energy Equation I. Let u, ρ = ρb + σ, ζ = h+ η solve
(4.3.4) with (u, σ, ζ) ∈ W. Then, the energy equation holds

d

dt

[
Eu + Eσ + Eη

]
+Du(t) = 0, (4.5.2)

Eu =
1
2

∫

Ωt

ρu2 dx,

Eσ = k

∫

Ωt

ρ(ln ρ− ln ρb)dxdz,

Eη = κ

∫

Σ

|∇′η|2
2(1 + |∇′η̄|2)3/2

dx′ + kρb(h)
∫

Σ

ηdx′,

Du =
μ

2

∫

Ωt

|S(u)|2) dx,

where ρ̄ is a value of ρ between ρb and ρ = ρb + σ, and ζ̄ is a value between
h and ζ = h+ η.

In subsequent sections the identity ∇′η = ∇′ζ, will be important.
For capillary tubes ζb is no longer constant, and the problem remains open,
because

∇′ζ 
= ∇′η.

From (4.3.4) we derive the perturbations equations

σt + ∇ · (ρu) = 0, Ωt,

ρ
(
ut + u · ∇u

)
= μS(u) −∇p(ρ) − ρg∇z, Ωt,

ηt = u · ñ, Γt

μ∇ · S(u)n − pn = (−pe + κH(η))n, Γt, (4.5.3)

u(x′, 0, t) = 0, Σ,

u(x′, z, 0) = u0(x′, z), Ω0,

σ(x′, z, 0) = σ0(x′, z), Ω0,

η(x′, 0) = η0(x′), Σ,
∫

Ωt

ρ(x′, z, t)dx = M,
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where ñ = n
√

1 + |∇′η2. We assume here that the initial density ρ0, ζ0 is
positive.

Notice that (4.5.3)9 expresses the condition that the total mass of the
fluid, at initial time, coincides with that of the basic rest state S0.

Multiplying (4.5.3)2 by u and integrate over Ωt, we obtain

1
2

∫

Ωt

ρ
du2

dt
dx =

∫

Γt

u · (μS(u) − k ρ I)ndS

−Du(t) + k

∫

Ωt

ρ∇ · u dx−
∫

Ωt

ρgu · ∇z dx. (4.5.4)

By the Gauss (1777-1855) lemma, the Reynolds transport theorem 1.3.2,
using (1.3.2), the continuity equation, and the condition V ·n = u ·n, where
V is the velocity of points at boundary, it holds
∫

Ωt

ρ
df

dt
dx =

∫

Ωt

ρ(∂tf + u · ∇f)dx =
∫

Ωt

(
∂t(ρf) + ∇ · (ρfu

)
dx =

d

dt

∫

Ωt

ρfdx−
∫

Γt

ρfV · ndS +
∫

Γt

ρfu · ndS =
d

dt

∫

Ωt

ρfdx. (4.5.5)

Hence we deduce

1
2

∫

Ωt

ρ
du2

dt
dx =

d

dt

∫

Ωt

1
2
ρu2 dx. (4.5.6)

Next, since the rest state satisfies g∇z = −k∇ ln ρb, we have

−
∫

Ωt

ρgu · ∇z dx = k

∫

Ωt

ρu · ∇ ln ρb dx = (4.5.7)

k

∫

Ωt

ρ
d ln ρb

dt
dx =

d

dt
k

∫

Ωt

ρ ln ρb dx.

By continuity equation and by transport theorem, we deduce the following
identity

k

∫

Ωt

ρ∇ · u dx = −k
∫

Ωt

dρ

dt
dx = −k

∫

Ωt

ρ
d ln ρ
dt

dx = − d

dt

∫

Ωt

k ρ lnρ dx.

(4.5.8)

Moreover, by using the continuity equation and Reynolds transport theorem,
it is possible to verify that the following identity holds
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∫

Ωt

[
ρ∇ · u − ρgu · ∇z

]
dx = − d

dt

∫

Ωt

k ρ
(

ln ρ− ln ρb

)
dx.

By virtue of (4.5.3)3, the periodicity in x′, and the identity pe = kρb(h),
boundary terms furnish

∫

Γt

u · (μS(u) − kρI)ndSx =
∫

Σ

u · ñ(κH(η) − pe)dx′ (4.5.9)

= κ

∫

Σ

∇′ ·
( ∇′η

√
1 + |∇′η|2

)
∂tηdx

′ − kρb(h)
∫

Σ

∂tηdx
′

= − d

dt

{
κ

∫

Σ

(
√

1 + |∇′η|2 − 1)dx′ − kρb(h)
∫

Σ

ηdx′
}
.

Notice that continuity equation, together with (4.5.3)7 yields

∫

Ωt

σ dx =
∫

Ωt

ρ dx−
∫

Ωt

ρb(z) dx =
∫

Ωb

ρb(z) dx−
∫

Ωt

ρb(z) dx. (4.5.10)

Employing the expression (4.4.3) for ρb, we develop the integrals in (4.5.10)
to obtain

∫

Ωt

σ dx =
k

g

∫

Σ

(
ρb(ζ(x′, t)) − ρb(h)

)
dx′ 
= 0! (4.5.11)

Finally, the energy equation (4.5.4) reduces to

d

dt
E +Du(t) = 0. (4.5.12)

where

E =
∫

Ωt

{
ρ
1
2
u2 + kρ(ln ρ− ln ρb)

}
dx+ kρb(h)

∫

Σ

ηdx′

+κ
∫

Σ

(
√

1 + |∇′η|2 − 1)dx′. (4.5.13)

Remark 4.5.1 In the last term in (4.5.13) we have added the constant −κ|Σ|
that doesn’t change the derivative of E. The functional E defined in (4.5.13)
represents the difference between the total energies in the two motions, the
unsteady and the steady one. Each total energy is given by the sum of kinetic
and Helmholtz free, potential, and surface energies, which are the classical
energy terms, plus a new potential energy term kρb(h)

∫
Ωt
dx, which we shall

denote by Epe(Ωt). We observe that this new energy term is given, up to a
constant by Epe := Epe(Ωt) − Epe(Ωb).
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Remark 4.5.2 Notice that, in general, the energy identity (4.5.12) doesn’t
furnish any “a priori” estimate for the solution u, ρ, ζ, because it is yet
to be proven the equivalence between E and some norm of solutions. Such
equivalence holds only for suitable external forces.

4.5.2 Nonlinear Stability

We are now in the position to prove a stability result. Indeed it is enough to
prove that the total energy E is a Lyapunov functional.

Here we wish to prove that E is a Lyapunov functional. To this end, we
add and subtract in E the quantity k

∫
Σ

∫ ζ

0 ρbdx
′, and we recall that there

holds the conservation of total mass k
∫
Ωt
ρdx = kM . It is easy to prove that

E up to a constant is equivalent to the form

E =

∫

Ωt

ρ
1

2
u2dx +

∫

Ωt

{
kρ(ln ρ − ln ρb) − k(ρ − ρb)

}
dx (4.5.14)

+ kM +

∫

Σ

{

kρb(h)η − κ

∫ ζ

0

ρb(z)dz

}

dx′ + κ

∫

Σ

{
(
√

1 + |∇′η|2 − 1)
}

dx′

=: Eu + Eσ + Eρb,η + Eη.

Let us make the following remarks

(I) The term

Eu =
∫

Ωt

1
2
ρu2dx = Ev − Evb

,

represents a weighted L2 norm of perturbation to velocity.
(II) Take the Taylor polynomial of grade 2 for Eσ = Eρ −Eρb

, and the term

Eσ = k

∫

Ωt

{
ρ(ln ρ− ln ρb) − (ρ− ρb)

}
dxdz =

k

2

∫

Ωt

σ2

ρ̄
dx,

where ρ is a value between ρ and ρb. Equation (4.5.2) provides a weighted
L2-norm for the perturbation σ = ρ− ρb to density ρb, cf. (4.5.2).

(III)

Eρb,η := kρb(h)
∫

Σ

ηdx′ + kM − k

∫

Σ

∫ ζ

0

ρb(z)dzdx′
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= k

∫

Σ

∫ ζ

h
ρb(h)dzdx′ + k

∫

Σ

∫ h

0
ρb(z)dzdx′ − k

∫

Σ

∫ ζ

0
ρb(z)dzdx′

= k

∫

Σ

∫ ζ

h
ρb(h)dzdx′ − k

∫

Σ

∫ ζ

h
ρb(z)dzdx′ = k

∫

Σ

∫ ζ

h
(ρb(h) − ρb(z))dzdx′

= − k

∫

Σ

∫ ζ

h
ρ′b(ζ)(z − h) dz dx′ =

∫

Σ

℘

2
η2dx′,

where ζ is a scalar function in Σ with values between h and ζ and

℘ = gρb(ζ),

Hence,

Eρb ,η :=
∫

Σ

℘

2
η2dx′. (4.5.15)

This term is new in literature, it is responsible of the simultaneous
variation of density and boundary; cf. [21,110].

(IV) By the Taylor expansion we have

EΓt − EΓb
= κ

∫

Σ

(
√

1 + |∇′η|2 − 1)dx′ = κ

∫

Σ

|∇′η|2
2
√

1 + |∇′η̄|23 dx
′,

(4.5.16)
where η̄ is a value of η between 0 and η.

Finally, by (4.5.15) and (4.5.16) we deduce

Eη = EΓt − EΓb
+ Eρ,Γt − Eρb ,Γb

=
∫

Σ

κ|∇′η|2
2
√

1 + |∇′η̄|23 dx
′ +

∫

Σ

℘

2
η2dx′.

(4.5.17)

Provided g > 0, i.e. the rigid plane is below the layer, Eη furnishes a
norm in W 1,2(Σ) for the perturbation η to the height ζb = h.

We may conclude by stating that E equals the L2 norms of all
perturbations, and therefore (4.5.2) is a good Lyapunov functional.
Specifically, we have

E =
1

2
‖√ρu‖2

L2(Ωt)
+

k

2

∥
∥
∥

σ√
ρ̄

∥
∥
∥

2

L2(Ωt)
+κ

∥
∥
∥
∥

∇′η
(1 + |∇′η̄|2)3/4

∥
∥
∥
∥

2

L2(Σ)

+
1

2

∥
∥
∥
√

℘η
∥
∥
∥

2

L2(Σ)
,

(4.5.18)
and we call it an energy norm. In this way, the stability theorem is
completely proven.
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Theorem 4.5.2 Let (u, σ, η) be solutions to problem (4.5.3) in W, corre-
sponding to the large data. Then, integrating in time (4.5.12) we find that the
norm (4.5.18) is increased by its value at initial time, and the rest state is
nonlinearly stable in the energy norm.

Remark 4.5.3 Under the same hypotheses as Theorem 4.5.2, from Korn’s
inequality proved in cf. [9] Lemma 9.7, again integrating (4.5.12) we deduce
an estimate for the L2-norm, in space and time, of ∇u; see also [10,11,14].

Remark 4.5.4 We remark that even in absence of surface tension κ = 0,
we have a norm for the perturbation to the height η if gravity is present. In
this case, the gravity has a stabilizing effect.

Remark 4.5.5 Notice that (4.5.18) represents a norm if

k > 0, κ > 0, g > 0.

There are physical examples where each of these coefficients may be negative!
Of course in this section all coefficients are assumed to have positive sign.

4.5.3 Nonlinear Exponential Stability

We must still prove exponential decay to the rest state for the L2 norm of
perturbations, which will solve the full system (4.5.3), under the action of
large potential forces without smallness conditions on initial data.
To this end, we use again the free work identity.

Theorem 4.5.3 Let (u, σ, η) be solutions to problem (4.5.3) in W, corre-
sponding to the large data. Then the following modified energy equation
holds

d

dt
E + D = νI, (4.5.19)

where ν is an arbitrary, positive real parameter, having dimension one over
time, and where

E = Eu + Eσ + Eη − ν(ρu,V),

is the modified energy functional, and

D = Du + ν Dσ + ν Dη,

denotes the sum of dissipation terms given by

Dσ = k
∥
∥
∥
σ√
ρb

∥
∥
∥

2

L2(Ωt)
,
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Dη =
∫

Σ

[
k
(
ρb(ζ) − ρb(h)

)
V (ζ) − κ

|∇′η|2
√

1 + |∇′η|2V
′(ζ)

]
dx′,

with

V(ζ) =
k(ρb(ζ) − ρb(h))

gρb(ζ)
n =: V (ζ)n, ,

V ′(ζ) = − exp
(g
k
(ζ − h)

)
,

I =
∫

Ωt

[(
∂tV, ρu

)
+

(
ρu · ∇V,u

)
+ μS(u) · ∇V

]
dx,

and V is the vector field defined in Lemma 4.8.2 of the Appendix.

Remark 4.5.6 It is worth noting that Dη defines a norm in W 1,2(Ωt) ×
L2(Ωt) × W 1,2(Σ) because V ′ is negative. However, the modified energy
function E is not always positive definite, actually it depends on the value
of ν.

Proof. We observe that it holds

−k∇ρ− ρ g∇ z = −k
(ρ0∇ρ

ρb
− ρ

ρb
∇ρb

)
= −kρb∇

( ρ

ρb

)
,

thus we may rewrite (4.5.3)2 in the equivalent form

− kρb∇
( σ
ρb

)
= ρ

du
dt

− μ∇ · S(u). (4.5.20)

Remember that the auxiliary function V, given in Lemma 4.8.2 of the
Appendix, satisfies the conditions

V · n
∣
∣
∣
Γt

= V (ζ)nz :=
k(ρb(ζ) − ρb(h))

gρb(ζ)
nz.

Let us multiply (4.5.20) by V and integrate over Ωt; integrating by parts we
obtain the Free Work Equation

− k

∫

Γt

σV (ζ) · ndS + k

∫

Ωt

σ

ρb
∇ · (ρbV)dx (4.5.21)

=
∫

Ωt

ρ
du
dt

·V dx−
∫

Ωt

μ∇ · S(u) ·Vdx.

We analyze each term separately. The Reynolds transport theorem yields
∫

Ωt

ρ
du
dt

· V dx =
d

dt

∫

Ωt

ρu ·V dx−
∫

Ωt

ρu ·
(
∂tV + u · ∇V

)
dx. (4.5.22)
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Due to the boundary conditions n · S(u) · τ = 0, where τ is an arbitrary
tangent vector it holds

−
∫

Ωt

μ∇ · S(u) · Vdx = −
∫

Γt

V(ζ) · S(u) · ndS + μ

∫

Ωt

S(u) · ∇Vdx

(4.5.23)

= −
∫

Γt

V(ζ) · nn · S(u) · ndS + μ

∫

Ωt

S(u) · ∇Vdx.

Substituting these identities in (4.5.21), we get

k

∫

Ωt

σ

ρb
∇ · (ρbV)dx =

d

dt

∫

Ωt

ρu · V dx−
∫

Ωt

ρu ·
(
∂tV + u · ∇V

)
dx

(4.5.24)

+μ
∫

Ωt

S(u) · ∇Vdx −
∫

Γt

[
μn · S(u) · n − kσ

]
V (ζ)nzdS.

Furthermore, the boundary conditions yield

−kρ(ζ) + μn · S(u)n = κH(η) − pe,

and recalling that
−kρb(h) = −pe,

we deduce

k
(
− ρ(ζ) + ρb(ζ)

)
+ μn · S(u)n = κH(η) + k(ρb(ζ) − ρb(h)),

kσ(ζ) − μn · S(u)n = − κH(η) − k(ρb(ζ) − ρb(h)). (4.5.25)

Multiply (4.5.25) by V (ζ) and integrate over Σ, recalling that

V · n = nzV (ζ), V (ζ) =
k(ρb(ζ) − ρb(h))

gρb(ζ)
,

we deduce
∫

Σ

[
kσ(ζ) − μn · S(u) · n

]
V (ζ)dx′ = (4.5.26)

− κ

∫

Σ

∇′ ·
( ∇′η

√
1 + |∇′η|2

)
V (ζ)dx′ − k

∫

Σ

(
ρb(ζ) − ρb(h)

)
V (ζ)dx′,

and we have
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∫

Σ

[
kσ − n · S(u) · n

]
V (ζ)dx′ = (4.5.27)

− κ

∫

Σ

∇′ ·
( ∇′η

√
1 + |∇′η|2

)
V (ζ)dx′ − k2

∫

Σ

(ρb(ζ) − ρb(h))2

gρb(ζ)
dx′.

Therefore, after integration by parts we arrive at
∫

Γt

[
kσV (ζ) − V(ζ) · S(u) · n

]
dS = (4.5.28)

+
∫

Σ

{
κ

|∇′η|2
√

1 + |∇′η|2V
′(ζ) − k2

gρb(ζ)

(
ρb(ζ) − ρb(h)

)2}
dx′.

Substituting (4.5.28) into (4.5.21) we get the Free Work Equation

− d

dt

∫

Ωt

ρu · V dx +

∫

Σ

{
− κ

|∇′η|2
√

1 + |∇′η|2
)
V ′(ζ) +

k2

gρb(ζ)

(
ρb(ζ) − ρb(h)

)2}
dx′

(4.5.29)

+ k

∫

Ωt

σ2

ρb
dx′ = I,

with F defined in Theorem 4.5.3. We add (4.5.29) multiplied by a constant
ν to (4.5.2) and obtain the desired Modified Energy Equation (4.5.19).

We are in the position to prove the stability result. ��
Theorem 4.5.4 Assume there exist solutions to (4.5.3) (u(x′, z, t), ρ(x′, z, t),
ζ(x′, t)) in the regularity class W, corresponding to initial data

u0(x′, z), ρ0(x′, z) = ρb(x′, z) + σ0(x′, z), ζ0(x′) = h+ η0(x′).

Then, for any data (u0, ρ0, η0) in L2
�(Ω0)×C0

� (Ω0)×W 1,∞
� (Σ), the rest state

Sb is nonlinearly exponentially stable in the energy norm.

Proof. The proof of Theorem 4.5.4 will be achieved once one proves

d

dt
E(t) + δE(t) ≤ 0, (4.5.30)

with E, the modified energy given in Theorem 4.5.3, and δ a positive constant.
Let m, d, and d1 denote the essential supremum in space and time of ρ, ζ

and ∇η, respectively.
We begin with a very simple equation (4.5.19), therefore we shall prove

the theorem using only two steps:

(1) E is equivalent to a norm of perturbation
(2) there exists a δ such that D − νI ≥ δE
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(1) Notice that, by using Schwartz inequality, Lemma 4.8.2 of the appendix
and the Poincaré inequality, we have

|(ρu,V)| ≤ √
m ‖√ρu‖L2(Ωt)

‖V‖L2(Ωt)
≤ b0‖∇u‖L2(Ωt)

(
‖σ‖L2(Ωt)

+ ‖∇′η‖L2(Σ)

)
,

(4.5.31)
with

b0 = p2

√
md,

d the upper bound of ζ, and p2 given in (4.8.3) of Lemma 4.8.2 in the
Appendix. Hence it holds

E ≥ 1
2
‖√ρu‖2

L2(Ωt)
+

k

2
√
m
‖σ‖2

L2(Ωt)
+
C0

2

(
‖∇′η‖2

L2(Σ) + ‖η‖2
L2(Σ)

)

(4.5.32)

− νb0‖√ρu‖L2(Ωt)

(
‖σ‖L2(Ωt) + ‖∇′η‖L2(Σ)

)
,

with
C0 = min

{ κ
√

1 + d2
1

,
k

g
exp

(
− 2gh

k

)}
.

(2) By the Schwartz, Korn, and Poincaré inequalities, and by Lemma 4.9.2,
it follows

(
∂tV, ρu

)
+

(
ρu · ∇V,u

)
≤ m‖u‖2

L4(Ωt)
‖∇V‖L2(Ωt) + ‖u‖L2(Ωt)‖∂tV‖L2(Ωt)

(4.5.33)

≤ b1‖S(u)‖2
L2(Ωt)

(‖σ‖L2(Ωt) + ‖∇′η‖L2(Σ)) + b2‖S(u)‖2
L2(Ωt)

,

where
b1 = md2p1 ck,

b2 = mC2
P p1 c

2
k‖σ‖L3(Ωt),

with ck and CP Korn and Poincaré constants, respectively.

Remark 4.5.7 Notice that in general the Poincaré constant is a function of
Ωt and therefore also of time. However, by the hypothesis that we work with
regular functions in the class W , the Poincaré constant becomes less than a
constant in time.

Furthermore, it holds

νμ
(
S(u),∇V

)
≤ p2νμ‖S(u)‖L2(Ωt)

(
‖σ‖L2(Ωt) + ‖η‖W1,2(Σ)

)
. (4.5.34)

We observe that from the definition of dissipation in Theorem 4.5.3 we deduce
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D ≥ kν exp
(
− 4gh

k

)∫

Σ

η2 dx′ +
κν

√
1 + d2

1

exp
(
− 2gh

k

) ∫

Σ

|∇′η|2dx′

(4.5.35)

+ μ‖S(u)‖2
L2(Ωt)

+
kν√
m
‖σ‖2

L2(Ωt)

≥ μ‖S(u)‖2
L2(Ωt)

+
kν√
m
‖σ‖2

L2(Ωt)
+ dbν‖η‖2

W1,2(Σ),

with
db = min

{
k exp

(
− 4gh

k

)
,

κ
√

1 + d2
1

exp
(
− 2gh

k

)}
.

Therefore, inequalities (4.5.31), (4.5.33) and (4.5.35) yield

D − νI ≥ (μ− νb2)‖S(u)‖2
L2(Ωt)

+ ν
( k√

m
− 3p2

λ

4

)
‖σ‖2

L2(Ωt)
(4.5.36)

+ν
(
db − 3p2

λ

4

)
‖η‖2

W1,2(Σ) − ν
(
b1 + 2p2μ

)
‖S(u)‖L2(Ωt)

×
(
‖σ‖L2(Ωt) + ‖ζ‖W 1,2(Σ)

)

≥ μ

2
‖S(u)‖2

L2(Ωt)
+

kν

2
√
m
‖σ‖2

L2(Ωt)
+
νdb

2
‖η‖2

W1,2(Σ),

Finally, D − νI is a positive definite form if

ν ≤ min
{ μ

2b2
,

k

3p2λm3/2
,

2kμ
m3/2(b1 + 2p2μ)2

,
db

3p2λ
,

2dbμ

(b1 + 2p2μ)2
}
.

Since ρ is uniformly bounded in space and time, the definition of Eσ implies

Eσ ≥ k

2m1
‖σ‖2

L2(Ωt)
, (4.5.37)

where m1 is the maximum of ρ.
We develop the energy term Eη as a function of η at point zero to get

Eη =κ
∫

Σ

(√
1 + |∇′η|2 − 1

)
dx′ + kρb exp

(
− gh

k

)
(4.5.38)

∫

Σ

{
η +

k

g

[
exp

(
− gη

k

)
− 1

]}
dx′

≥ κ

2
√

1 + d2
1

∫

Σ

|∇′η|2dx′ +
kρb

g

∫

Σ

η2 dx′.
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Hence, there exists a positive number

s0 = max{ κ

2
√

(1 + d2
1)
,
kρb

g
} (4.5.39)

such that
Eη ≥ s0‖η‖2

W1,2(Σ).

Then (4.5.32) yields

E ≥ m

2
‖u‖2

L2(Ωt)
+

k

2m1
‖σ‖2

L2(Ωt)
+ s0‖η‖2

W1,2(Σ) (4.5.40)

+ b1ν‖u‖L2(Ωt)

(
‖σ‖L2(Ωt) + ‖η‖W 1,2(Σ)

)

≥ m‖u‖2
L2(Ωt)

+
k

m1
‖σ‖2

L2(Ωt)
+ s0‖η‖2

W1,2(Σ),

provided that

b1ν < max
{
m,

k

m1

}
.

We recall that ν is an arbitrary auxiliary parameter, so for ν small enough,
the above condition is always satisfied. From (4.5.36) we can finally conclude
that

E ≤ 1
δ

(
D − νI

)
, (4.5.41)

with
4δ = max

{mck
μ

,
1
mν

,
s0
dbν

}
.

and step two of Theorem 4.5.3 is completely proved.
Equation (4.5.30) is called the modified energy inequality, and E represents

the natural Lyapunov function because E is equivalent to the L2-norms of
the perturbation u, σ, η, only for regular solutions.

Using Gronwall’s lemma in (4.5.30), we prove that the perturbation

u, σ = ρ− ρb, η = ζ − ζb

decays to zero at an exponential rate, and theorem is proved. ��
Remark 4.5.8 Notice that ν depends on ρb, k, μ, λ, and Ω0. Indeed, our
theorem demonstrates the exponential decay of perturbation to zero, however
the decay rate is not optimal.

Remark 4.5.9 We leave as an open problem the proof of uniqueness of
the rest state under general large potential forces. It would be interesting
to consider self gravitating forces in domains, either bounded or exterior to
B0, where B0 may be or not the empty set. In case of self gravitating forces
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there is the possibility for fixing the zero boundary condition on density, this
represents the case of a star atmosphere; cf. [74].

Remark 4.5.10 We conjecture that all proof and considerations of this
section continue to hold in the case of an infinite layer. We leave it as an
open problem.

4.6 Loss of Stability

This section focuses on the nonlinear aspect of the physical world. We set our
attention to one of the central problems of fluid mechanics: when and how
do laminar flows break down?

On one side, we suppose the fluid at rest and that by increasing a given
non-dimensional number G the fluid loses tension at its free surface. We wish
to study the phenomenon of nonlinear stability or instability for initial data
sufficiently small, say in Bδ by varying G. We expect that the radius δ goes
to zero as G increases toward GL, furthermore we have already observed that
initial data become no more controllable if δ is ‘too small’.

On the other side, we suppose the fluid at rest and we wish to study
the phenomenon of loss of initial data control for sufficiently large initial
data.

Summarizing the above problems, it may be interesting to have informa-
tion directly about the control or loss of control of a solution in terms of its
initial data.

4.6.1 Energy Inequality

Because we aim for an instability result, we begin by choosing suitable
external forces. In Sect. 4.4 we have proved that, in the parallelepiped
Ωb = Σ × (0, h). There exists only the rest state

Sb =
{
ub = 0, ρb = ρ∗ exp

(gz
k

)
, ζb = h =

k

g
ln

(
1 − M

pe|Σ|
)}
, (4.6.1)

with ρ∗ given by

ρ∗ =
Mg

k|Σ|
(

exp
(

gh
k

)
− 1

) . (4.6.2)

Recalling the definition of ℘ in (4.5.2) we set

℘‖η‖2
L2(Σ) := gρb(ζ(x̂)

∫

Σ

η2dx :=
∫

Σ

gρb(ζ(x)η2dx. (4.6.3)
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Assume there exists a regular, global motion in time u(x, t), ρ = ρb(z) +
σ(x, t), ζ = h+η(x, t) for any given initial data in a neighborhood of the basic
flow. In this subsection, we prove the following nonlinear instability result,
B1 is defined in (4.2.25).

Theorem 4.6.1 Assume that the form
∫
Σ
η(y)B1η(y)dS can take negative

values for some η. Moreover, let KerB1 = ∅. Then there exist arbitrarily
small initial values (u0, σ0, η0), and a value ε > 0 such that the solution of
(4.5.3) leaves, sooner or later, a certain neighborhood of zero, i.e. there exists
a certain t > 0 such that the following inequality holds true

1
2
‖√ρu‖2

L2(Ωt)
+
k

2

∥
∥
∥
σ√
ρ̄

∥
∥
∥

2

L2(Ωt)
+κ

∥
∥
∥
∥

∇′η
(1 + |∇′η̄|2)3/4

∥
∥
∥
∥

2

L2(Σ)

+
℘

2
‖η‖2

L2(Σ)≥ε > 0.

(4.6.4)

Proof. We follow the lines of [68,107,115] proposed for incompressible fluids.
The proof is achieved by contradiction; we assume that problem FBP has

a solution defined for t ≥ 0 that satisfies the property:
For all ε > 0 there exists a ε0 > 0, such that if ‖(u0, σ0, η0)‖W ≤ ε0 then

‖η(t)‖2
C1(Σ) ≤ ε, ∀t > 0. (4.6.5)

We aim to show that this infers the contradiction that given a small but fixed
ε, there exists always a special (arbitrarily small) initial data such that for a
particular time T (large) it holds

‖η(T )‖2
C1(Σ) > ε.

We remark that Theorem 4.5.2, and point (IV) of the previous subsection
still hold. By noticing that our instability hypothesis requires a change of
sign in the gravity, thus developing the volume integrals, keeping in mind we
write

Eρ,Γt − Eρb,Γb
= kρb(h)

∫

Σ

ηdx+ kM − k

∫

Σ

∫ ζ

0

ρb(z)dzdx = −℘
2

∫

Σ

η2 dx′,

(4.6.6)

with ℘ > 0 given in (4.6.3). Next, the Taylor polynomial of grade 2, at η = 0,
yields

κ

∫

Σ

(
√

1 + |∇′η|2 − 1)dx′ =
κ

2

∫

Σ

|∇′η|2
(1 + |∇′η̄|2)3/2

dx′. (4.6.7)

Thus the function
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G[η] =
∫

Σ

[
κ
(√

1 + |∇′η|2 − 1
)
− ℘

2
η2

]
dx′, (4.6.8)

with ℘ defined in (4.6.3), is equivalent to the quadratic form in η of no definite
sign

G[η] =
∫

Σ

[
κ

|∇′η|2
(1 + |∇′η̄|2)3/2

− ℘

2
η2

]
dx′.

The functional G defines the following nonlinear function

G[η] = −
∫

Σ

[
κ∇′ ·

( ∇′η
(1 + |∇′η̄|2)3/2

)

+
℘

2
η
]
η dx′ =:

(
η,B1(η)

)
. (4.6.9)

Under our assumptions the rigid plane is above, and the free surface is below,
thus the total energy is not positive definite, because of the negative term
in the L2 norm of η. Therefore, the energy identity will not allow the control
of the norm of perturbations. In order to once again deduce information from
the energy identity, it is useful to change sign in the energy identity (4.5.2)
to write it as follows

d

dt
K(t) = μ‖S(u)‖2

L2(Ωt)
, (4.6.10)

K(t) :=
[℘

2
‖η‖2

L2(Σ) − κ
∥
∥
∥

∇′η
(1 + |∇′η̄|2)3/4

∥
∥
∥

2

L2(Σ)
− 1

2
‖√ρu‖2

L2(Ωt)
− k

2

∥
∥
∥

σ√
ρ̄

∥
∥
∥

2

L2(Ωt)

]
,

or equivalently

d

dt

[

℘‖η‖2
L2(Σ)

− 2κ‖∇′η‖2
L2(Σ)

+ 2κ(Hnl∇′η,∇′η)Σ − ‖√ρu‖2
L2(Ωt)

− k
∥
∥
∥

σ√
ρ̄

∥
∥
∥
2

L2(Ωt)

]

= μ‖S(u)‖2
L2(Ωt)

. (4.6.11)

holds, where Hnl is the nonlinear part of H given by

(Hnl∇′η,∇′η)Σ =
∫

Σ

√
1 + |∇′η|2

√
1 + |∇′η|2 + 1

|∇′η|2 dx′. (4.6.12)

��

4.6.2 Equivalence of Norms

We assume that for every ε > 0 there exists a δ > 0 such that for all initial
data less than δ the corresponding solution of (4.3.4) defined for all t > 0
satisfies

‖(u, σ, η)‖2
X(t) = ‖√ρu‖2

L2(Ωt)
+ k

∥
∥
∥
σ√
ρ̄

∥
∥
∥

2

L2(Ωt)
+ ‖η‖2

W1,2(Σ) < ε, ∀t > 0.

(4.6.13)
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Set
Kη(t) = ℘‖η‖2

L2(Σ)(t) − 2κDη(t). (4.6.14)

Integrating (4.6.11) in (0, t) yields

Kη(t) = ‖√ρu‖2
L2(Ωt)

+k
∥
∥
∥
σ√
ρ̄

∥
∥
∥

2

L2(Ωt)
+2μ

∫ t

0

‖S(u)‖2
L2(Σ)dτ +K0, (4.6.15)

where K0 = K(0) is given by (4.6.10)2:

K0 = ℘‖η0‖2
L2(Σ)−2κ

∫

Σ

(√
1 + |∇′η0|2 − 1

)
dx′−‖√ρ0u0‖2

L2(Ωt)
−k

∥
∥
∥

σ0√
ρ̄0

∥
∥
∥

2

L2(Ωt)
,

which is positive by the assumption. We take u0 = 0 thus Kη(0) = K0. Since
η satisfies the average zero condition (4.5.3)7, the Poincaré inequality

‖η‖2
L2(Σ) ≤ cP ‖∇′η‖2

L2(Σ) (4.6.16)

holds (cf. (4.2.1)). Furthermore it holds the inequality

√
1 + p2 ≤ 1 + |p|. (4.6.17)

From the identity

Dη(t) =

∫

Σ

[√
1 + |∇′η|2 − 1

][√
1 + |∇′η|2 + 1

]

1 +
√

1 + |∇′η|2 dx′ =

∫

Σ

|∇′η|2
1 +

√
1 + |∇′η|2 dx′,

(4.6.18)
(4.6.16), and the hypothesis (4.6.13), (4.6.17) with p = |∇′η| < ε we obtain

‖η‖2
L2(Σ) ≤ cP ‖∇′η‖2

L2(Σ) (4.6.19)

= cP

∫

Σ

|∇′η|2
1 +

√
1 + |∇′η|2 [1 +

√
1 + |∇′η|2]dx′ ≤ cP (2 + ε)Dη.

Furthermore, from (4.6.15), and (4.6.14) we have

Dη(t) <
℘

2κ
‖η‖2

L2(Σ)(t). (4.6.20)

Inequalities (4.6.19) and (4.6.20) imply

1
cP (2 + ε)

‖η‖2
L2(Σ)(t) ≤ Dη(t) <

℘

2κ
‖η‖2

L2(Σ)(t), (4.6.21)

namely, they imply the equivalence between the two norms of η, one in L2(Σ)
and one weighted in W 1,2(Σ). Therefore we claim that for any t there exists
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a number l(t), function of t only, such that

l(t) ‖η‖2
L2(Σ)(t) = Dη(t),

1
cP (2 + ε)

< l(t) <
℘

2κ
. (4.6.22)

We note that ℘ > κ from the assumption (4.6.13). Combining (4.6.14) and
(4.6.22), we obtain

Kη(t) = (℘− 2κl(t))‖η‖2
L2(Σ)(t). (4.6.23)

Substituting (4.6.23) into (4.6.15), and using (4.6.13), we obtain

℘− 2κl(t) =
Kη(t)

‖η‖2
L2(Σ)(t)

>
K0

Cε
. (4.6.24)

4.6.3 Instability

To prove instability we use the free work equation. To this end we multiply
(4.5.3)2 by V, constructed in Lemma 4.8.2 where we set ∇· (ρbV) = −σ, and
integrate over Ωt. This gives

d

dt
(ρu,V)Ωt +

∫

Γt

(−κH(η) − ℘η)V · n dS = +k
∫

Ωt

σ

ρb
∇ · (ρbV)dx = I

(4.6.25)
where

I = (ρu, ∂tV)Ωt + ((ρu · ∇)V,u)Ωt − μ(S(u),∇V)Ωt . (4.6.26)

Integrating by parts in the surface integral in (4.6.25), and recalling the
boundary value of V it yields

d

dt
(ρu,V)Ωt +

∫

Σ

(
κ

√
1 + |∇′η|2 |∇

′η|2 − ℘|η|2
)

dx′ − k

∫

Ωt

σ2

ρb
dx = I.

(4.6.27)
It holds that

∫

Σ

κ
√

1 + |∇′η|2 |∇
′η|2dx′ <

∫

Σ

2κ
1 +

√
1 + |∇′η|2 |∇

′η|2dx′ = 2 κDη(t),

and therefore

d

dt
(ρu,V)Ωt ≥℘‖η‖2

L2(Σ)(t) − 2κDη(t) + k

∫

Ωt

σ2

ρb
dx+ I

= Kη(t) + k

∫

Ωt

σ2

ρb
dx+ I. (4.6.28)
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Let us multiply by an arbitrary positive number ν (4.6.28) and add it to
(4.6.11) to have

d

dt
z(t) ≥ μ‖S(u)‖2

L2(Ωt)
(t) + νKη(t) + ν k

∫

Ωt

σ2

ρb
dx+ νI, (4.6.29)

where

z(t) = Kη(t) − 1
2
‖√ρu‖2

L2(Ωt)
− k

2

∥
∥
∥
σ√
ρ̄

∥
∥
∥

2

L2(Ωt)
+ ν(ρu,V)Ωt

(t). (4.6.30)

Now we estimate F(u,V). Since u = 0 on ΓB , the Poincaré inequality

‖u‖L2(Ωt) ≤ cP ‖∇u‖L2(Ωt) (4.6.31)

holds. From (4.6.31) and Korn’s inequality, we obtain

‖u‖L2(Ωt) ≤ C‖S(u)‖L2(Ωt), C = cP cK . (4.6.32)

By Lemma 4.8.2, we obtain

‖∂tV‖L2(Ωt) ≤ p1(‖∇u‖L2(Ωt) + ‖∇′η‖L2(Σ))

≤ p1(cK‖S(u)‖L2(Ωt) + ‖∇′η‖L2(Σ)). (4.6.33)

By Sobolev embedding theorem W 1,2(Ωt) ⊂ L6(Ωt), and Korn’s inequality it
follows that there exist a limit embedding constant ce, and a Korn constant
cK such that

‖u‖L6(Ωt) ≤ ce‖u‖W1,2(Ωt) ≤ cecK‖S(u)‖L2(Ωt). (4.6.34)

Remark 4.6.1 Notice that in general the Poincaré constant is a function
of Ωt and therefore of time. However, by hypothesis (4.6.13) the Poincaré
constant becomes less than a constant in time.

By using Schwartz and the limit Sobolev (4.6.34) inequalities, it is easy to
see that ((ρu · ∇)V,u) is estimated by

|((ρu · ∇)V,u)Ωt | ≤ ‖ρ‖L∞(
∫

Ωt

|u|4 dx) 1
2 (

∫

Ωt

|∇V|2 dx) 1
2

≤ C1‖S(u)‖L2(Ωt)‖∇V‖L2(Ωt), (4.6.35)

with
C1 := cK‖ρ‖L∞‖u‖1/2

L2(Ωt)
‖∇u‖1/2

L2(Ωt)
.

By (4.6.32), (4.6.33), (4.6.35), (4.5.33), (4.6.13), Lemma 4.8.2, and (4.6.34),
we obtain
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|I| ≤ |(ρu, ∂tV)Ωt
+ |((ρu · ∇)V,u)Ωt

| + μ|(S(u),∇V)Ωt
|

≤ Cp1‖S(u)‖L2(Ωt)(cK‖S(u)‖L2(Ωt) + ‖∇′η‖L2(Σ)) (4.6.36)

+ p2(C1 + μ)‖S(u)‖L2(Ωt)(‖σ‖L2(Ωt) + ‖∇′η‖L2(Σ))

≤ C2‖S(u)‖2
L2(Ωt) + C3‖S(u)‖L2(Ωt)‖∇′η‖L2(Σ) + C4‖S(u)‖L2(Ωt)‖σ‖L2(Ωt),

with

C2 := Cp1cK , C3 := Cp1 + p2(C1 + μ), C4 := p2(C1 + μ).

We recall that by (4.6.14) and (4.6.24) it follows

Kη(t) = (℘− 2κl(t))‖η‖2
L2(Σ)(t) >

K0

Cε
‖η‖2

L2(Σ)(t). (4.6.37)

Combining (4.6.24), (4.6.20) and (4.6.37), it holds that

‖∇′η‖2
L2(Σ)(t) ≤ (2 + ε)Dη(t) < (2 + ε)

℘

2κ
‖η‖2

L2(Σ)(t)

< (2 + ε)
℘

2κ
Cε

K0
Kη(t). (4.6.38)

Applying Cauchy’s inequality to (4.6.36) and using (4.6.38), we get

νI ≤
(
νC2 +

μ

2

)
‖S(u)‖2

L2(Ωt)
+ ν2C

2
1

μ
‖σ‖2

L2(Ωt)
+ ν2C

2
3

2μ
‖∇′η‖2

L2(Σ)

≤
(
νC2 +

μ

2

)
‖S(u)‖2

L2(Ωt)
+ ν2C

2
1

μ
‖σ‖2

L2(Ωt)
+ ν2C

2
3

μ
(2 + ε)

℘

2κ
Cε

K0
Kη,

hence we deduce

− νI ≥ −
(μ

2
+ νC2

)
‖S(u)‖2

L2(Σ)(t) − ν2 C2
1

μ
‖σ‖2

L2(Ωt)
− ν2 C2

3

2μ
(2 + ε)

℘

2σ

Cε

K0
Kη(t).

(4.6.39)

The free work identity (4.6.29) implies

dz

dt
(t) >

(μ
2
− ν C2

)
‖S(u)‖2

L2(Ωt)
(t) (4.6.40)

+ ν
(
k − ν

C2
1

μ

)
‖σ‖2

L2(Ωt)
+ ν

(

1 − ν
C2

3

2μ
(2 + ε)

℘

2σ
Cε

K0

)

Kη(t).
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If we choose ν so small that νC < μ/2, and

1
2
> ν

(C1ε+ μ)2

2μ
(2 + ε)

℘

2κ
Cε

K0
,

then we get
d

dt
z(t) >

ν

2
Kη(t). (4.6.41)

By (4.6.30), Cauchy’s inequality and (4.6.37), we obtain

z(t) = Kη(t) − 1
2
‖√ρu‖2

L2(Ω) −
k

2

∥
∥
∥
σ√
ρ̄

∥
∥
∥

2

L2(Ω)
+ ν(ρu,V)Ωt (t) (4.6.42)

≤ Kη(t) +
ν2

4
‖η‖2

L2(Σ)(t) <
(

1 +
ν2Cε

4K0

)

Kη(t).

Combining (4.6.41) with (4.6.42), we obtain

d

dt
z(t) >

ν

2
1

1 + ν2Cε
4K0

z(t). (4.6.43)

Moreover, by (4.6.30) and (4.6.23), it holds that

z(t) = Kη(t) − 1
2
‖√ρu‖2

L2(Ωt)
− k

2

∥
∥
∥
σ√
ρ̄

∥
∥
∥

2

L2(Ωt)
+ ν(u,V)Ωt (t)

≤ Kη(t) + ν(ρu,V)Ωt(t)

≤ (℘− 2σl(t))‖η‖2
L2(Σ)(t) +

ν

2
‖u‖2

L2(Ωt)
(t) +

ν

2
‖η‖2

L2(Σ)(t)

≤
(
℘+

ν

2

)
(‖u‖2

L2(Ωt)
+ ‖η‖2

L2(Σ))(t)

≤
(
℘+

ν

2

)
(‖u‖2

L2(Ωt)
+ c‖σ‖2

L2(Ωt)
+ ‖η‖2

W1,2(Σ))(t).

We set
β =

ν

2
1

1 + ν2Cε
4K0

.

Applying Gronwall’s Lemma to (4.6.43) we obtain an absurdum. Indeed for
any given time t ∈ (0,∞) we get

eβtz(0) ≤ z(t) ≤
(
℘+

ν
2
)
(‖u‖2

L2(Ωt)
+ c‖σ‖2

L2(Ωt)
+ ‖η‖2

W1,2(Σ))(t).

(4.6.44)

This contradicts (4.6.13), which completes the proof of the theorem.
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4.6.4 Loss of Initial Data Control

In this subsection Theorem 4.3.4 is proven following upon the proof of the
Theorem 4.3.3, and the proof is given by absurdum. We assume that a
solution (u, σ, η) of (4.3.4) defined for all t > 0 has a norm uniformly bounded
in time, i.e. that satisfies

‖u‖2
W 1,2(Ωt)

(t) + ‖σ‖2
W1,∞(Ωt)

(t) + ‖η‖2
W1,∞(Σ)(t) < 2α, t ∈ (0,∞).

(4.6.45)
By carefully repeating all steps of previous Sect. 4.3 by changing ε with α it
is not difficult to prove that for any given α > 0, for all times t > 0 such that

eβtz(0) ≤ z(t) ≤
(
℘+

γ

2

)
(‖u‖2

L2(Ωt)
+ c‖σ‖2

L2(Ωt)
+ ‖η‖2

W1,2(Σ))(t).

(4.6.46)

This contradicts (4.6.45), which completes the proof of the theorem.

4.7 Sign of E0 in Terms of Size of Perturbation

In this part, we furnish explicit characteristic parameters κ, ℘, d, h, ensuring
that the linearized initial energy E0 is positive for any initial data. This
furnishes an example of rest state with characteristic parameters κ, ℘, d, h
ensuring linear stability. Next, for the same set of characteristic parameters
κ, ℘, d and h, we construct sufficiently large initial data to ensure the total
energy at initial time is negative. This latter result is reached provided the
volume of the fluid is sufficiently large; cf. (4.7.23).

Add a subscript c to a Sobolev spaces X ; Xc means the same space
quotiented with respect to constants. Here we consider a plane rigid section
Σ × 0, and we prove the following Theorems

Theorem 4.7.1 It is possible to determine precise values of ℘, κ, d, h such
that:

(i) There exists a positive constant δ(℘, κ, h) > 0 such that all solutions to
(4.5.3) with τ ∈ L∞(0,∞); W 1,∞(Σ)) satisfy

∫

Σ

τ dx = 0, h+ τ >
h

2
, sup

t∈(0,∞)

‖τ‖W1,∞(Σ) < δ;

(ii) For all τ satisfying (i), the energy at initial time with u0 = 0, σ0 = 0,
η0 = τ , verifies also

E(0, 0, τ) > 0. (4.7.1)
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Theorem 4.7.2 Under hypotheses of Theorem 4.7.1 there exist at least one
initial data η0 = τ sufficiently large

‖τ‖W1,∞(Σ) > α,

such that the nonlinear total energy computed for initial data (u0 = 0, σ0 = 0,
η0 = τ) is negative, E(0, 0, τ) < 0.

4.7.1 Proof of Theorem 4.7.1

We begin by observing that it is possible to find in L2
0(Σ) an orthonormal

basis of functions τk and a sequence λk ∈ R in such a way that it yields

− Δ′τk −Gτk = λkτk,

∫

Σ

τk dx
′ = 0. (4.7.2)

Inparticular,wechoose τk, asproductofperiodic functionsf(2 iπ x1) g( 2 j π x2
d

),
f, g ∈ {sin, cos}, i, j ∈ N0, k = k(i, j), (i, j) 
= (0, 0), multiplied
by coefficients αij that provide unitary norms. Also the smallest of the
corresponding eigenvalues is given by

λ1 = Gd −G, (4.7.3)

where
Gd := 4 π2 min

{
1,

1
d2

}
. (4.7.4)

Hence we have the following equivalent inequalities

G < Gd := 4π2 min
{

1,
1
d2

}
, ⇐⇒ λ1 = Gd −G > 0.

This yields λk ≥ λ1 > 0, ∀k ∈ N .4 Our proofs require the hypothesis

λ1 > 0,

this explains the request that eigenfunctions must have zero mean values, say
we work in the quotient space of L2(Σ).

4This result can be read physically that for a liquid layer below a rigid plane (4.7.1) is
certainly true under the linear stability (4.3.13) hypothesis:

℘ |Σ|
κ

< 4π2 min
{
1,

1

d2

}
.

Namely, the linearized total energy of perturbation is positive for every regular functions.
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We notice that multiplying (4.7.2) times τk, integrating over Σ, and
integrating by parts it furnishes

(λk +G)
∫

Σ

τ2
k dx

′ = −
∫

Σ

τkΔ′τk dx′

=
∫

Σ

|∇′τk|2 dx′ −
∫

∂Σ

τk∇′τk · ν dl =
∫

Σ

|∇′τk|2 dx′.

Notice that the line integral over ∂Σ becomes zero either when τk vanishes,
say the Dirichlet condition holds, or when the normal derivative of τk is zero,
say the Neumann condition holds, or in our case, for periodic functions.

Setting u0 = 0, σ0 = 0, the total energy reduces to

E(η0) =
(
2

∫

Σ

(√
1 + |∇′η0|2 − 1

)
dx′ −G

∫

Σ

η2
0 dx

′
)
,

G =
℘|Σ|
κ

< 4π2 min
{

1,
1
d2

}

= Gd. (4.7.5)

Then the initial energy is given by E(0, η0) = κE(η0). Of course the sign of
E(η0) depends on the parameters κ, ℘, h, d. In the sequel we set η0 = τ .

Let u0 = 0, σ0 = 0. The total energy reduces to

E(η0) = κ
(
2

∫

Σ

(√
1 + |∇′η0|2 − 1

)
dx′ −G

∫

Σ

η2
0 dx

′
)
,

G =
℘|Σ|
κ

< 2π2
(
1 +

1
a2

)
. (4.7.6)

Then the initial energy is given by E(η0) = κE0. Of course the sign of E0

depends on the parameters κ, ℘, h
The aim of these calculations are twofold:

(a) To prove that there exists ε > 0 such that if τ ∈ C1(Σ) satisfies the
conditions

τ |∂Σ = 0,
∫

Σ

τ dx′ = 0, ‖∇′ τ‖∞ = sup
Σ

|∇′ τ | < ε (4.7.7)

then we have E(τ) ≥ 0
(b) To prove that there exists α > 0 such that if τ ∈ C1(Σ) satisfies the

conditions

τ |∂Σ = 0,
∫

Σ

τ dx′ = 0, ‖∇′ τ‖∞ = sup
Σ

|∇′ τ | > α, (4.7.8)

then we have E(τ) < 0.
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(a) Positiveness of E(η0) for small initial data

We notice that it holds

√
1 + p2 − 1 =

p2

√
1 + p2 + 1

= p2

(
1

2
+

1
√

1 + p2 + 1
− 1

2

)

=
p2

2
+ p2 1 −

√
1 + p2

2(1 +
√

1 + p2)
=

p2

2
− p4

2(1 +
√

1 + p2)2
=

p2

2
− R(p).

Since 1 +
√

1 + p2 ≥ 2, the following estimate is true:

R(p) = |R(p)| ≤ |p|4
8
.

Hence, for all τ ∈ W 1,∞(Σ) it holds

E(τ) = κ
(
2

∫

Σ

(√
1 + |∇′ τ |2 − 1

)
dx′ −G

∫

Σ

τ2 dx′
)

(4.7.9)

≥ κ
(∫

Σ

|∇′ τ |2 dx′ −G

∫

Σ

τ2 dx′ − 1
4

∫

Σ

|∇′ τ |4 dx′
)
.

Notice that from (4.7.9) it becomes clear that E(τ) is positive for suitably
small ‖∇′η‖L∞(Σ) if and only if its linearized part El(τ) is positive. Therefore,
provided the linearized energy El(τ), namely

∫
Σ
|∇′ τ |2 dx′ −G

∫
Σ
τ2 dx′ is

positive, the total energy E(τ) will also be positive for ∇′τ sufficiently small
in the norm of L∞. Thus to completely prove Theorem 4.7.1 we show that
E(τ) for small ‖τ‖ is still positive. For an arbitrary function τ we consider
the Fourier expansion and we get the same result. By using the eigenfunction
expansion in L2

0, with γj = (τ, τj), τ is expressed by,

τ =
∞∑

k=1

γj τj , ∇′ τ =
∞∑

k=1

γj ∇′ τj .

It follows that

∫

Σ

|∇′ τ |2 dx′ −G

∫

Σ

τ2 dx′ =
∞∑

k=1

γ2
j

∫

Σ

(|∇′ τj |2 dx′ −Gτ2
j

)
dx′

=
∞∑

k=1

γ2
j λj

∫

Σ

τj
2 dx′ =

∞∑

k=1

γ2
j λj .
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On the other hand, by the assumption : ‖∇′ τ‖∞ ≤ δ, we get

∫

Σ

|∇′ τ |4 dx′ ≤ δ2
∫

Σ

|∇′ τ |2 dx′

= δ2
∞∑

k=1

γ2
j

∫

Σ

|∇′ τj |2 dx′ = δ2
∞∑

k=1

γ2
j (G+ λj) .

As a consequence it yields:

E(τ) ≥
∞∑

k=1

(

γ2
j λj − δ2

4
γ2

j (G+ λj)
) ∫

Σ

τj
2 dx′

=
∞∑

k=1

γ2
j

[

λj

(

1 − δ2

4

)

− δ2

4
G

] ∫

Σ

τj
2 dx′.

Hence if

λ1

(

1 − δ2

4

)

− δ2

4
G ≥ 0,

we obtain
E(τ) ≥ 0.

Therefore, it is enough to let:

λ1(4 − δ2) − δ2 G ≥ 0

or equivalently

0 < δ ≤
√

4λ1

λ1 +G
=

√
4λ1

λ1 + ℘
κ

. (4.7.10)

Therefore we have proven that if τ satisfies (4.7.7) with δ bounded above by
(4.7.10), for δ sufficiently small, the initial value (u0, σ0, τ) = (0, 0, τ) lets
the initial energy (4.3.10) be positive.

4.7.2 Proof of Theorem 4.7.2

Here we prove that in our example it is possible to construct large initial
values which let the initial energy be negative. We look for a function τ with
E(τ) < 0. We choose η0 = L τ1 for sufficiently large number L. Using the
inequality (4.6.17) we deduce that recalling (4.7.9) it holds

E(τ) = k

∫

Σ

(
2(

√
1 + |∇′ τ |2 − 1) −Gτ2

)
dx′.
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We must construct initial data such that E(τ) < 0. Take τ = Lτ1, where

‖τ1‖2
L2(Σ) =

1
λ1 +G

‖∇′τ1‖2
L2(Σ) =

1
Gd

‖∇′τ1‖2
L2(Σ)

is the first eigenvalue and L is the intensity of initial data in L2. To simplify
calculations, in this computation we set

L|∇′ τ1| = p,

and substitute the value of first eigenvalue, λ1 = Gd −G,

E(τ) = k

∫

Σ

(
2(

√
1 + p2 − 1) − G

Gd
p2

)
dx′. (4.7.11)

The sign of this function is reduced to the sign of the integrand, hence we
compute the sign of the integrand. Simple calculations lead to

(
1 − G

Gd

)
p2 − p2

(1 +
√

1 + p2)2
p2 = p2

{Gd −G

Gd
− p2

(1 +
√

1 + p2)2

}
.

(4.7.12)
If

Gd −G

Gd

∫

Σ

p2 dx′ −
∫

Σ

p4 1
(1 +

√
1 + p2)2

dx′ < 0, (4.7.13)

then E(τ) < 0. To give a bound in terms of the intensity L of the L2

norm of initial data, we consider the case d < 1 which furnishes ∇′τ1 =√
2
d

2π sin(2π x). Notice that the coefficient
√

2
d

is needed in order the L2

norm if τ1 is one. Therefore it holds

0 < | cos2(2π x1)| < 1 ⇐⇒ 0 < p2 <
8 π2L2

d
. (4.7.14)

(4.7.14) infers

−
∫

Σ

p4 1

(1 +
√

1 + p2)2
dx′ ≤ − 1

(1 +
√

1 + (8π2L2/d))2

∫

Σ

p4 dx′,

(4.7.15)
∫

Σ

sin(2π x)4dx′ =
∫

Σ

cos(2π x1)4dx′ =
3 d
8
.

Furthermore, it holds ∫

Σ

p2dx′ = 4π2 L2. (4.7.16)
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Of course the energy is negative if

Gd −G

Gd

∫

Σ

p2 dx′ −
∫

Σ

p4 1
(1 +

√
1 + p2)2

dx′ < 0. (4.7.17)

From the above calculations we deduce that E is negative if

Gd −G

Gd
4π2 L2 − 24π4L4

d(1 +
√

1 + (8π2L2/d))2
< 0. (4.7.18)

We set γ := (Gd −G)/Gd and write

γ − 6π2L2

d(1 +
√

1 + 8π2L2

d
)2

< 0.

Developing the square we have

2γ d+ γ d
8π2 L2

d
+ 2γ d

√

1 +
8π2L2

d
− 3 d

4
8π2 L2

d
< 0.

Equivalently, we write

(
1 +

8π2L2

d

)(
γ − 3

4

)
+ 2γ

√

1 +
8π2L2

d
+ 2γ −

(
γ − 3

4

)
< 0.

Set x :=
√

1 + 8π2L2

d
, we get

(
γ − 3

4

)
x2 + 2γ x+

(
γ +

3
4

)
< 0.

This algebraic inequality admits two resolutions in function of the coefficient
of x2. We assume

(
γ − 3

4

)
< 0, ⇐⇒ 4G > Gd,

in order to find a condition on initial data. Precisely, we first change sign to
all inequality

x2
(3

4
− γ

)
− 2γ x −

(
γ +

3
4

)
> 0.

Taking the positive root:

x ≥ 4γ + 3
(3 − 4γ)

. (4.7.19)
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Recall that 4γ − 3 < 0. Substituting the value of x we have

8π2

d
L2 >

(7Gd − 4G
4G−Gd

)2

− 1. (4.7.20)

Therefore, we have

L2 >
d

8π2

48Gd

(4G−Gd)2
(Gd −G), (4.7.21)

that is
L2 > 24 d

Gd −G

(4G−Gd)2
. (4.7.22)

For such L, we obtain E(τ) < 0. Therefore we know that for initial data η0 =
Lτ1 with L satisfying condition (4.7.22), the initial value (u0, η0) = (0, Lτ1)
has an initial negative energy E0.

Remark 4.7.1 We read condition (4.7.22) as a condition on the Grashoff
number G, recalling that G must belong to the interval (Gd

4 , Gd). The smaller
G is, the more stable the system is. As G goes to Gd/4, L2 must go to ∞,
and there is instability only for initial data extremely large, which means
never! This result seems interesting. Moreover, if G goes to Gd then initial
data may become extremely small and there is instability also for small initial
data. Another factor to be analyzed is the size of the wet area namely the area
of contact section |Σ| between liquid and plane. If d goes to zero also L2 goes
to zero, thus instability may occur for thin contact sections.

Remark 4.7.2 The conditions on ℘, κ, h, d need a physical comment. In
our example, we require the following conditions

Gd

4
< G < Gd, (4.7.23)

h+ Lτ1 >
h

2
,

volV = hd = 1.

From the first two inequalities, and (4.7.22) we get

h

2
+ Lτ1 >

h

2
− L|τ1| ≥ h

2
− L

√
2
d
. (4.7.24)

Hence the left hand side of (4.7.24) will be positive if

h

2
≥ L

√
2
d

= 2
√

6 d
√
Gd −G

(4G−Gd)

√
2
d

= 4
√

3
√
Gd −G

(4G−Gd)
. (4.7.25)
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We may read (4.7.25) as a compatibility condition on the depth of the layer
in function of G: for instability to occur the depth must be sufficiently large.
On the other side, from (4.7.23)3 we obtain a compatibility condition on the
cross section in function G, specifically

(4G−Gd) > 8
√

3d
√

(Gd −G). (4.7.26)

We read condition (4.7.26) as a condition of smallness on the contact area
|Σ|, the wet area. For instability to occur the wet area must be sufficiently
small.

Remark 4.7.3 The hypothesis of upwardly directed gravity may appear
artificial. In this regard we notice that a rigid plane which is wet below
represents just a customary example of a thin layer of fluid with a rigid
surface above and a free surface below. In this example the motion occurs
due to capillarity phenomena. Another example that we propose as an open
problem is that of a fluid on an inclined plane. In this case it is important to
find the critical inclination angle.

4.8 Auxiliary Lemmas

We need two lemmas in order to consider the free boundary problem. We
denote by ρb the extension of the rest state to

Ωζ = {(x′, z) : x′ ∈ Σ, 0 < z < ζ(x′)},

and we set
Γζ = {x ∈ Ω̄ζ : x′ ∈ Σ, z = ζ(x′)}.

In order to state our theorem we introduce the following regularity class

V = {σ(x′, z), u(x′, z), ζ(x′) : u ∈ W 1,2
� (Ωζ); σ ∈ C0

� (Ω̄ζ , inf |ζ| >
h

4
, ζ ∈ W 1,∞

� (Σ)}.

4.8.1 Function V for Uniqueness

Lemma 4.8.1 Let (σ(x′, z),u(x′, z), ζ(x′)) ∈ V be given, and set

V (ζ(x′) =
k

g
(ρb(ζ(x′) − ρb(h)).

Then there exists a vector field V ∈ W 1,2
0 (Ωζ)) solution to the following

problem
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∇ ·V = σ, x ∈ Ωζ

V(x′, 0) = 0,

V · n(x′, ζ(x′)) = nz(∇′ζ)
V (ζ(x′))
ρb(ζ(x′))

.

(4.8.1)

Moreover, there exist two constants l1, l2 depending on ρb, ρ and ζ, such that
the following estimates hold true:

‖V‖L6(Ωζ) ≤ l1
[‖σ‖L2(Ωζ) + ‖ζ‖W1,2(Σ)

]
,

‖∇V‖L2(Ω) ≤ l2
[‖σ‖L2(Ωζ) + ‖ζ‖W1,2(Σ)

]
.

(4.8.2)

Proof. First of all verify that the compatibility condition
∫

Ωζ

σ(x′, z)dx =
∫

Γζ

V (ζ(x′))nz(∇′ζ)dx′,

requested by integration by parts of (4.8.1)1 over Ωζ is satisfied. We have

∫

Ωζ

σ(x)dx =
∫

Ωζ

(ρ(x) − ρb(x))dx = M − ρb

∫

Σ

dx′
∫ ζ(x′)

0

exp
(
− gz

k

)
dz

= M − ρb
k

g

∫

Σ

(
1 − exp

(
− gζ(x′)

k

)
dx′ =

k

g

∫

Σ

(
ρb(ζ(x′)) − ρb(h)

)
dx′

=
∫

Σ

V (ζ(x′))dx′,

(4.8.3)

that provides the wanted compatibility condition.
We look for the vector field in the form

ρbV = ρbU + W,

where U, W solve the simpler problems

∇ · (ρbU) = σ(x) − σ̄, Ωζ ,

U(x) = 0, Γζ ,

∇ · (ρbW) = σ̄, Ωζ ,

W(x′, 0) = 0, Σ,

W(x′, ζ(x′)) · n(∇′ζ) = V (ζ(x′))nz(∇′ζ(x′)), Σ,

(4.8.4)
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where σ̄ = 1
|Ωζ |

∫
Ωζ
σ(x)dx denotes the mean value of σ. We ask that the

following estimates be satisfied

‖∇U‖L2(Ωζ) ≤ c
[‖σ − σ̄‖L2(Ωζ)

]
,

‖∇W‖L2(Ωζ) ≤ c
[‖σ̄‖L2(Ωζ) + ‖ζ‖W 1,2(Σ)

]
.

(4.8.5)

We solve such problems by constructing explicit solutions. We observe
that the domain Ωζ is the union of domains Ωi = Σi × (0, ζ(x′)), Σi ⊆ Σ,
i = 1, . . . , N , star-shaped with respect to certain balls Bi, because ζ > h/4,
and the gradient of ζ is uniformly bounded. We make the reasoning forN = 1,
but our arguments hold for arbitrary N . We define ρbU according to the
formula due to Bogowski [16],

ρb(x)U(x) =
∫

Ωζ

(σ(y) − σ̄)
[ x − y
|x− y|n

∫ ∞

|x−y|
ω
(
y + ξ

x − y
|x − y|

)
ξ2dξ

]
dy =

∫

Ωζ

(σ − σ̄)N(x,y)dy,

(4.8.6)

where n is the dimension. Furthermore, we may extend by periodicity U
onto the whole domain x′ ∈ R2, 0 < z < ζ. Inequality (5.4.13)1 builds upon
the Calderon–Zygmund theorem because the kernel N(x,y)| ≤ c|x−y|−n+1.
Furthermore, we take the vector W in the form

W(x) = ∇× (Aχ(z)) + σ̄ze3, if n = 3,

W ≡
(
− ∂

∂x2
[b(x′)χ(x2)], χ(x2)

∂b(x′)
∂x2

+ σ̄x2e2

)
, if n = 2,

(4.8.7)

where χ(xi), i = 2, 3 is a regular cut-off function vanishing for xi < (h/4),
and equal to one in a neighborhood of xi(x′ ≥ min ζ(x′) > (h/4). In addition,
A = (−b2(x′), b1(x′), 0), and

∂b1
∂x1

+
∂b2
∂x2

= (V − σ̄ζ)(x′), if n = 3,

∂b

∂x1
= (V − σ̄ζ)(x1), if n = 2.

(4.8.8)

Since the compatibility condition
∫

Σ

(V − σ̄ζ)dx′ =
∫

Γζ

(V − σ̄ζ)nzdS = |Γζ |V̄ − σ̄

∫

Γζ

ζnzdS,
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is satisfied, there exists a periodic vector field b ≡ (b1, b2), or a scalar function
b satisfying (4.8.8), such that

‖b‖W2,2(Σ) ≤ c
[‖V − σ̄ζ‖W1,2(Σ)

]
,

‖b‖W2,2(Σ) ≤ c
[‖V − σ̄ζ‖W1,2(Σ)

]
.

(4.8.9)

These imply (4.8.2), and the Lemma is proved. ��

4.8.2 Functions V for Stability and Instability

We need two further lemmas in order to consider the free boundary problem.
We shall continue to denote by ρb the extension of the rest state to

Ωt = {(x′, z) : x′ ∈ Σ, 0 < z < ζ(x′, t)},

and we set
Γt = {x ∈ Ω̄t : x′ ∈ Σ, z = ζ(x∗, t)}.

In order to state our theorem we introduce the following regularity class

V = {u(x′, z, t), σ(x′, z, t), η(x′, t) : u ∈ L2(0,∞; W 1,2
� (Ωt);

σ ∈ C0(0,∞; C0
� (Ω̄t), inf |ζ| > h

4
, ζ ∈ L∞(0,∞; W 1,∞

� (Σ)}.

Lemma 4.8.2 Let the fields (u(x′, z, t), σ(x′, z, t)ζ(x′, t)) ∈ V be given, and
let

∂tσ = −∇ · (ρu) ∈ L2(0,∞;L2(Ω)). (4.8.10)

Then there exists a vector field V ∈ L∞(0,∞;W 1,2
0 (Ωt)) solution to the

following problem

∇ · (ρbV) = σ, x ∈ Ωt

V(x′, 0, t) = 0, x ∈ Σ,

V · n(x′, ζ(x′, t)) = nz(∇′ζ) V (ζ(x′,t))
ρb(ζ(x′,t)) , x ∈ Σ,

V (ζ(x′, t)) = k
g
(ρb(ζ(x′, t) − ρb(h)) x ∈ Σ.

(4.8.11)

Moreover, there exist two constants p1 depending on ρb, ρ and ζ, p2 function
of ζ, such that when setting ζ = h+ η the following estimates hold true:

‖∂tV‖L2(Ω) ≤ p1

[‖S(u)‖L2(Ωt) + ‖η‖W 1,2(Σ)

]
,

‖∇V‖L2(Ω) ≤ p2

[‖σ‖L2(Ωt) + ‖η‖W 1,2(Σ)

]
.

(4.8.12)
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Proof. First of all, we verify that compatibility condition
∫

Ωt

σ(x′, z, t)dx =
∫

Γt

V (ζ(x′, t))nz(∇′η)dx′,

requested by integration by parts of (4.8.11)1 over Ωt is satisfied. We have

∫

Ωt

σ(x, t)dx =

∫

Ωt

(ρ(x, t) − ρb(x))dx = M − ρb

∫

Σ

dx′
∫ ζ(x′,t)

0

exp
(
− gz

k

)
dz

= M − ρb
k

g

∫

Σ

(
1 − exp

(
− gζ(x′, t)

k

)
dx′ =

k

g

∫

Σ

(
ρb(ζ(x′, t)) − ρb(h)

)
dx′

=

∫

Σ

V (ζ(x′, t))dx′,

that provides the wanted compatibility condition.
We look for the vector field in the form

ρbV = ρbU + W,

where U, W solve the simpler problems

∇ · (ρbU) = σ(x) − σ̄, Ωt,

U(x, t) = 0, ∂Ωt,

∇ · (ρbW) = σ̄, Ωt,

W(x′, 0, t) = 0, Σ,

W(x′, ζ(x′, t)) · n(∇′η) = V (ζ(x′, t))nz(∇′η(x′, t)), Σ,

(4.8.13)

where σ̄ = 1
|Ωt|

∫
Ωt
σ(x)dx denotes the mean value of σ. We ask the following

estimates to be satisfied

‖∇U‖L2(Ωt)
≤ c

[‖σ − σ̄‖L2(Ωt)

]
,

‖∂tU‖L2(Ωt)
≤ c

[‖σt − ∂tσ̄‖L2(Ωt) + ‖u · n‖L2(Γt)

]
,

‖∂tW‖L2(Ωt)
≤ c

[‖σ̄‖L2(Ωt) + ‖u · n‖L2(Γt)

]
,

‖∇W‖L2(Ωt)
≤ c

[‖σ̄‖L2(Ωt) + ‖ζ‖W1,2(Σ)

]
.

We solve such problems by constructing explicit solutions. We observe
that the domain Ωt is the union of domains Ωi = Σi × (0, ζ(x′, t)), Σi ⊆ Σ,
i = 1, . . . , N , star-shaped with respect to certain balls Bi, because ζ > h/4,
and the gradient of ζ is uniformly bounded. We make the reasoning forN = 1,
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but our arguments hold for arbitrary N . We define ρbU according to the
formula attributed to Bogowski, cf. [16],

ρb(x)U)(x, t) =
∫

Ωt

(σ(y, t) − σ̄)
[ x − y
|x− y|

∫ ∞

|x−y|
ω
(
y + ξ

x − y
|x− y|

)
ξ2dξ

]
dy =

∫

Ωt

(σ(y, t) − σ̄)N(x,y)dy,

(4.8.14)

where ω is a compact support function in Ωt. Thus, by periodicity we extend
U onto the whole domain x′ ∈ R2, 0 < z < ζ. Differentiation of (4.8.6) with
respect to time gives

ρb(x)∂tU)(x, t) =

∫

Ωt

∂t(σ(y, t) − σ̄)
[ x − y

|x − y|n
∫ ∞

|x−y|
ω

(
y + ξ

x − y

|x − y|
)
ξ2dξ

]
dy+

∫

Γt

(σ(y, t) − σ̄)N(x,y)u · ndS = I1 + Ib.

(4.8.15)

Now we use (4.8.10) to estimate differentiation in time of σ ∂tσ(y, t) that
coincides with ∇·(ρu) and can be estimated in terms of ∇u. Next, we compute
the time derivative of σ̄. It holds

∂tσ̄ =
d

dt

(M − ∫
Ωt

ρb(z)dzdx

|Ωt|
)

=

−
(M − ∫

Ωt
ρb(z)dzdx

|Ωt|2
)d|Ωt|

dt
+

1

|Ωt|
d

dt

∫

Σ

∫ ζ(x′,t)

0

ρb(z)dzdx′

d|Ωt|
dt

=
d

dt

∫

Σ

ζ(x′, t)dx′ =

∫

Σ

∂tζdx′ =

∫

Σ

u · ñdx′,

d

dt

∫

Σ

∫ ζ(x′,t)

0

ρb(z)dzdx′ =

∫

Σ

ρb(ζ(x′, t))∂tζ(x′, t)dx′ =

∫

Σ

ρb(ζ(x′, t))u · ñdx′.

Hence, the time derivative of σ̄ furnishes

∂tσ̄ = −M − ∫
Ωt
ρb(z)dzdx

|Ωt|2
∫

Σ

u · ñdx′ + 1
|Ωt|

∫

Σ

ρb(ζ(x′, t))u · ñdx′.
(4.8.16)

Both the integrals on the left side of (4.8.16) can be bounded through the L2

norm of ∇u, and by Korn’s inequality by S(u). Inequality (5.4.13)1 for ρbU
follows by the Calderon–Zygmund theorem.

Furthermore, we take the vector W in the form
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W)(x) = ∇× (Aχ(z)) + σ̄zk, if n = 3,

W =
(
− ∂

∂x
[b(x′, t)χ(z)], χ(z)

∂b(x′, t)
∂x

)
+ σ̄zk, if n = 2,

(4.8.17)

where χ(z), is a regular cut-off function vanishing for z < (h/4), and equal
to one in a neighborhood of ζ(x′, t) ≥ min(x′,t) ζ(x′, t) > (h/4). Also it is
A = (−b2(x′, t), b1(x′, t), 0), and

∂b1
∂x1

+
∂b2
∂xb

=
(
V − σ̄η

)
(x′, t), if n = 3,

∂b

∂x1
=

(
V − σ̄η

)
(x1, t), if n = 2.

(4.8.18)

Since the compatibility condition
∫

Σ

(V − σ̄η)dx′ =
∫

Γt

(V − σ̄η)nzdS = |Γt|V̄ − σ̄

∫

Γt

ηnzdS,

is satisfied, there exists a periodic vector b ≡ (b1, b2), respectively scalar b,
fields satisfying (4.8.18), and such that

‖b‖W2,2(Σ) ≤ c‖V − σ̄η‖W1,2(Σ),

‖b‖W2,2(Σ) ≤ c‖V − σ̄η‖W1,2(Σ).
(4.8.19)

Moreover, it holds. These imply (4.8.12) and the Lemma is proved. ��

Some inequalities

The following inequalities hold true.

Lemma 4.8.3 Let u be a solenoidal vector field in W 1,2(Ω), with Ω a
bounded domain. If u is orthogonal to rigid motions, then the following
inequalities hold true

‖u‖L2(Ω) ≤ cP ‖∇u‖L2(Ω) , (4.8.20)

‖u‖L6(Ω) ≤ cS‖∇u‖L2(Ω) , (4.8.21)

‖∇u‖L2(Ω) ≤ cK ‖S(u)‖L2(Ω), (4.8.22)

where cP , cS and cK are the Poincare’, Sobolev, and Korns constants.

Proof. The first two inequalities (4.8.20)1,2 are true in a domain, bounded at
least in one direction, when ∇u = 0 implies u = 0, cf. [5]. This statement is
true thanks to the hypothesis that u vanishes on Σ × {0}.
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The third inequality (4.8.20)2 is the Korn inequality, again true because
u is zero at bottom; cf. [29, 35, 41, 58]. ��

4.8.3 Bibliographical Notes

For compressible fluids with free boundaries we quote few existence theorems
of steady flows, such as Zajazkowsky Pileckas [52,119], and some results can
be quoted for the existence for unsteady flows; cf. [50, 51, 74–76, 126, 126,
127, 133, 137, 138, 142], stability and uniqueness results have been furnished
for large initial data, cf. [45, 46, 113]. For viscous isothermal fluids having
upper free surface uniqueness and stability results have been furnished by the
author and Solonnikov in [113], however no results are known in the general
barotropic case or when the upper membrane is elastic. Here we have proven
stability of the rest state when outside the fluid there is the vacuum. The
proof of uniqueness of a compressible fluid bounded by an elastic membrane,
and the study of stability of the rest state is in preparation. The study of
non-linear instability has recently been started by the author; cf. [107], the
author and Solonnikov [113–118].

Below we quote some earlier results of the ‘well-posedness’ theory.
Existence results, incompressible fluids – The motion of a horizontal

layer of viscous, incompressible fluid bounded below by a rigid plane and
above by a free surface, taking surface tension into account, has been
studied by several authors, we quote only the pioneering results by Beale
[9, 10], and Beale and Nishida [11]. For incompressible fluid drops existence
theorems of motions have been started by Solonnikov [1,64,132,133], and for
equilibrium configurations, see [32]. Other existence results in incompressible
fluid motions with free boundary problems or with fluid-elastic interaction
can be found in [19, 48, 49], and [46] for continuous dependence, if K(ζ)
satisfies either (1.6.10), or (1.6.11). Recently it has been studied the stability
of a capillary Poiseuille flow moving over a inclined plane with upper free
boundary [79,81,117].

Stability results, incompressible fluids – The Rayleigh (1842-1919)-Taylor
(1886-1975) stability for incompressible fluids presents a wide literature and
we omit it. We just quote some books for references Batchelor (1920-2000)
[6], Drazin and Reid [22], Chandrasekhar (1910-1995) [18], Kopachevsky and
Krein [59], Yih [150].

Existence results, compressible fluids – For a section of a layer of compress-
ible fluid with upper free surface we quote the results about the existence
of non-steady motions by Secchi and Valli [126], by Solonnikov [131], by
Solonnikov and Tani [137], [13], by Tani [142], and by Jin and the author [51]
and about stationary motions by Jin and the author [53].
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Besides the stability results for inviscid fluids by Sedenko and Yudovich
[127], stability has been mainly been studied for viscous fluids, we quote two
typical examples. In one case we study the stability of a rotating fluid drop,
quoting the paper by Solonnikov and the author; cf. [114]. In the second case
it is demonstrated that the absence of the lower rigid boundary allows vertical
disturbance in the velocity in the vertical direction z that may produce novel
features of instability, so called Rayleigh–Taylor instability. The Rayleigh–
Taylor stability of the problem has been studied by Whitehead and Chen
[149], Helffer and Lafitte [55], Iooss and Rossi [62], and by Solonnikov and
the author [113]. All the above results are proved in using small initial data.

Here we wish to quote previous results about stability of a fluid with free
surface. We notice that such results are available in the two cases of a layer
and of a drop. Nonlinear stability results have been proved separately for
a layer [97, 106, 113], and for a liquid drop [115, 132, 134]. A first nonlinear
instability result under a technical assumption was proved in [107]. Several
linear instability results can be quoted [68, 114, 134–136] for a liquid drop
and analogous proof can be developed true also for a layer with rigid surface
upward. All results but [113] hold for incompressible fluids.
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Chapter 5
Polytropic Fluids with Rigid
Boundary

E vidi lume in forma di riviera
fulgido di fulgore, in tra due rive
dipinte di mirabil primavera.
61, XXX, Paradiso, A. Dante

Experience up to now justifies our faith that nature actualizes the simplest
mathematically conceivable ideas.
A. Einstein

5.1 Introduction

The process of heat transfer in a fluid is quite complex, because it combines
with the motion of the fluid. Think to a heated body immersed in a fluid,
it cools more rapidly in a moving fluid than in a fluid at rest. Such cooling
phenomenon due typically to the motion of the fluid is called convection.

In this chapter we study the uniqueness and stability properties of rest
state Sb of an horizontal layer of a viscous, heat conducting fluid, in the class
of regular steady flows, such a problem is known as Benard Problem [18].

The most studied problem is given by the Boussinesq approximation,
and deals with incompressible fluids. Not always experiments fits with the
Boussinesq approximation, when this happens the more complex and rigorous
compressible problem has to be studied.

In this chapter we study the full Benard problem for polytropic viscous
fluids.

Results in this chapter represent a modified version of the results proved
by the author in [15, 20, 94, 105].

M. Padula, Asymptotic Stability of Steady Compressible Fluids,
Lecture Notes in Mathematics 2024, DOI 10.1007/978-3-642-21137-9 5,
© Springer-Verlag Berlin Heidelberg 2011
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Other boundary conditions for velocity and temperature have been
discussed in Sect. 1.6, and the same algorithm should apply also to these
boundary conditions. However, until now there have been no results in this
direction.

The plane of the chapter is as follows:

Section 5.1 The boundary value problem, (BVP), and the initial bound-
ary value problem, (IBVP), are set for steady and unsteady
motions, respectively of a portion of heavy, polytropic viscous
gas filling a section of a horizontal layer, with upper and lower
rigid horizontal planes, of thickness h, heated from below. In case
of non homogeneous thermal boundary condition, the rest state
Sb ≡ (0, ρb,Θb) with non uniform temperature and density fields,
constitutes an example of exact solution.

Section 5.2 Under periodicity assumptions on the horizontal variables, and
under smallness hypothesis on density and temperature gradi-
ents, ∇ρb, ∇Θb of the basic flow, say hypothesis A, in a given
class of steady regular flows, it is proved uniqueness of rest state
Sb of a viscous polytropic gas.

Section 5.3 Under hypothesis A nonlinear exponential stability of rest state
Sb is proved. As physically expected, the stability result depends
on temperature gradient of the basic flow. If the temperature
gradient is zero then no restrictions are requested for the proof
of exponential stability.

Section 5.4 Auxiliary Lemmas are proven, there suitable functions are con-
structed, which are used as test functions both in the proofs of
uniqueness and asymptotic stability as well.

We conjecture that all proof and considerations of this section continue
to hold in the case of a infinite layer. We leave it as open problem. Another
open problem is the study of uniqueness and stability of a basic flow of a
fluid filling either a closed fixed region whose perfectly conducting walls are
not uniformly heated, or a layer with upper free boundary.

5.1.1 Equations of Motion

In the horizontal layer we reduce the problem to the study of uniqueness
in a parallelepiped Ω, with height h, with four vertical walls Sl, and with
two horizontal rectangular bases Σ, Σh. We assume periodicity conditions
on vertical lateral opposite walls. Introduce a orthonormal reference frame
R = {O, i, j,k} with O ∈ Σ, k orthogonal to Σ, and upward directed, with
(x, y, z) the coordinates of a point in R. We set x′ ≡ (x, y) to denote a
point on Σ, in general for a three-dimensional vector v, by v′ we denote the
two dimensional vector v′ ≡ (vx, vy). Thus, the bottom Σ is described by
the equation z = 0, while the upper plane Σh is described in Cartesian
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coordinates by z = h, and the domain Ω occupied by the fluid is Ω =
{x = (x′, z) : x′ ∈ Σ, 0 < z < h}. We denote by ∇′ = (∂x, ∂y), the derivatives
along horizontal variables, and it holds ∇′ ·u′ = ∂xux +∂yuy. The periodicity
cell is denoted by Σ, the fluid volume by V . As usual ∇ = (∂x, ∂y, ∂z) =
(∇′, ∂z) denotes the cartesian gradient operator, Δ = ∂2

x + ∂2
y + ∂2

z the
Laplacian operator.

At horizontal plane boundaries Σ, and Σh, for velocity and temperature
fields we assume Dirichlet boundary conditions. Precisely, for the velocity we
prescribe the no-slip condition given by the following boundary condition

u = 0, nosplip. (5.1.1)

For the temperature we prescribe Dirichlet condition corresponding to
perfectly conducting walls.

Θ = Θb perfectly heat conducting. (5.1.2)

In order to study the Benard problem we recall that unsteady motions of
polytropic fluids satisfy the following Initial Boundary Value Problem

ρt + ∇ · (ρu) = 0, Ω × (0, T ),

ρ(ut + u · ∇)u) = −R∗∇(ρΘ) + μΔu + (λ + μ)∇∇ · u − ρgk, Ω × (0, T ),

ρcv(Θt + u · ∇Θ) = χΔΘ − R∗ρΘ∇ · u + 2μD2(u) + λ(∇ · u)2, Ω × (0, T ),

(5.1.3)

ρ(x, 0) = ρ0(x), u(x, 0) = u0(x), Θ(x, 0) = Θ0(x), Ω,

u(x′, 0, t) = u(x′, h, t) = 0, Σ ∪ Σh × (0, T ),

Θ(x′, 0, t) = Θh + βh, Θ(x′, h, t) = Θh, Σ ∪ Σh × (0, T ),

where μ is the shear viscosity, λ the bulk viscosity, D(u) = (∇u+∇T u)/2 is
the rate-of-strain tensor, cv the specific heat at constant volume, χ the heat
conduction.

We assume for the pressure the Boyle–Mariot law p = R∗ρΘ, R∗ the
universal gas constant, cv is the specific heat at constant volume, χ is the
coefficient of thermal conductivity. Moreover, β is the basic temperature
gradient, Θh is the given temperature at level z = h.

System (5.1.3) is complete.

Remark 5.1.1 We remark that the total mass
∫

Ω

ρ dx = M,
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is determined by the value of density ρ0 at initial time. In Sect. 5.3 we
shall study the stability of a steady motion Sb perturbing initial data. The
perturbation ρ0 to the density must satisfy the condition that the total

∫
Ω
ρ0 dx

must coincide with the total mass of Sb.

We also recall that steady motions of heat conducting viscous polytropic
fluids satisfy the following Boundary Value Problem

∇ · (ρu) = 0, Ω, (5.1.4)

ρ(u · ∇)u = −R∗∇(ρΘ) + μΔu + (λ + μ)∇∇ · u − ρgk, Ω,

ρcv(u · ∇)Θ = χΔΘ − R∗ρΘ∇ · u + 2μD2(u) + λ(∇ · u)2, Ω,

u(x′, 0) = u(x′, h) = 0, Θ(x′, 0) = Θh + βh, Θ(x′, h) = Θh, Σ,

∫

Ω

ρ = M.

The periodicity cell Σ, the total mass M , the data h Θh, β, g, and all the
physical coefficients μ, λ, cv, χ, are given positive constants.

Exact solution: rest state Sb

The rest state satisfies the following Boundary Value Problem

0 = −R∗∇(ρb,Θb) − ρbgk, Ω,

0 = χΔΘb, Ω, (5.1.5)

Θb(x′, 0) = Θh + βh, Θb(x′, h) = Θh, , Σ,
∫

Ω

ρbdx = M.

We begin by construct an exact solution called the rest state Sb =
(ub,Θb, ρb), where

ub = 0, Θb = β(h− z) + Θh, (5.1.6)

ρb = ρ∗(β(h− z) + Θh)m, m :=
g

R∗β
− 1,

satisfy (5.1.5) in Ω = Σ × (0, h).
Moreover, (5.1.5)5 implies

ρ∗ =
Mβ(m+ 1)

|Σ|[(βh+ Θh)m+1 − Θm+1
h ]

,
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M

h|Σ|
1

(βh+ Θh)m
< ρ∗ <

M

h|Σ|
1

Θm
h

.

Remark 5.1.2 Notice that β small implies that ∇ρb is small. Thus it is
enough to suppose β small in our theorems.

5.2 Uniqueness of the Rest State

In this section we prove that under suitable conditions on the physical
parameters the total mass M , ‖ρ‖L∞ the data h, β, Θh, g, and μ, λ, cv, χ,
the rest state Sb given by (5.1.6) is the unique solution to the Boundary Value
Problem (5.1.4) in a suitable regularity class of steady solutions.

In order to present the main result we introduce the following regularity
class (u(x′, z), ρ(x′, z),Θ(x′)) ∈ V

V = W 1,2
� (Ω) × C0

� (Ω) ∩W 1,3(Ω) ×W 1,2
� (Ω), l > 0.

Notice that this space contains densities ρ in L∞(Ω).
Aim of this section is the proof of the following uniqueness theorem.

Theorem 5.2.1 The rest state Sb given in (5.1.6) is the unique solution to
the Boundary Value Problem (5.1.4), in the class of solutions V, correspond-
ing to the same boundary data and the same total mass, provided conditions
(5.4.5), (5.2.21) below are satisfied.

Proof. Assume by absurdum that there exists another solution u(x), ρ(x),
Θ(x) defined in Ω, satisfying the system (5.1.4), with the same boundary
data (5.1.4)4−7, and the same total mass, we wish to prove a contradiction.

It is useful to observe that from the property of the rest state

− gk = R∗
∇(Θbρb)

ρb
, (5.2.1)

the following identity yields

−R∗∇(Θbρ)−gρ∇z = −R∗
(
∇(Θbρ) − ρ

∇(Θbρb)
ρb

)
= (5.2.2)

− R∗Θbρ

[∇(Θbρ)
Θbρ

− ∇(Θbρb)
Θbρb

]

= −R∗ρΘb∇ ln
( ρ

ρb

)
.

Therefore it holds

−R∗∇(ρθ + ρΘb) − gρ∇z = −R∗∇(ρθ) −R∗ρΘb∇ ln
( ρ

ρb

)
.
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Substituting this identity in (5.1.4) we find that the difference u(x), σ =
ρ(x) − ρb(x), θ = Θ(x) − Θb(x) satisfies the perturbed Boundary Value
Problem

∇ · ((ρb + σ)u) = 0, Ω (5.2.3)

ρ(u · ∇)u − μΔu − (λ + μ)∇∇ · u = −R∗∇ρθ − R∗ρΘb∇ ln
( ρ

ρb

)
, Ω

ρcv(u · ∇)Θ = χΔθ − R∗ρΘ∇ · u + 2μD2(u) + λ(∇ · u)2, Ω

u(x′, 0) = u(x′, h) = 0, θ(x′, 0) = θ(x′, h) = 0, Σ
∫

Ω

σ dx = 0.

We set
‖(u, θ, σ)‖2

X := ‖u‖2
L2 + ‖θ‖2

L2 + ‖σ‖2
L2.

The line of proof consists in the construction of a functional G quadratic in
the L2 norms of perturbations, that along the solution of (5.2.3) satisfies the
inequality

G ≤ 0.

If G is positive definite, inequality G ≤ 0 can be satisified only if the variables
are intentically zero, which contradicts the starting hypothesis of the theorem
and achieves the thesis.

Therefore, sufficient conditions to guarantee the positiveness of the form
G are also sufficient to ensure uniqueness of the rest state. �	

Energy Equation of Perturbation

Set T = θ/Θ. Sometime in the same formula both symbols T and θ may
appear to indicate the perturbation to the temperature.

Let us multiply equations (5.2.3)2 by u, (5.2.3)3 by T/(1+T ), and integrate
over Ω. Integrating by parts, taking into account (5.2.3)1 and boundary
conditions (5.2.3)4−7 we obtain

∫

Ω

(
μ(∇u)2 + (λ + μ)(∇ · u)2

)
dx = −R∗

∫

Ω
u · ∇(ρθ) − R∗

∫

Ω
ρΘbu · ∇ ln

( ρ

ρb

)
dx,

(5.2.4)

χ

∫

Ω
∇θ · ∇

( T

1 + T

)
dx = −cv

∫

Ω
ρu · ∇

(
Θb(1 + T )

) T

1 + T
dx

− R∗
∫

Ω
ρθ ∇ · u dx +

∫

Ω

T

1 + T

(
μ(∇u)2 + (λ + μ)(∇ · u)2

)
dx.

We now develop separately each term in (5.2.4)2.
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For the integral at left hand side of (5.2.4)2, since Θb is linear in z, and
T is zero at boundaries Σ, Σh, by periodicity on lateral surface, it is easy to
check that the following two identities hold

ΔΘb = 0,
∫

∂Ω

k · n
(

ln(1 + T ) +
1

1 + T

)
dS = 0.

The integral
∫
Ω
∇θ ·∇ (T/(1+T ))dx apparently has no definite sign, however

integrating by parts, and taking into account that T = 0 at horizontal planes
Σ, Σh of the boundary ∂Ω, and using the periodicity conditions on the lateral
walls one verifies that it holds

∫

Ω

∇(Θb T ) · ∇
( T

1 + T

)
dx =

∫

Ω

(
Θb∇T + T∇Θb

)
· ∇T

(1 + T )2
dx

=
∫

Ω

Θb
|∇T |2

(1 + T )2
dx+

∫

Ω

∇Θb · ∇T
T

(1 + T )2
dx

=
∫

Ω

Θb
|∇T |2

(1 + T )2
dx − β

∫

Ω

k · ∇
(

ln(1 + T ) +
1

1 + T

)
dx

=
∫

Ω

Θb
|∇T |2

(1 + T )2
dx − β

∫

∂Ω

k · n
(

ln(1 + T ) +
1

1 + T

)
dx

=
∫

Ω

Θb
|∇T |2

(1 + T )2
dx =

∫

Ω

Θb|∇ ln(1 + T )|2.

(5.2.5)

Concerning the first integral at right hand side we observe what follows

∇
(
Θb(1+T )

) T

1 + T
= T∇Θb+Θb

(
1− 1

1 + T

)
∇T = ∇(ΘbT )−Θb∇ ln(1+T ).

(5.2.6)
Notice that

∫
Ω
ρu · ∇(ΘbT ) = 0. Substituting (5.2.6) in (5.2.4)2, and

integrating by parts in (5.2.4)2 yields

χ

∫

Ω

Θb|∇ ln(1 + T )|2dx = −cvβ
∫

Ω

ρu · k ln(1 + T ) dx−R∗
∫

Ω

ρθ∇ · u dx+
∫

Ω

T

1 + T

(
μ(∇u)2 + (λ+ μ)(∇ · u)2

)
dx. (5.2.7)

Adding (5.2.4)1 to (5.2.7) yields

∫

Ω

Θb

Θ

(
μ(∇u)2 + (λ+ μ)(∇ · u)2

)
dx+ χ

∫

Ω

Θb|∇ ln(1 + T )|2 dx (5.2.8)

= −cvβ
∫

Ω

ρ ln(1 + T )u · k dx−R∗β
∫

Ω

ρ ln
( ρ

ρb

)
u · k dx .
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We observe that by the Lagrange mean value theorem it holds

ln
( ρ

ρb

)
=

1
ρ
σ, (5.2.9)

with ρ a point between ρ and ρb. Therefore the r.h.s. of (5.2.8) can be
increased by the norm ‖ · ‖X of disturbances, thus it is bounded above by
‖∇u‖2

L2, ‖σ‖2
L2, ‖∇ ln(1 + T )‖2

L2. Specifically we have

− cvβ

∫

Ω

ρ ln(1 + T )u · k dx−R∗β
∫

Ω

ρ ln
( ρ

ρb

)
u · k dx

≤ cvβ‖ρ‖L3/2‖u‖L6‖ ln(1 + T )‖L6 +R∗β
∥
∥
∥
ρ

ρ

∥
∥
∥

L3
‖u‖L6‖σ‖L2 (5.2.10)

= β a1‖∇u‖L2‖∇ ln(1 + T )‖L2 + β a2‖∇u‖L2‖σ‖L2 ,

and
a1 := cv c

2
S‖ρ‖L3/2

a2 := R∗ cS
∥
∥
∥
ρ

ρ

∥
∥
∥

L3
.

In this way we deduce

μ inf
Ω

∣
∣
∣
Θb

Θ

∣
∣
∣‖∇u‖2

L2 + χ inf
Ω

Θb‖∇ ln(1 + T )‖2
L2 (5.2.11)

≤ β a1‖∇u‖L2‖∇ ln(1 + T )‖L2 + β a2‖∇u‖L2‖σ‖L2 .

Inequality (5.2.11) by Cauchy inequality can be simplified as

b1‖∇u‖2
L2 + b2‖∇T‖2

L2 ≤ β a2‖∇u‖L2‖σ‖L2 . (5.2.12)

where we have assumed

b1 := μ inf
Ω

Θb

Θ
− β

a1

2
> 0, (5.2.13)

b2 := χ inf
Ω

Θb − β
a1

2
> 0, (5.2.14)

and α is an arbitrary positive number.
Unfortunately at the left hand side of (5.2.12) there appear only the norms

‖∇u‖L2, and ‖∇T ‖L2, while the norm ‖σ‖L2 is missing. Hence the right hand
side of (5.2.12) cannot be increased by the left hand side of (5.2.12)!

The key point of the proof of our uniqueness theorem consists in finding
an additional inequality that can provide these terms. In the spirit of the
papers [104] and [113], we compute the free work identity, using again the
equation of momentum (5.2.3)2.
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Free Work Equation
Our goal is to estimate ‖σ‖L2 in terms of ‖∇u‖L2 , and ‖∇T ‖L2.

We multiply (5.2.3)2 by a suitable vector field V, solution of the problem
(5.4.4) introduced in Lemma 5.4.2 of Sect. 5.4, and integrate over Ω. We
obtain the free work equation:

∫

Ω

ρu · ∇u ·Vdx −
∫

Ω

(μΔu + (λ + μ)∇ · u) ·Vdx +R∗
∫

Ω

V · ∇(ρθ)dx

= −R∗
∫

Ω

ρΘbV · ∇ ln
( ρ

ρb

)
dx. (5.2.15)

Integrating by parts the left hand side of (5.2.15) we obtain the nonlinear
functional

J1 =
∫

Ω

ρu·∇u·Vdx+
∫

Ω

(
μ∇u : ∇V+(λ+μ)∇·u∇·V

)
dx−R∗

∫

Ω

ρθ∇·V dx.

To find a dissipative term on σ we choose as test function V the one
constructed in Lemma 5.4.2. Employing (5.2.9), and (5.4.4) it yields

R∗
∫

Ω

∇ · (ρΘbV) ln
( ρ

ρb

)
dx = R∗

∫

Ω

σ2

ρ̄
dx,

where ρ̄ is a point between ρ and ρb. Above calculations, exchanging the sides
in equation (5.2.15), yield the free work equation

R∗
∫

Ω

σ2

ρ̄
dx = −J1, (5.2.16)

where R∗
∫
Ω

σ2

ρ̄
dx represents the squared natural norm where the problem

should be studied. In Lemma 5.4.2, under hypothesis (5.4.5) it is proved the
estimate

‖∇V‖L2 ≤ f3‖σ‖L2. (5.2.17)

Remark 5.2.1 We remark that (5.4.5) implies existence of a minimum for
the density ρ. Also notice that estimates for the auxiliary function V exist
only if it exists a minimum for the density ρ.

Finally, employing the property (5.2.17) satisfied by V, and using the
Poincare’ inequality we estimate J1 as follows

J1 ≤
(
‖ρu‖L3‖u‖L6 + (λ + 2μ)‖∇u‖L2 + R∗‖ρΘ‖L3‖T‖L6

)
‖∇V‖L2

≤
(

c1‖∇u‖L2 + c2‖∇T‖L2

)
f3‖σ‖L2 ,

(5.2.18)
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where
c1 := cS‖ρu‖L3 + (λ+ 2μ),

c2 := R∗cS‖ρΘ‖L3.

Thus (5.2.16) together with inequality

R∗
‖ρ‖L∞

‖σ‖2
L2 ≤ J1,

yields the wanted estimate for σ,

‖σ‖L2 ≤ f3
R∗

‖ρ‖L∞
(
c1‖∇u‖L2 + c2‖∇T ‖L2

)
). (5.2.19)

We remark that the coefficient λ+2μ cannot be taken small. Substituting
(5.2.19) into (5.2.12) we deduce the algebraic inequality

b1‖∇u‖2
L2 + b2‖∇T‖2

L2 ≤ β a2
f3
R∗

‖ρ‖L∞‖∇u‖L2

(
c1‖∇u‖L2 + c2‖∇T ‖L2

)
)

≤ β d1‖∇u‖2
L2 + β d2‖∇u‖L2‖∇T ‖L2,

(5.2.20)

with
d1 = c1a2

f3
R∗

‖ρ‖L∞ ,

d2 = c2a2
f3
R∗

‖ρ‖L∞ .

We consider the inequality

G := (b1 − β d1)‖∇u‖2
L2 + b2‖∇T‖2

L2 − β d2‖∇u‖L2‖∇T ‖L2 ≤ 0,

which states that the quadratic form G in the variables ‖∇u‖L2, ‖∇T ‖L2 is
less than zero. If

(b1 − β d1)b2 ≥
(β d2

2

)2

, (5.2.21)

the quadratic form G is positive definite, and we obtain contradiction. Hence
uniqueness has been proved.

Remark 5.2.2 It is obvious that assumption of homogeneous temperature at
boundary implies β = 0, then condition (5.2.21) is always satisfied. In general
it is β �= 0, thus uniqueness holds only for large kinematic and heat viscosity
coefficients (small Rayleigh number). The reasoning could be straightforward
extended to general potential forces, and Theorem 5.2.1 is recovered.
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Notice that to get uniform temperature it is enough in our case to prescribe
uniform temperature at boundaries. The same is still true for a gas in a rigid
vessel.

We also observe that the r.h.s. of (5.2.8) is naturally increased in
terms of the L2 norms of logarithmic functions of temperature and density
perturbations. For temperature we find the same norm as dissipative term
at l.h.s. of (5.2.8), for the density we do not have an analogous dissipative
term at l.h.s. of (5.2.8) therefore we should derive artificially it. Here we
aim to construct a dissipative term for the density through the auxiliary test
function V satisfying a problem of kind

∇ · (ρΘbV) = ln
( ρ

ρb

)
− c

V|∂Ω = 0,
(5.2.22)

with c suitable constant
c =

∫

v

ln
( ρ

ρb

)
dv.

The problem to derive the L2 norm of the logarithmic function of density
perturbation remains till now an open problem.

5.3 Stability Problem

In this Section we study the stability problem of the rest state of compressible
heat conducting fluids, when the domain is a section of a horizontal layer Ω
already defined in the previous section. We conjecture that all proof and
considerations of this Section continue to hold in the case of a infinite layer.
We leave it as open problem.

In order to present the main result we introduce the following regularity
class V defined by

V = {u(x′, z, t), ρ(x′, z, t),Θ(x′, t)

∈ L2(0,∞; W 1,2
� (Ω)) × C0(0,∞; C0

� (Ω) ∩ W 1,3(Ω)) × L2(0,∞; W 1,2
� (Ω)}.

For all reasonings and proofs done in this section we shall suppose that there
exists a regular, global solution

(
u(x, t), ρ(x, t),Θ(x, t)

)
defined in Ω, satisfy-

ing system (5.1.3), corresponding to given initial data
(
u0(x), ρ0(x),Θ0(x)

)
.
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5.3.1 Energy Equation

As known in the presence of potential forces, a balance equation of total
energy, still holds true for solutions to (5.1.3), namely it holds

dE

dt
= Φ, (5.3.1)

where
Φ = χ

∫

∂Ω

n · ∇Θ dx

is the heat flux, and

E(t) =
∫

Ω

ρ
(u2

2
+ Π + cvΘ

)
dx

is the total energy represented by the sum of specific kinetic, potential
Π = g

∫
Ω
ρ z dx and internal energy cvΘ see (1.7.10) [24]. Below we give

the proof of equation (5.3.1). To this end we multiply (5.1.3)2 times u and
integrate over Ω, by use of (5.1.3)1 and transport theorem, since u vanishes
at boundary, we have

d

dt

∫

Ω

ρ
(u2

2
+ Π

)
dx = −μDu −

∫

Ω

u · ∇ p(ρ,Θ)dx, (5.3.2)

where D(u) = ∇u+∇uT

2
is the strain rate tensor.

Integrating (5.1.3)3 over Ω and again using the transport theorem we get

d

dt

∫

Ω

ρ cvΘ dx = χ

∫

∂Ω

n · ∇Θ dx−
∫

Ω

∇ · u p(ρ,Θ)dx+ μDu. (5.3.3)

Adding (5.3.3) to (5.3.2) we obtain the celebrated energy equation cf. [24]
(5.3.1).

It is evident that, despite the barotropic case, the difference E(t) − Eb,
between the energies E(t) computed along the unsteady thermal process(
u, ρ,Θ

)
and Eb computed along the rest state

(
0, ρb,Θb

)
doesn’t furnish

any more a positive definite quadratic form in the L2-norm of perturbations(
u, σ, θ

)
. Therefore from energy equation we cannot anymore deduce a

stability result, even for the rest state. Because of this difficulty, in this section
we construct first the energy of perturbation E(t), thus we deduce a
energy equation of perturbation. Finally we construct a modified energy
E(t) which we choose as appropriate Lyapunov functional.
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The equation governing evolution in time for E will furnish stability
when the Dirichlet data on the temperature are homogeneous, without any
further hypothesis. In fact such equation provides an a priori estimate for the
solutions.

5.3.2 Energy Equation of Perturbation

Here we keep the notation T = θ/Θb introduced in previous section, and we
shall use both notations θ, T in the same relation.

Let us begin by deriving a modified energy equation, to this end we write
the perturbation equations

σt + ∇ · ((ρb + σ)u) = 0, Ω × (0, T ),

ρ(ut + u · ∇)u) = μΔu + (λ + μ)∇∇ · u− R∗∇(ρθ) + R∗ρΘb∇ ln
( ρ

ρb

)
, Ω × (0, T ),

cvρ(θt + u · ∇θ) = χΔθ + cv βρu · k− R∗ρΘ∇ · u + 2μ D2(u) + λ(∇ · u)2, Ω × (0, T ),

(5.3.4)

ρ(x, 0) = ρ0(x), u(x, 0) = u0(x), θ(x, 0) = θ0(x), Ω,

u(x′, 0, t) = u(x′, h, t) = 0, θ(x′, 0, t) = θ(x′, h, t) = 0, Ω × (0, T ),

∫

Ω
σ dx = 0, (0, T ).

Theorem 5.3.1 Energy Equation of Perturbations. Let u, ρ = ρb + σ,
Θ = Θb + θ solve (5.1.3) with u, σ, θ ∈ V. Then setting θ/Θ = T/(1 + T ) the
following equation for the energy of perturbations E holds

dE
dt

= I0 − μDu(t) − χDθ(t); (5.3.5)

E = Eu + Eσ + Eθ;

Eu =
1
2

∫

Ω

ρu2 dx;

Eσ =
∫

Ω

Θbρ
(

ln
ρ

ρb
− 1

)
dx;

Eθ = cv

∫

Ω

ρΘb

(
T − ln

T

1 + T

)
dx;
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μDu =
∫

Ω

Θb

Θ
(2μD(u) : D(u) + λ|∇ · u|2) dx;

χDθ = χ

∫

Ω

Θ3
b

Θ2
|∇T |2 dx;

I0 = R∗β
∫

Ω

ρ ln
( ρ

ρb

)
u · k dx+ cvβ

∫

Ω

ρ ln
( Θ

Θb

)
u · k dx.

Proof. Let us multiply (5.3.4)2 by u. Integrating by parts over Ω, taking into
account the boundary conditions (5.3.4)7−10, we obtain the following integral
equation:

d

dt

∫

Ω

ρ
u2

2
dx+ μ‖∇u‖2

L2 + (λ+ μ)‖∇ · u‖2
L2 (5.3.6)

= −R∗
∫

Ω

u · ∇(ρθ) dx +R∗
∫

Ω

ρΘbu · ∇ ln
( ρ

ρb

)
dx.

In a fixed domain Ω the following identity is true

d

dt

∫

Ω

Θbρ
(

ln
ρ

ρb
− 1

)
dx =

∫

Ω

Θb

{
∂tρ

(
ln

ρ

ρb
− 1

)
+ ρ∂t ln

ρ

ρb

}
dx (5.3.7)

=
∫

Ω

Θb∂tρ ln
ρ

ρb
dx.

Employing the continuity equation

∂tρ = −∇ · (ρu),

we get
∫

Ω

Θb∂tρ ln
ρ

ρb
dx = −

∫

Ω

Θb ln
ρ

ρb
∇ · (ρu) dx (5.3.8)

=
∫

Ω

ρu · ∇
(
Θb ln

ρ

ρb

)
dx = −β

∫

Ω

ρu · k ln
ρ

ρb
dx+

∫

Ω

Θbρu · ∇ ln
ρ

ρb
dx.

From (5.3.8) and (5.3.7) it follows

∫

Ω

Θbρu · ∇ ln
ρ

ρb
dx =

d

dt

∫

Ω

Θbρ
(

ln
ρ

ρb
− 1

)
dx + β

∫

Ω

ρu · k ln
ρ

ρb
dx.

(5.3.9)

Substituting (5.3.9) into (5.3.6) we deduce
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d

dt

∫

Ω

{
ρ
u2

2
dx +R∗Θbρ

(
ln

ρ

ρb
− 1

)}
dx + μ‖∇u‖2

L2 + (λ+ μ)μ‖∇ · u‖2
L2

(5.3.10)

= −R∗
∫

Ω

u · ∇(ρθ) dx +R∗β
∫

Ω

ρu · k ln
( ρ

ρb

)
dx.

Notice that the trivial identity holds true

[
(Θb T )t + u · ∇(Θb T )

] T

1 + T
= Θb( Tt + u · ∇T )

T

1 + T
+ u · ∇Θb

T 2

1 + T

= Θb
d(T − ln(1 + T ))

dt
− βu · k T 2

1 + T
.

(5.3.11)

Hence, since it is Θb T = θ, integrating (5.3.11) in Ω and integrating by
parts, it yields

∫

Ω

ρ(θt + u · ∇θ)
T

1 + T
dx =

∫

Ω

ρ
(
Θb

d(T − ln(1 + T ))

dt
− βu · k T 2

1 + T

)
dx

=
d

dt

∫

Ω

ρΘb(T − ln(1 + T ))dx + β

∫

Ω

ρ
(
T − ln(1 + T ) − T 2

1 + T

)
u · k dx

=
d

dt

∫

Ω

ρΘb(T − ln(1 + T ))dx + β

∫

Ω

ρ
( T

1 + T
− ln(1 + T )

)
u · k dx.

(5.3.12)

Moreover integrating over Ω equation (5.3.4)3 multiplied by θ/Θ = T/
(1 + T ), and using previous identity (5.3.12) we obtain

cv
d

dt

∫

Ω

ρΘb(T − ln(1 + T ))dx+ χ

∫

Ω

∇θ · ∇
( T

1 + T

)
dx (5.3.13)

= cvβ

∫

Ω

ρ ln(1 + T )u · k dx−R∗
∫

Ω

ρθ∇ · u dx

+
∫

Ω

T

1 + T

(
μ(∇u)2 + (λ+ μ)(∇ · u)2

)
dx.

Adding (5.3.6), (5.3.13), and recalling (5.2.5) we obtain

d

dt

∫

Ω

{
ρ
u2

2
+R∗ρΘb

(
ln

( ρ

ρb
− 1

))
+ cvρΘb(T − ln(1 + T ))

}
dx (5.3.14)

+ μ

∫

Ω

Θb

Θ
(∇u)2dx+ (λ+ μ)

∫

Ω

Θb

Θ
(∇ · u)2dx + χ

∫

Ω

Θ3
b

Θ2

∣
∣
∣∇T

∣
∣
∣
2

dx = I0

with I0 given in (5.3.5)7. �	
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The energy of perturbations E is equivalent to L2 norm of pertur-
bations.

From (5.3.5)2 we see that E is the sum of three energy terms.
The first term Eu represents the kinetic energy and it is a weighted norm

of the velocity in L2. Furthermore, if we assume that density ρ is bounded
from below for all times, then Eu can be decreased by the L2 norm of the
velocity u.

For the second term Eσ, we notice that by Taylor expansion it holds

Eσ = R∗
∫

Ω

{
Θbρ

(
ln

ρ

ρb
− 1

)
dx =

R∗
2

∫

Ω

Θb
σ2

ρ
dx,

and Eσ represents a weighted L2 norm of σ. Furthermore, if we assume that
density is bounded from above for all times, and the basic temperature Θb is
bounded from below, then Eσ is decreased by the L2 norm of the perturbation
to the density σ. Concerning the third and last term Eθ, again by Taylor
expansion we get

Eθ = cv

∫

Ω

ρΘb

(
T − ln(1 + T )

)
dx =

cv
2

∫

Ω

ρ
Θ3

b

Θ
2T

2 dx,

with ρ between ρ and ρb, Θ between Θ and Θb. Thus Eθ represents a weighted
L2 norm of θ. Finally, if we assume that temperature is bounded from above
for all times, and the basic temperature Θb is bounded from below, then Eθ

is decreased by the L2 norm of the perturbation to the temperature θ.
Hence, the modified energy E in (5.3.5) may represent a good Lyapunov

functional .
If the time derivative of the energy of perturbations E in (5.3.14) is
negative, then E is a good Lyapunov functional.

Remark 5.3.1 Finally, as expected if β = 0 that is for uniform temperature
at boundary, it results I0 = 0, and from (5.3.5) we see that the energy E
is decreased by a positive quadratic form in the L2 norms of perturbations.
Hence (5.3.5) furnishes for β = 0 a stability result, namely a control for
all times of the L2 norms of perturbations.
Stability remains true for μ = 0, χ = 0.

Remark 5.3.2 Let the layer be heated from above, i.e. let β < 0.
In this case, in the Boussinesq (1882-1929) approximation it follows directly
from the energy equation of perturbations that the rest is stable.
In compressible case (5.3.5) doesn’t imply any more stability for β < 0, this
is a very challenging question, cf. [47].

Differential equation (5.3.14) involves two functionals say E , and

G = I0 − μDu(t) − χDθ(t)

involving perturbations in the weighted L2 space.
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If it would hold cE < G, with c positive constant, one would obtain

dE
dt

+ cE ≤ 0, (5.3.15)

and in virtue of Gronwall’s lemma, one would deduce

E(t) ≤ E(0) exp−ct . (5.3.16)

Since E is equivalent to a quadratic form positive definite in the L2 norms
of perturbations, thus (5.3.16) provides the exponential decay to zero of
perturbations.

Therefore sufficient conditions that guarantee the positive definiteness of
E , and the validity of inequality cE ≤ G would be also sufficient conditions
for exponential stability of the rest state.

We recall that by its definition, in (5.3.5)7, I0 contains certain norms in X
of the disturbances and G = Du + Dθ − I0 may be increased by a quadratic
form in X but it can never be positive definite because positive terms in σ are
missing! Thus inequality cE ≤ G doesn’t hold. The key point of the proof of
our asymptotic stability theorem consists in finding an additional inequality
that provides a dissipative term in σ. This will be achieved by use of the Free
work equation.

5.3.3 Nonlinear Exponential Stability

In this subsection by direct Lyapunov method we prove an asymptotic
stability result. The plane of the proof consists in two steps. First, we
deduce the free work equation that provides an artificial dissipative
L2 norm for the perturbation σ to density. Next we derive a “Modified
Energy Estimate” that furnishes a balance between the time derivative of
the modified energy E which is expressed as L2 norm of perturbations,
and a functional I expressed as sum of the dissipative viscous −Du, heat
diffusive −Dθ terms, and an artificial dissipative term for the perturbation
to density plus a quadratic functional in the perturbations. The modified
energy method furnishes asymptotic exponential decay for the L2 norms of
all perturbations, provided the gradient of basic temperature is not too large,
it this subsection we follow the lines of [15].

In the spirit of the paper by [104] and [15], we compute the free work
equation using perturbations u(x, t), σ(x, t), θ(x, t) that satisfy the Initial
Boundary Value Problem (5.3.4).

Remark 5.3.3 Hypothesis (5.4.5) in Lemma 5.4.1 of next section infers
existence of minimum for the density ρ.
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Theorem 5.3.2 Free Work Equation. Let u, ρ = ρb + σ, Θ = Θh + θ
solve (5.3.4) with (u, σ, θ) ∈ W. Then, under assumption (5.4.5) the free work
equation holds

− d

dt

∫

Ω

ρu · Vdx+R∗
∫

Ω

σ2

ρ̄
dx = I1, (5.3.17)

where

I1 = −
∫

Ω

ρ
(
∂tV + u · ∇u ·V

)
· u dx

−
∫

Ω

(
μ∇u : ∇V + (λ+ μ)∇ · u∇ ·V

)
dx−R∗

∫

Ω

ρθ∇ ·V dx.

(5.3.18)

We multiply (5.3.4)2 by the auxiliary function V, we integrate over Ω and
take integrations by parts. We obtain:

∫

Ω

ρ
(
∂tu + u · ∇u

)
· V dx+R∗

∫

Ω

ρΘbV · ∇ ln
( ρ

ρb

)
dx = (5.3.19)

−R∗
∫

Ω

V · ∇(ρθ) dx +
∫

Ω

(
μΔu + (λ+ μ)∇ · u

)
V dx.

Integrating by parts, and employing Reynolds transport theorem, and
changing sign in the equation, we get

− d

dt

∫

Ω

ρu · V dx+R∗
∫

Ω

ln
( ρ

ρb

)
∇ · (ρΘbV) dx = I1, (5.3.20)

I1 := −R∗
∫

Ω

ρθ∇ · V dx +
∫

Ω

(
μ∇u : ∇V + (λ+ μ)∇ · u∇ · V

)
dx

+
∫

Ω

ρ
(
∂tV + u · ∇V

)
· u dx.

By taking as V a suitable vector field, solution of the problem (5.4.12)
introduced in Lemma 5.4.3, we have

R∗
∫

Ω

∇ · (ρΘbV) ln
( ρ

ρb

)
dx =

R∗
2

∫

Ω

σ2

ρ
dx, (5.3.21)

where ρ is a point between ρ and ρb. Hence, we arrive at the free work identity
(5.3.17).

We denote by ce any embedding constant.

Theorem 5.3.3 Nonlinear Exponential Stability Let the conditions
(5.3.25), (5.4.5) be verified. Then the rest state Sb is asymptotically stable
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in the class of motions W solutions to system (5.1.3), corresponding to the
same data.

Proof. Adding (5.3.20) multiplied by an arbitrary constant ν to (5.3.5)1 we
get

d

dt
E + D = I0 + νI1, (5.3.22)

where E is called the Modified Energy Functional and is given by

E =
∫

Ω

{
ρ
u2

2
+R∗

σ2

2ρ
+ cvρ

Θb

2Θ
2
θ2 − νρu ·V

}
dx.

Also it holds

D =
∫

Ω

Θb

Θ
[
μ(∇u)2dx+ (λ+ μ)(∇ · u)2

]
dx+ χ

∫

Ω

Θ3
b

Θ2

∣
∣
∣∇

( θ
Θ

)∣
∣
∣
2

dx

+νR∗‖ σ√
ρ
‖2

L2 ≥ min
Ω

Θb

Θ

(
μ‖∇u‖2

L2 + (λ+ μ)‖∇ · u‖2
L2

)

+χmin
Ω

(Θ3
b

Θ2

)∥
∥
∥∇T

∥
∥
∥

2

L2
+

νR∗
‖ρ‖L∞

‖σ‖2
L2

≥ cd
[
μ ‖∇u‖2

L2 + χ‖∇T ‖2
L2 + ν‖σ‖2

L2

]
, (5.3.23)

where cd is a constant function of Θ, and ρ

cd := min

{

inf
Θb

Θ
, inf

Θ3
b

Θ2
,

R∗
‖ρ‖L∞

}

.

To prove Theorem 5.3.3, now we estimate I0 and I1 defined by the last of
(5.3.5), and by (5.3.20), respectively. Concerning I0 it holds

I0 = R∗
∫

Ω

ρ ln
( ρ

ρb

)
u · ∇Θb dx− cv

∫

Ω

ρ ln
(
1 + T

)
u · ∇Θbdx

≤ i0

(
‖σ‖L2 + ‖∇T ‖L2

)
‖∇u‖L2,

(5.3.24)

where the constant i0 is given by

i0 := cP ‖ρ‖L∞‖∇Θb‖L∞max

{∥
∥
∥
ρb

ρ

∥
∥
∥

L∞
,
∥
∥
∥

Θb

Θ

∥
∥
∥

L∞

}

.

Notice that i0 can be taken small. Actually becomes small for small
temperature gradients!
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Concerning I1 we have

I1 ≤R∗cP p3‖ρ‖L∞‖∇T ‖L2‖σ‖L2 + μ‖∇u‖L2‖∇V‖L2

+ (λ+ μ)‖∇ · u‖L2‖∇ ·V‖L2

+ ‖ρ‖L∞cP

(
‖∂tV‖L2‖∇u‖L2 + ‖u‖L∞‖∇V‖L2‖∇u‖L2

)

≤ c3

(
‖∇u‖L2 + ‖∇T ‖L2

)
‖σ‖L2 + c4‖∇u‖2

L2.

with
c3 = p3max {R∗cP ‖ρ‖L∞ , (λ+ μ), μ , ‖ρ‖L∞cP ‖u‖L∞} ,

c4 := ‖ρ‖L∞cP p4.

Also we notice that the coefficient 3λ + 2μ, hence c3, c4 cannot be taken
small, while i0 can be taken small provided ∇Θb is small.

Thus we have

D − I0 − ν I1 ≥ cd
[
μ ‖∇u‖2

L2 + χ‖∇T ‖2
L2 + ν‖σ‖2

L2

] − c4‖∇u‖2
L2

−
[
i0

(
‖σ‖L2 + ‖∇T ‖L2

)
‖∇u‖L2 + ν c3

(
‖∇u‖L2 + ‖∇T ‖L2

)
‖σ‖L2

]
=: I.

We observe that I is a quadratic form I in the variables ‖∇u‖L2 , ‖∇T ‖L2,
‖σ‖L2. Since ν is an arbitrary number, by taking ν, and i0 suitably small we
may let I be a positive definite quadratic form, say there exists a positive
number d such that the following inequality is verified

I ≥ 1
d

[ ‖∇u‖2
L2 + ‖∇T ‖2

L2 + ‖σ‖2
L2

]
.

A sufficient condition in order to exist a ν small enough, is expressed by
conditions

ν c4 < cdμ,

c2dμχ > i20,

ν < min

{
μ

12c23
,
μ

4c4
,

4χ
gc23

}

=: νm,

μ >
12i20
νM

.

(5.3.25)

Finally we may infer
D − I0 − I1 ≥ d E . (5.3.26)
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This yields

d

dt
E + dE ≤ 0. (5.3.27)

Finally, applying Gronwall’s Lemma we obtain the exponential decay, for any
initial data, and the theorem is completely proved. �	
Remark 5.3.4 Notice that smallness hypotheses on initial data will be
needed in order to prove existence of global unsteady solutions. Furthermore,
our theorem holds only for basic flow with small temperature gradient. This
assumption is also needed in the stability proof of Bènard problem in the
Boussinesq approximation.

Condition (5.3.25)2 represents the analogous of the stability condition in
the Boussinesq approximation.

5.4 Auxiliary Lemmas

We conclude Chap. 5 by giving two generalizations of Lemmas proved in
Sect. 3.7. Let us consider the fields ρb, Θb(x) given by (5.1.6) solutions to
(5.1.5)

inf(ρbΘb) = ρ∗Θm+1
h =: 2cp

(m+ 1)ρ∗β(βh+ Θh)mh =
�

R∗
. (5.4.1)

5.4.1 Some Inequalities

The following inequalities hold true.

Lemma 5.4.1 Let u be a solenoidal vector field in W 1,2(Ω), with Ω a
bounded domain. If u vanishes at boundary, then the following inequalities
hold true

‖u‖L2(Ω) ≤ cP ‖∇u‖L2(Ω) , Poincare’ inequality, (5.4.2)

‖u‖L6(Ω) ≤ cS‖∇u‖L2(Ω) , Sobolev inequality, (5.4.3)

where cP , and cS are the Poincare’, and Sobolev constants.

Inequalities (5.4.2) are true because the Dirichlet boundary conditions on Σ,
and Σh imply that ∇u = 0 infers u = 0, cf. [5]. Furthermore, since u vanishes
on Σ × {0}, an explicit Poincare’ constant can be computed.
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5.4.2 Function V for Uniqueness

Lemma 5.4.2 Uniqueness of Rest State. Let Ω ∈ C1 piecewise, and let
be bounded. Let ρ ∈ W 1,2 and σ ∈ L2(Ω), with

∫
Ω
σ dx = 0. Then there

exists a vector field V ∈ W 1,2(Ω)) which satisfies the following boundary
value problem

∇ · (ρΘbV) = σ, x ∈ Ω,

V(x)|∂Ω = 0.
(5.4.4)

Furthermore, provided

inf(ρΘb) ≥ ρ∗Θm+1
h

2
=: cb > 0 (5.4.5)

there exist positive constants fi, i = 1, 2, 3, such that the following estimates
hold true:

‖V‖L2 ≤ f1 ‖σ‖L2 ,

‖V‖L6 ≤ f2 ‖σ‖L2 ,

‖∇V‖L2 ≤ f3 ‖σ‖L2 ,

‖∇V‖L3 ≤ f4 ‖σ‖L3 .

Proof. The proof of existence of a function W solution to

divW = σ, x ∈ Ω,

W(x)|∂Ω = 0,

‖W‖L2 ≤ cP ce ‖σ‖L2 ,

‖W‖L6 ≤ cSce ‖σ‖L2 , (5.4.6)

where cS , CP denote the Sobolev and Poincare’ constants, is similar to that
of Lemma 3.7.2, cf. [36]. Moreover the problem

div(ρΘbV) = divW, x ∈ Ω,

V(x)|∂Ω = 0,
(5.4.7)

admits a solution V satisfying the estimates
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‖ρΘbV‖L2 ≤ ce ‖W‖L2 ,

‖ρΘbV‖L6 ≤ ce ‖W‖L6 ,

‖∇(ρΘbV)‖L2(Ω) ≤ ce ‖∇ ·W‖L2 .

(5.4.8)

Now we require hypothesis (5.4.5) of minimum for ρΘb. To develop estimates
in Lp for V we employ estimates in (5.4.6), (5.4.8), to deduce

‖V‖L2 ≤ ce
cb

‖W‖L2 ≤ cP c
2
e

cb
‖σ‖L2 =: f1‖σ‖L2 ,

‖V‖L6 ≤ ce
cb

‖W‖L6 ≤ cSc
2
e

cb
‖σ‖L2 =: f2‖σ‖L2 .

Next developing the derivative at left hand side of (5.4.9)3, using the
triangular inequality, we obtain an estimate for the L2 norm of ∇V

‖∇V‖L2 ≤ 1
inf |ρΘb|

(
‖V‖L6‖∇(ρΘb)‖L3 + ce‖σ‖L2

)
. (5.4.9)

Also by (5.4.9)2 we obtain

‖∇V‖L2 ≤
(cSc2e
c2b

‖∇(ρΘb)‖L3 +
ce
cb

)
‖σ‖L2 =: f3‖σ‖L2 . (5.4.10)

Starting from (5.4.10) we may compute an estimate for the L3-norm of V.
�	

5.4.3 Auxiliary Function for Stability

In this subsection we prove the existence of the auxiliary function V.
Let there be given the fields (u, σ) ∈ X , and let

∂tσ = −∇ · (ρu) ∈ L2(0,∞;L2(Ω)). (5.4.11)

Lemma 5.4.3 Provided (5.4.5), and (5.4.11) hold, there exists a vector field
V ∈ L∞(0,∞;W 1,2

0 (Ω)) with ∂tV ∈ L∞(0,∞;L2(Ω)), which satisfies the
following problem

∇ · (ρbΘbV) = σ, x ∈ Ω,

V(x)|∂Ω = 0.
(5.4.12)

Moreover, there exist three constants p1, p2, p3, depending on ρb, ρ, and Ω
such that the following estimates hold true:
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‖V‖L2 ≤ p1 ‖σ‖L2 ,

‖V‖L6 ≤ p2 ‖σ‖L2 ,

‖∇V‖L2(Ω) ≤ p3‖σ‖L2(Ω),

‖∂tV‖L2(Ω) ≤ p4 ‖∇u‖L2(Ω) ,

‖∇V‖L2(Ω) ≤ p5 ‖σ‖L2(Ω) .

(5.4.13)

Proof. The lines of the proof are exactly the same as in previous subsection.
To deduce the L2 estimate for the time derivative we must make use of
problem (5.4.7). Taking in (5.4.7) the partial derivative with respect to time
furnishes

div(ρΘb∂tV) = div∂tW − div(∂tρΘbV). (5.4.14)

Thus using the continuity equation, and estimates (5.4.7) we get

‖∂tV‖L2 ≤ 1
cb

(
‖∂tW‖L2 + ‖div(ρu)ΘbV‖L2

)
. (5.4.15)

To obtain an estimate for W we take in (5.4.7) the partial derivative with
respect to time and recall the continuity equation to deduce

div∂tW = −div(ρu). (5.4.16)

From (5.4.16) we have computed the estimate

‖∂tW‖L2 ≤ ce‖ρu‖L2. (5.4.17)

Substituting this estimate together with estimate for V in (5.4.15) it yields

‖∂tV‖L2 ≤ 1
cb

(
ce‖ρu‖L2 + ‖div(ρu)Θb‖L3‖V‖L2

)

≤ ce
cb
‖ρ‖L3‖u‖L6 +

1
cb

(
‖(ρ∇u + u · ∇ρ)ΘbV‖L2

)

≤ cSce
cb

‖ρ‖L3‖∇u‖L2 +
1
cb
‖Θb‖L∞‖V‖L∞

×
(
‖ρ‖L∞‖∇u‖L2 + cS‖∇u‖L2‖∇ρ‖L3

)

≤ p4‖∇u‖L2. (5.4.18)

�	
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5.4.4 Bibliographical Notes

It is likely that the case of polytropic gases with free boundary could be solved
with tools analogous to those employed for barotropic gases, however we have
not studied the general problem here, just we remark that it is still an open
problem. We have limited ourselves to the study of stability of the rest state
of an heavy isothermal fluid in a horizontal layer, with rigid boundaries. It
appears not difficult to deal with the case of barotropic, or polytropic gases,
under the action of potential forces, with free boundary, actually it constitutes
an open problem. Still, it is worth mentioning that the stability problem for
incompressible fluids with free boundary, in the Boussinesq approximation
has been just recently solved in [45].

Results in Chap. 5 represent a short version of the results proved by
the author in [15, 20, 94, 105]. About uniqueness we quote [92, 93], existence
theorems of unsteady solutions, and stability of zero solution we quote
[27, 28, 64, 69–71,131].

Concerning the stability of a basic flow of a fluid filling a fixed region
whose perfectly conducting walls are not uniformly heated, since the works
of [139, 144, 149], the literature on stability in this field is not too rich, we
quote [15,20,30,94,112,123]. It is also worth of mention the paper [45] where
non linear stability has been studied for a layer of incompressible fluid with
upper free boundary, in the presence of Marangoni effect.

Nonlinear stability results for heat conducting fluids in exterior domain
has been proven in [60,112].
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175 rue du Chevaleret
75013 Paris, France
E-mail: teissier@math.jussieu.fr

For the “Mathematical Biosciences Subseries” of LNM:

Professor P. K. Maini, Center for Mathematical Biology,
Mathematical Institute, 24-29 St Giles,
Oxford OX1 3LP, UK
E-mail : maini@maths.ox.ac.uk

Springer, Mathematics Editorial, Tiergartenstr. 17,
69121 Heidelberg, Germany,
Tel.: +49 (6221) 487-8259

Fax: +49 (6221) 4876-8259
E-mail: lnm@springer.com


	Cover
	Lecture Notes in Mathematics 2024
	Asymptotic Stability
of Steady Compressible
Fluids

	ISBN 9783642211362
	Preface
	Contents
	Chapter 1 Topics in Fluid Mechanics

	1.1 Introduction
	1.2 Mathematical Notations
	1.2.1 Geometrical Notations
	1.2.2 Analytical Notations

	1.3 Kinematics
	1.3.1 Vectorial Notations
	1.3.2 Eulerian and Lagrangean Descriptions
	1.3.3 Reynolds Transport Theorem
	1.3.4 Frames
	1.3.5 From Macroscopic to Local Laws
	1.3.6 Mass, Momentum, Rotational Momentum, Kinetic Energy

	1.4 Mechanics
	1.4.1 Forces
	1.4.2 Conservation of Mass
	1.4.3 Balance Laws of Momentum, Rotational Momentum
	1.4.4 Stress Tensor
	1.4.5 Balance Equations in Local Form
	1.4.6 Incompressible Euler Equations
	1.4.7 Constitutive Equations
	1.4.8 Linearly Viscous Fluids

	1.5 Thermodynamics
	1.5.1 Thermodynamical Variables
	1.5.2 The First Law of Thermodynamics
	1.5.3 The Second Law of Thermodynamics
	1.5.4 Clausius–Duhem Inequality
	1.5.5 Phenomenological Laws
	1.5.6 Compressible Euler Equations
	1.5.7 Linearly Viscous Fluids
	1.5.8 Heat-Conducting Fluids

	1.6 Side Conditions
	1.6.1 Classes of Boundary Conditions
	1.6.2 Boundary Conditions on Velocity
	1.6.3 Boundary Conditions on Stress
	1.6.4 Boundary Conditions on Temperature
	1.6.5 Side Conditions on Density

	1.7 Three Model Problems
	1.7.1 Incompressible Fluids
	1.7.2 Barotropic Fluids
	1.7.3 Polytropic Fluids
	1.7.4 Bibliographical Notes


	Chapter 2 Topics in Stability

	2.1 Introduction
	2.2 Nonlinear Stability
	2.2.1 Abstract Settings
	2.2.2 Initial Data Control
	2.2.3 Lyapunov Method
	2.2.4 Energy Method

	2.3 Lagrange–Dirichlet Method
	2.3.1 Hyperbolic First Order Systems
	2.3.2 Second Order ODE
	2.3.3 Stability of Barotropic Inviscid Fluids v b=0
	2.3.4 Isothermal Viscous Fluids v b=0

	2.4 Main Theorems
	2.4.1 Case (a) Barotropic Fluid, Rigid Boundary
	2.4.2 Case (b) Isothermal Fluid, Deformable Boundary
	2.4.3 Case (c) Polytropic Fluid, Rigid Boundary

	2.5 Bibliographical Notes

	Chapter 3 Barotropic Fluids with Rigid Boundary

	3.1 Introduction
	3.2  Bounded, Potential Forces
	3.2.1 Uniqueness of the Rest State
	3.2.2 Nonlinear Stability
	3.2.3 Nonlinear Exponential Stability

	3.3  Bounded, Non-Potential Forces
	3.3.1 Uniqueness f ≠∇U
	3.3.2 Nonlinear Stability
	3.3.3 Nonlinear Exponential Stability

	3.4  Bounded, Non Zero Boundary Data
	3.4.1 Uniqueness
	3.4.2 Nonlinear Exponential Stability

	3.5  Exterior, Fixed Compact Region
	3.5.1 Uniqueness
	3.5.2 Nonlinear Exponential Stability

	3.6 Instability
	3.7 Auxiliary Lemmas
	3.7.1 Function V  for Uniqueness
	3.7.2 Function V  for Stability
	3.7.3 Bibliographical Notes


	Chapter 4 Isothermal Fluids with Free Boundaries

	4.1 Introduction
	4.2 Position of the Problem
	4.2.1 Geometrical Tools
	4.2.2 Equations of Motion
	4.2.3 Rest State and Equilibrium Configurations
	4.2.4 First and Second Variations of Energy

	4.3 Definitions Related to Stability
	4.3.1 Initial Data Control
	4.3.2 Present Results

	4.4 Uniqueness
	4.5 Nonlinear Stability
	4.5.1 Energy Equation
	4.5.2 Nonlinear Stability
	4.5.3 Nonlinear Exponential Stability

	4.6 Loss of Stability
	4.6.1 Energy Inequality
	4.6.2 Equivalence of Norms
	4.6.3 Instability
	4.6.4 Loss of Initial Data Control

	4.7 Sign of E0 in Terms of Size of Perturbation
	4.7.1 Proof of Theorem 4.7.1
	4.7.2 Proof of Theorem 4.7.2

	4.8 Auxiliary Lemmas
	4.8.1 Function V  for Uniqueness
	4.8.2 Functions V  for Stability and Instability
	4.8.3 Bibliographical Notes


	Chapter 5 Polytropic Fluids with Rigid Boundary

	5.1 Introduction
	5.1.1 Equations of Motion

	5.2 Uniqueness of the Rest State
	5.3 Stability Problem
	5.3.1 Energy Equation
	5.3.2 Energy Equation of Perturbation
	5.3.3 Nonlinear Exponential Stability

	5.4 Auxiliary Lemmas
	5.4.1 Some Inequalities
	5.4.2 Function V  for Uniqueness
	5.4.3 Auxiliary Function for Stability
	5.4.4 Bibliographical Notes


	Bibliography
	Index

